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ABSTRACT

We introduce Some Special Artex Spaces over bi-monoids namely Complete Artex Spaces over bi-monoids , Lower
Bounded Artex Spaces over bi-monoids, Upper Bounded Artex Spaces over bi-monoids, Bounded Artex Spaces over
bi-monoids ,Artex Space homomorphism, Artex Space epimorphism, Artex Space monomorphism, and Artex Space
isomorphism. We prove the homomorphic image of a Lower Bounded Artex Space over a bi-monoid is a Lower
Bounded Artex Space over the bi-monoid and the homomorphic image of an Upper Bounded Artex Space over a bi-
monoid is an Upper Bounded Artex Space over the bi-monoid and in general the homomorphic image of a Bounded
Artex Space over a bi-monoid is a Bounded Artex Space over the bi-monoid. We prove under the Artex Space
homomorphism the least element goes to the least element and the greatest element goes to the greatest element. Also
we prove the cartesian product of Lower Bounded Artex Spaces over a bi-monoid is a Lower Bounded Artex Space over
the bi-monoid and the Cartesian product of Upper Bounded Artex Spaces over a bi-monoid is an Upper Bounded Artex
Space over the bi-monoid and in general the Cartesian product of Bounded Artex Spaces over a bi-monoid is a
Bounded Artex Space over the bi-monoid.

1. INTRODUCTION

The study of Lattices and Boolean algebra is an interesting one for the algebraist. When George Boole introduced
Boolean Algebra in 1854, it was new, but, nowadays, they have very important applications in the theory and design of
computers. There are many other areas such as engineering and science to which Boolean algebra is applied. This
motivated us to bring our previous paper titled “Artex Spaces over Bi-monoids”, Research Journal of Pure Algebra,
2(5), May 2012, pages 135- 140. But a theory will help or will be useful or can lead other theories, if the theory itself is
developed in its own way. As a development of it, now, we extend the theory of Artex spaces over bi-monoids further
to Some Special Artex Spaces over bi-monoids. We hope the theory of Some Special Artex spaces over bi-monoids
will play an important role in future and will be useful to computer fields. As special lattices namely complete lattice,
bounded lattice and other lattices, our Special Artex Spaces over bi-monoids, in future, will play a good role in Discrete
Mathematics, Science and Engineering, and in Computer fields.

2. PRELIMINARIES

2.1.0 Definitions and Examples

2.1.1 Definition: Doubly Closed Space: A non-empty set D together with two binary operations denoted by + and . is
called a Doubly Closed Space if

(i) a.(btc)=ab+acand

(i) (atb).c=a.c+b.c,foralla b,ceD

A Doubly closed space is denoted by (D, +, .)

2.1.2 Example: (N, +,.), where N is the set of all natural numbers, is a Doubly closed space.

2.1.3 Definition: Bi-monoid: A system (M, +,.) is called a Bi-monoid if

1. (M, +) is a monoid

2. (M, .) isamonoid and
3. a(b+c)=ab+ac and (a+b).c=ac+h.c,foralla b, ceM.
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In other words, a Doubly closed space (M, +, . ) is called a Bi-monoid if

1. (M, +) is a monoid and
2. (M, .) is a monoid

2.1.4 Example: LetW={0, 1,2, 3,...}.
Then (W, +,.), where + and . are the usual addition and multiplication respectively, is a bi-monoid.
2.1.5 Example: Let S be any set. Consider P(S), the power set of S.
Then P(S) is a bi-monoid under the operations union and intersection.

ie  (P(S),u, N)is a bi-monoid.

2.1.6 Example: 1. Let Q’= Q" u {0}, where Q" is the set of all positive rational numbers.
Then Q’ is a bi-monoid under the usual addition and multiplication.

ie (Q’,+,.)isabi-monoid.

2. Let R’=R"u {0}, where R" is the set of all positive real numbers.

Then R’ is a bi-monoid under the usual addition and multiplication.

ie (R’ +,.)isabi-monoid.

2.1.7 Definition: Lattice: A lattice is a partially ordered set (L, <) in which every pair of elements a, b € L has a
greatest lower bound and a least upper bound.

The greatest lower bound of a and b is denoted by aAb and the least upper bound of a and b is denoted by avb

2.1.8 Definition: Lattice as Algebraic System: A lattice is an algebraic system (L , A, V ) with two binary
operations A and V on L which are both commutative, associative, and satisfy the absorption laws namely

aA (avb)=a and aV(aAb)=a
The operations A and V are called cap and cup respectively, or sometimes meet and join respectively.

2.1.9 Definition: Complete Lattice: A lattice is called a complete lattice if each of its nonempty subsets has a least
upper bound and a greatest lower bound.

Every finite lattice is a complete lattice and every complete lattice must have a least element and a greatest element.

The least and the greatest elements, if they exist, are called the bounds or units of the lattice and are denoted by 0 and 1
respectively.

Note : The identity elements of the bi-monoid (M, +, . ) with respect to + and ., if no confusion arises, are also
denoted by 0 and 1 respectively.

2.1.10 Definition: Bounded Lattice: A lattice which has both elements 0 and 1 is called a bounded lattice.
A bounded lattice is denoted by (L, A, V, 0, 1)

The bounds 0 and 1 of a lattice (L, A, V) satisfy the following identities.
Foranyael, aVO0=a, aAl=a, aVvVil=1, aA0=0

2.1.11Definition: Artex Space Over a Bi-monoid: Let (M, +,.) be a bi-monoid. A non-empty set A is said to be an
Artex Space Over the Bi-monoid (M, +, . ) if

1. (A, A, V) is a lattice and
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2. foreachme M, m+0,and a € A, there exists an element ma e A satisfying the following conditions:
(i) m(@ Ab)y=maAmb

(i) m@Vb)=maVmb

(ili) maAna<(m+n)a and ma Vna<(m+n)a

(iv) (mn)a=m(na), forall m,n e M, mi0, n0, and a,b e A

(v) la=a, forall aecA.

Here, <is the partial order relation corresponding to the lattice (A, A, V)

The multiplication ma is called a bi-monoid multiplication with an artex element or simply bi-monoid multiplication in
A

Unless otherwise stated A remains as an Artex space with the partial ordering < which need not be “less than or equal
to” and M as a bi-monoid with the binary operations + and . need not be the usual addition and usual multiplication.

2.1.12 Example: Let W={0, 1,2, 3,...} and let Z be the set of all integers.

Then (W, +,.)is abi-monoid , where + and . are the usual addition and multiplication respectively. (Z, <) is a lattice
in which A and V are defined by a A b =mini {a, b} and a V b = maxi {a, b}, for alla, be Z.

Clearly for each m e W, m +0, and for each a € Z, there exists ma e Z satisfying the following conditions:
(i) m(@ Ab)=maAmb

(i) m@Vb)y=maVmb

(ili) ma Ana<(m+n)a and ma Vna<(m+n)a

(iv) (mn)a=m(na), for all m,n e W, m#0, n#0, and a,b e Z

(v) la=a,forallaez

Therefore, Z is an Artex Space Over the Bi-monoid (W, +, .)

2.1.13 Example: As defined in Example 2.1.12, Q, the set of all rational numbers is an Artex space over the bi-
monoid W

2.1.14 Example: As defined in Example 2.1.12, R, the set of all real numbers is an Artex space over the bi-monoid W

2.1.15 Example: As defined in Example 2.1.12, Q, the set of all rational numbers is an Artex space over the bi-monoid

Q" =Q"u{0}

2.1.16 Example: As defined in Example 2.1.12, R, the set of all real numbers is an Artex space over the bi-monoid

Q=Q"u{0}

2.1.17 Example:  As defined in Example 2.1.12, R, the set of all real numbers is an Artex space over the bi-monoid
R’=R"u {0}

Proposition 2.2.1: Let (L, <) be a lattice in which A and V denote the operations of cap and cup respectively. For any
a,bel, a<b <= aAb=a <= aVb=b

3 SOME SPECIAL ARTEX SPACES OVER BI-MONOIDS
3.1 Complete Artex Space over a bi-monoid: An Artex space A over a bi-monoid M is said to be a Complete Artex
Space if as a lattice, A is a complete lattice, that is each nonempty subset of A has a least upper bound and a greatest

lower bound.

3.2 Remark: Every Complete Artex space must have a least element and a greatest element. The least and the greatest
elements, if they exist, are called the bounds or units of the Artex space and are denoted by 0 and 1 respectively.

3.3 Lower Bounded Artex Space over a bi-monoid: An Artex space A over a bi-monoid M is said to be a Lower
Bounded Artex Space over M if as a lattice, A has the least element 0.

3.3.1 Example: Let A be the set of all constant sequences (X,) in [0, «) and let W = {0, 1, 2, 3,...}.
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Define <7, an order relation, on A by for (x,), (Yn) in A, (X,) < (Yn) means x, < V,, for each n

Where < is the usual relation “less than or equal to *

Since the sequences in A are all constant sequences, X, < yn, for some n implies x, < y,, for each n
Therefore, X, < y,, foreach n and x, < y,, for some n in this problem are the same.

Let x € A, where x = (Xy)

Clearly x, < x,, for each n

S0, (Xn) < (Xn)

Therefore, <’ is resflexive.

Let X, y € A, where X = (X,) and y = (Y,) be such that X <’ yand y <’ x , that is, (X,) < (ya) and (Vn) <° ( Xp).
Then (X,) <” (yn) implies x, <y, for each n

and (V) < (Xq) implies y, < x,, for each n

Now, x, <y, , for eachn, and y, < x,, for each n,implies x, =y, , for each n.
Therefore, (x,) = (Yn), thatisx =y
Therefore, <’ is anti-symmetric.
Let X, y, ze A where X = (X,), Y = (Yn) and z = (z,) be such that x <’y and y <’z, that is (X,) <’( ya) and (Yn) <’( zn).
Then (X,) <” (yn) implies x, <y, for each n
(Yn) < (zy) implies y, < z,, for each n
Now, X, <y, , foreachn,and y, < z,, for each n,implies x, < z, for each n.
Therefore, (xn) <* (zn)
Therefore, <’ is transitive.
Hence, <’ is a partial order relation on A
Now the cap ,cup operations are defined by the following:
(Xn) A (vn) = (up), where u, =mini { x,, Y, }, for each n.
(Xn) V (Yn) = (Vn), where v, =maxi { X,, Y, }, for each n.
Clearly (A, <°) is a lattice.
The bi-monoid multiplication in A is defined by the following :
For eachm e W, m+0, and x € A, where x = (X;), mx is defined by mx = m(x,) = (mx,).
Since (xy) is a constant sequence belonging to A, (mx,) is also a constant sequence belonging to A.
Therefore (mx,) € A
Let X, y € A, where X = (X,) , ¥ = (Y») and let m e W,m30
Then, it is clear that
(i) mXxAy)=mxAmy

(i) mxVy)=mxVmy
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(iii) mx Anx<(m-+n)x and mxV nx <(m + n)x

(iv) (mn)x=m(nx), forallm,neW, m+0,n+0,andx,y e A

(v) lx=xforall xeA

Therefore, A is an Artex space over W.

The sequence (0,), where 0, is O for all n, is a constant sequence belonging to A
Also (0,) <7 (xn) , for all the sequences (x,) belonging to in A

Therefore, (0,) is the least element of A.

That is, the sequence 0,0, 0 ... isthe least element of A

Hence A is a Lower Bounded Artex space over W.

3.3.2 Example: If A is the set of all constant sequences (X,) in [0,c0) and if Q= Q " u { 0 }, then as defined in Example
3.3.1, Alisa Lower Bounded Artex space over Q’.

3.3.3 Example: If A is the set of all constant sequences (x,) in [0,00) and if R’=R " u { 0 }, then as defined in Example
3.3.1, Aisa Lower Bounded Artex space over R’.

3.4 Upper Bounded Artex Space over a bi-monoid: An Artex space A over a bi-monoid M is said to be an Upper
Bounded Artex Space over M if as a lattice, A has the greatest element 1.

3.4.1Example: Let A be the set of all constant sequences (x,) in (-0, 0] and let W = {0, 1, 2, 3,...}.
Define <’, an order relation, on A by for (x,), (Yn) in A, (Xn) <* (y,) means X,<vy,, forn=123,...
where < is the usual relation “less than or equal to*

Then as in Example 3.3.1, A is an Artex space over W.

Now, the sequence (1,), where 1, is 0, for all n, is a constant sequence belonging to A

Also (xn) <’(1,) , for all the sequences (x,) in A

Therefore, (1,) is the greatest element of A.

That is, the sequence 0,0,0 ... isthe greatest element of A

Hence A is an Upper Bounded Artex Space over W.

3.4.2 Example: If Ais the set of all constant sequences (x,) in (-0, 0] and if Q’= Q " u {0}, then as defined in
Example 3.4.1, A is an Upper Bounded Artex Space over Q’.

3.4.3 Example:  If A is the set of all constant sequences (x,) in (-o0, 0] and if R’= R * u {0}, then as defined in
Example 3.4.1, A is an Upper Bounded Artex Space over R’.

3.5 Bounded Artex Space over a bi-monoid: An Artex space A over a bi-monoid M is said to be a Bounded Artex
Space over M if A is both a Lower bounded Artex Space over M and an Upper bounded Artex Space over M.

3.5.1 Example:

Let A be the set of all constant sequences ([x,] ) in(Z 7, +7), where Z; = {[0],[1],[2].[3].[4],[5],[6]}and let
w={0,1,23,..}

Define <, an order relation, on A by for ([xa] ), ([¥a] )in A, ([X.]) <’ ([y.] ) means x, <y, for each n

where < is the usual relation “less than or equal to* As said in the Example 3.3.1, since the sequences in A are all

constant sequences, X, < vy, for some n implies
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Xn < ¥a, for each n.
Let x € A, where x = ([X])
Clearly x, <x,, for each n
So, ([xa] ) = ([xa] )
Therefore, <’ is reflexive.

Let x,ye A, wherex = ([x,])andy=([y.])besuchthatx <’ yandy<’x,thatis,([x,]) <’ ([yn])and
(Iynl ) =" ([Xa])-

Then ([x.]) < ([yn]) implies x, <y, , for each n
([va] ) <’([Xn]) implies y, < x,, for each n
Now, X, <y, , for eachn, and y,<x,, for each n,implies x,=y, , for each n.
Therefore, ([Xn]) = ([yn] ), thatisx =y
Therefore, <’ is anti-symmetric.
Let x,y,ze A, where x=([xa]),y=([yn])and z=([z.] ) be such thatx <’ yandy <z,
That is, ([x.]) <" ([ya]) and (yn) < (zn).
Then ([x.]) < ([yn]) implies x, <y, , for each n
([yn]) < ’([zn]) implies y, < z,, for each n
Now, X, <y, , foreachn,and y, < z,, for each n,implies x, < z, for each n.
Therefore, ([X.]) < ’([zn])
Therefore, <’ is transitive.
Hence, <’ is a partial order relation on A
Now the cap and cup operations on A are defined by the following:
(X DA (qyn D = ([un]), where u,=mini { x,, y, }, for each n.
(xaD) V ([ynD) = ([va]), where v, =maxi { X, Y }, for each n.
Clearly (A, <’)is a lattice.
The bi-monoid multiplication in A is defined by the following:
For eachm e W, m+0, and x € A, where x= ([X,]), mx is defined by mx = m([X,]) = ( [mX,]).
Since ([X,]) is a constant sequence belonging to A, ([mx,]) is also a constant sequence belonging to A.
Therefore, ([mx,]) € A, that is mx € A.
Let x,ye A, wherex=([X.]), Y= ([yn]) andletm e Wm+0
Then, it is clear that
(i) mXx Ay =mxAmy
(i) mxVy)=mxVmy
@ii) mx Anx<(m-+n)x and mx V nx <(m + n)x
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(iv) (mn)x=m(nx), for all m,n e W, m#0, n#0, and x, y € A
(v) 1x=x forallxeA

Therefore, A is an Artex space over W.

The sequence ([0,]), where 0, is 0 for all n, is a constant sequence belonging to A
Also ([0.]) < ([Xn]) , for all the sequences ([Xn]) in A

Therefore, ([0n]) is the least element of A

Therefore, A isa Lower Bounded Artex space over W.

The sequence ([1,]), where 1, is 6 for all n, is a constant sequence belonging to A
Also ([xn]) <* ([1n]), for all the sequences ([x,]) in A

Therefore, ([1]) is the greatest element of A

Therefore, A is an Upper Bounded Artex Space over W.

Since A is both a Lower Bounded Artex Space over M and an Upper Bounded Artex Space over W, A is a Bounded
Artex space over W.

3.6 Artex Space Homomorphism: Let A and B be two Artex spaces over a bi-monoid M, whereA ; and V; are the
cap, cup of A and A, and V, are the cap, cup of B. A mapping f: A — B is said to be an Artex Space homomorphism if

1. f(a Asb) =f(a) Af(b)
2. f(aVib) =f(a) V.f(b)
3. f(ma))=mf(a), forallme M, m+0andabeA.

3.7 Artex Space Epimorphism: Let A and B be two Artex spaces over a bi-monoid M. An Artex Space
homomorphism f: A — B is said to be an Artex Space epimorphism if the the mapping f: A — B is onto.

3.8 Artex Space Monomorphism: Let A and B be two Artex spaces over a bi-monoid M. An Artex Space
homomorphism f: A — B is said to be an Artex Space monomorphism if the mapping f: A — B is one-one.

3.9 Artex Space Isomorphism: Let A and B be two Artex spaces over a bi-monoid M. An Artex Space
homomorphism f: A — B is said to be an Artex Space Isomorphism if the mapping f: A — B is both one-one and onto,
ie, fis bijective.

3.10 Isomorphic Artex Spaces: Two Artex spaces A and B over a bi-monoid M are said to be isomorphic if there
exists an Artex Space isomorphism from A onto B or from B onto A.

Proposition 3.10.1: Let A be a Lower Bounded Artex space over a bi-monoid M and let B be an Artex space over M.
Let f: A — B be an Artex Space epimorphism of A onto B. Then B is a Lower Bounded Artex Space over M.

In other words, the homomorphic image of a Lower Bounded Artex Space over a bi-monoid is a Lower Bounded Artex
space over the bi-monoid.

Proof: Let A be a Lower Bounded Artex Space over a bi-monoid M and let B be an Artex space over M.
Let f: A — B be an Artex Space epimorphism of A onto B.

Let <; and <, be the partial orderings of A and B respectively.

Let A; and V; be the cap and cup of A and let A and V, be the cap and cup of B.

Claim: x<y => f(x) < f(y)

By proposition 2.2.1, X 3y <=> X A y=X
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Therefore, f(x Ay y) = f(X)

f(x) Axf(y) = f(x), (since fisahomomorphism)

Again by Proposition 2.2.1, f(x) < f(y)

LetbeB

Since f: A — B is an epimorphism of A onto B, there exists an element a € A such that f(a) = b

Since 0 <55 a, by the claim f(0) <; f(a)=b

That is, f(0) < b, for all b € B.

Since0e A, f(0)eB

Therefore, f (0) is the least element of B

Hence B is a Lower Bounded Artex space over M.

Proposition 3.10.2: Let A be an Upper Bounded Artex space over a bi-monoid M and let B be an Artex space over M.
Let f: A — B be an Artex Space epimorphism of A onto B. Then B is an Upper Bounded Artex space over M.

In other words, the homomorphic image of an Upper Bounded Artex Space over a bi-monoid is an Upper Bounded
Artex space over the bi-monoid.

Proof: Let A be an Upper Bounded Artex space over a bi-monoid M and let B be an Artex space over M.
Let f: A — B be an Artex Space epimorphism of A onto B.

LetbeB

Since f: A — B is an epimorphism of A onto B, there exists an elementa € A such that f(a) = b

Sincea<y 1, forallaeA, f(a) f (1)

That is, b <, f (1), for all b € B.

SinceleA f(l)eB

Therefore, f (1) is the greatest element of B

Hence B is an Upper Bounded Artex space over M.

Proposition 3.10.3: Let A be a Bounded Artex space over a bi-monoid M and let B be an Artex space over M.
Let f: A — B be an Artex Space epimorphism of A onto B. Then B is a Bounded Artex space over M.

In other words, the homomorphic image of a Bounded Artex Space over a bi-monoid is a Bounded Artex space over the
bi-monoid.

Proof: From the Propositions 3.10.1 and 3.10.2, it is clear that B is a bounded Artex space over M.

Proposition 3.10.4: Let A and B be Lower Bounded Artex spaces over a bi-monoid M. If f: A — B is an Artex Space
epimorphism of A onto B, then f (0) = 0’, where 0 and O’ are the least elements of A and B respectively.

Proof: Let A and B be Lower Bounded Artex spaces over a bi-monoid M
Let f: A — B be an Artex Space homomorphism.
Suppose 0 and 0’ are the least elements of A and B respectively.
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Since 0 is the least element of A, 0 <, a, for all a € A.

Since 0’ is the least element of B, 0’<, b, for all b € B.

Since f is a homomorphism, x <y => f(x) < f(y) ,

Therefore, 0 < a, for all a € A implies f(0) <; f(a), for all ae A.
Therefore, f (0) is the least element of f (A)

Since f: A — B is onto, f (A) = B.

Or in other way, if b € B, since f is onto, there exists an element a € A such that f(a) = b
But 0 <, a, for allae Aimplies f(0) < f(a)=b

Thatis, f(0) <; b, forallbeB

Therefore, f (0) is the least element of B.

Hence f (0) = 0.

Proposition 3.10.5: Let A and B be Upper Bounded Artex spaces over a bi-monoid M. If f: A — B is an Artex Space
epimorphism of A onto B, then f (1) = 1°, where 1 and 1’ are the greatest elements of A and B respectively.

Proof: Let A and B be Upper Bounded Artex spaces over a bi-monoid M

Let f: A — B be an Artex homomorphism.

Suppose 1 and 1’ are the greatest elements of A and B respectively.

Since 1 is the greatest element of A,a < 1, for all a € A.

Since 1’ is the greatest element of B, b <, 1’, for all b € B.

Since fisahomomorphism, x <3y => f(X) < f(y), a <, 1, forallae Aimplies f(a) < f(1), forallae A.
Therefore, f (1) is the greatest element of f(A)

Since f: A — B is onto, f(A) =B.

Therefore, f (1) is the greatest element of B.

Hencef (1) =1".

Proposition 3.10.6: If B and B’ are any two Bounded Artex spaces over a bi-monoid M, then BXB’ is also a Bounded
Artex Space over M. If <; and <, are the partial orderings on B and B’ respectively, then partial ordering < on BXB’
and the bi-monoid multiplication in BXB’ are defined by the following:

For x, y e BXB’, where x = (az,b;) and y = (a,b,) , X <y meansa; < a,and by 5 by

For me M, m+0, and x ¢ BXB’, where x= (a, b), the bi-monoid multiplication in BXB’ is defined by

mx = m(a,b) = (ma,mb), where ma and mb are the bi-monoid multiplications in B and B’ respectively.

In other words if A ; and V; are the cap, cup of B and A, and V, are the cap, cup of B’, then the cap, cup of BXB’
denoted by A and V are defined by x A y = (ai,by) A (azby) = (a1 Aqax, by Ay ) and x Vy = (ag,by) V (a2,b) = (a1
Viay, by Vb, ).

Proof: Let A=BXB’

We know that if (B, <;)and (B’, <) are any two Artex spaces over a bi-monoid M, then BXB’ is an Artex space over

M with the given partial ordering.
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Therefore, it is enough to prove that A = BXB’ is a Lower Bounded Artex Space over M and an Upper Bounded Artex

Space over M.

(i) A=BXB’ is a Lower Bounded Artex space over M.

Let x e BXB’, where x = (b, b’)

Let 0,and 0, be the least elements of B and B’ respectively
Then 0,<b, forallbeB and 0, <, b, forall b’ € B".

Let 0= (0, 0,).

Clearly 0 = (0, 0,) e BXB’.

Now, since 0; <; b ,forallbe B and 0, <, b’, forall b’ € B’, (01, 0;) < (b,b”), for all (b, b’) e BXB’.
That is, 0 < (b,b’), for all (b, b’) ¢ BXB’.

That is, 0 <x = (b, b"), for all x = (b, b’) e BXB’

Therefore, O is the least element of BXB’.

Therefore, A = BXB’ is a Lower Bounded Artex space over M.
(i) A = BXB’ is an Upper Bounded Artex space over M.

Let 1, and 1, be the greatest elements of B and B’ respectively.
Let 1= (14, 1,).

Clearly 1 = (1, 1,) e BXB’.

Now, since b<;1; ,forallbe B and b’ <;1,, forall b’ € B*, (b, b’) < (1, 1,) , for all (b, b”) e BXB".
Thatis, x = (b, b”) <1, for all x = (b, b’) e BXB’.

Therefore, 1 = (14, 1,) is the greatest element of BXB’.

A =BXB’ is an Upper Bounded Artex space over M.

Hence A = BXB’ is a Bounded Artex space over M.

Corollary 3.10.7: If By, B, B;... B, are Bounded Artex spaces over a bi-monoid M, then B; X B, X B3 X
also a Bounded Artex space over M.

Proof: The proof is by induction on n

When n=2, by the Proposition 3.10.6, B; X B, is a Bounded Artex space over M
Assume that B; X B, X B3 X .....X B, is a Bounded Artex space over M
Consider By XB, X B3 X ..... X B,

LetB=B; XB,; X B3 X ..... X Bpa

Then B; XB,XB3;X..... XB,=(B XB;XB3X..... XBn1) XB,=B XB,
By assumption B is a Bounded Artex space over M

Again by the theorem B X B, is a Bounded Artex space over M

Hence, B; X B, X B3 X ..... X B, is a Bounded Artex space over M
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Corollary 3.10.8: If B; and B, are Lower Bounded Artex spaces over a bi-monoid M, then B; X B, is also a Lower
Bounded Artex space over M.

Proof: The proof is clear from the Proposition 3.10.6.

Corollary 3.10.9: If By, By, Bs... B, are Lower Bounded Artex spaces over a bi-monoid M, then B; X B, X B3 X ..... X
B, is also a Lower Bounded Artex space over M.

Proof: The proof is clear from the Corollary 3.10.8 and the Corollary 3.10.7.

Corollary 3.10.10: If B; and B, are Upper Bounded Artex spaces over a bi-monoid M, then B; X B, is also an Upper
Bounded Artex space over M.

Proof: The proof is clear from the Proposition 3.10.6.

Corollary 3.10.11: If By, B,, B3... B, are Upper Bounded Artex spaces over a bi-monoid M, then B; X B, X B3 X
.....X By is also an Upper Bounded Artex space over M.

Proof: The proof is clear from the Corollary 3.10.10 and the Corollary 3.10.7.
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