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ABSTRACT
In this paper we introduce Graph theoretical representation of Knot symmetric Algebra.

INTRODUCTION

In [Br], Brauer algebra was introduced by Richard Brauer (1937) in connection with the finding irreducible
representation of the orthogonal group. Generators of Brauer algebra were represented by a graph with 2n vertices
arranged in two rows such that each row contains n vertices. In [KM], we introduced a new class of algebras which are
known as Knot symmetric algebras. Brauerdiagram (graph) motivated as to represent every generator of Knot
symmetric algebras as a special type of graph which we call them as Knot graphs.

1. PRELIMINARIES
Brauer algebras 1.1. For ke Z and x € C, the Brauer algebra By(x) is the algebra over C whose basis consists of all
diagrams on 2k vertices that have any combination of horizontal and vertical edges. An example of Brauer diagram is

X/

The dimension formula for Bk(x) is (2k-1)!

Where (2k-1)! = (2k-1)(2k-3)... . Multiplying Brauer diagrams introduce a parameter X which comes in to play
when a loop forms in the mlddle rows of two diagram being multiple .A loop can be formed by two or more horlzontal
edges in the middle rows. When this occurs the loops disappear and we multiply the resulting diagram by x' where |
is the number of loops in the middle rows. For example n=6 Note that horizontal and vertical edges can appear in the
product of two diagrams via a sequences of edges that starts and ends with a vertical edge and which may have
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Knot symmetric algebras 1.2
Let S, denote the symmetric group of order n. Every element of S, can be represented as Brauer diagram (graph) with

2n vertices and with out horizontal edges [Br]. Let 7 € S, the vertices of  are represented in two rows such that each

row contains n vertices. The vertices of each row is indexed with 1, 2....., n from left to right in order. Let E(n) denote
the set of all edges of .

(i.e) E(n)={e=( ,n(1)); 1<i<n}

n(n-1)

Define S() is a subset of E(m)x E(m) such that S(m) ={(ei,g), i<j}. Itis obvious that |S(77)| ="

1 2 3 4

€S, isrepresented by fig 1
34 2 1} s STEP Y1

Example. 1 (
For the Fig 1
E(m= {&=(1,3), &=(2,4), €5=(3.2), &,=(4,1)}

S(m)={ (e1,€2), (e1€3), (€1,84), (€2,€3), (€2,€4), (€3,€4)}

Let f, be a mapping from S(x) to {-1,0,1} such that
0 if z(i) < z(jO

f: (ei)= e . )
lor-1lifz(i) > z(}))

and f(e;,e)) +fo(ej,e;) =0

I:;Jgf-l L 3

Fig. 3. \/ <
T/ L J

Knot mapping 1.3. A mapping f, defined above is called a Knot mapping. Refer the above Fig 2. We have
e1=(1,2),e=(23),e=(3,1)

f.(e1,62)=0, f.(e1,e3)=1, f.(e3,61) =-1

Knot Number 1.4 Define K(m) ={ (e; ,&))e S(n); n(i) >n(j)}

Definition 1.5|K(7Z)| is called Knot number of m .Let x be indeterminate. Define N(m)={x"f, ; me z, f, is a Knot
mapping}

For any two Knot mapping f, and g, .

Define E(f, , g,) = { (&, &) € K(n) : To(&i, &) + gx(ei, €))=0}

Knot Relation 1.6  Define arelation ~ in N(m) such that x™f, ~ X'g, if

(i) m=land f,=g, or

(i) I-m =2 z f.(e;,€;) Thisrelation is called Knot relation
(e.e))eE(f,.9;)
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Knot multiplication 1.7 Let N () = N(x)/ ~ Thatis N () is the collection of disjoint equivalence classes with

respect to the Knot relation. Define T, = {(72', x"f ):reS,, f_eN(z) andmisanint eger}

We define multiplication in T, as follows:
Leta,beT, anda=(m, x™f,), b=(c, X'g,).
Define ab= (c 07, xX™""°h, 0 ») where o and h, o, are defined as follows:

Let (e, &) € S(oO7), (Ui, Uj) €S(m), (Vp, Vo)e S(0), P, ge {a(i), n(j)}, Fa(Ui, Uj) = uand gu(Vp, Vg) = V.

Now « = Zloc(ei',ej D)

(e.eji)es(oor)
where c(e;', €, ') = (u +v)|uv|) and h,, (€)= (u +V)(1—5w) where o(U,V) = {f

Theorem 1.8. The Knot multiplication is associative in T,
Theorem 1.9. FT,, is an algebra

This algebra is called as Knot symmetric algebra

2. KNOT GRAPHS
Let S, be the symmetric group of order n and & € S,. A knot graph of order n is a special graph which is defined from =
as follows.

Definition 2.1 we start with an element 7 € S, 7 can be represented by a graph .Consider two edges (i ,n(i)) and (j,
n(j)) where vertices i and j are in the upper row and i; and j; are in the lower row. If i<j, i;<j; then edges are as in the
Brauer diagram. If i<j and j;<iy, then we draw edges in two forms as shown below.

= | i i

Fovm | b - o / . o

L3 (-] £-3
a 3 ., | 28
X 3 | \ 7 &
r[—_l]*rm.:u ‘ \
v 1 E L J h.

In form 1, we say (i, i;) is the upper edge than (j, j;). In this case we may also say that (j, j;) is lower than (i, iy). In form
2, we say that (j,j1) is the upper edge than (i ,iy). In this case we may also say that (i, i) is lower than (j, j;). The above
graph is called Knot graph of order n with respect to .
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£

Exomfly 2lkrnk 3, &F ﬂfdfﬂ' 3

K(m)={ (e1,e3),(e263)} and |K(7Z')| =2 Hence number of Knot mappings of mis 2‘K(”)‘ = 22=4The four Knot

mappings of t is described below:
\ il 3 | ]'<
\/\ / L .
\ l /
‘/\
I 1 3
Definition 2.2. ne S, i<j, 7(i) > 7(j) we say there is a crossing and the edges are (i ,n(i)) and (j, n(j))

Remark 2.3. Given ¢ Sy there are 2™ Knot graphs which is equal to {Gi(x)} where i=1 to are 2"

Definition 2.4. If Gj(n) is a Knot graph with respect to m, then 7 is called underlying graph of Gj(r)
Notation 2.5. S;(k) denote the collection of all Knot graphs

Remark 2.6. S;(k) = S;.

Remark 2.7. Sy(k) # S, , For

The element

¢ a 2 belongs by 5 (k)
Remark 2.8. S;#S,(k) V n>2
Notation2.9. A Knot graph with 7 is denoted by Gi(n), i=1,2..... 2™ Examples of knot graphs:

Whenn=4
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Notation2.10: we denote a Knot graph of order n as Gy(n)
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Theorem 2.11. Every generator of Knot symmetric algebra FTn can be represented by a unique Knot graph of order n
and every Knot graph of order n can be represented by a generator of Knot symmetric algebra FT,, .

That is there is a one to one correspondence between the generators of Knot symmetric algebra FT,, and the Knot Graph
of order n

Proof: let (x, f,) be an generator of FTn. Now 77 €S the vertices of 7 are represented in two rows such that each
row contains n vertices.Lete/=(i ,n(i )) and ¢/=(j ,n(j)) be two edges. If i <j and o(i)>c(j) we draw in such a way that ¢; is
upper than g; if f;(e;,e;)=1 The diagram is refer in below Fig 1: Next we refer the below Fig 2 as follows: we draw in
such a way that e; is lower than e; with respect to f, if f;(e;, &) = -1. The diagram of Fig 1 and Fig 2 is drawn as
follows:

oM

| e .. i ) ) ) g
7 /
o & . . . / . . . *

' + L}y 1C)

N
~N

L7ty o (] L

-
]

Thus we get a Knot graph of order n corresponding to (w,f;). Now we will prove that every Knot graph of order n
represent a generator.

Let G, be a Knot graph of order n .Now m(G,) €S, we denote n instead of n(S,). Define f.: S(n) = {— 1,0,1} as

0 ifz(i) < z())
f(eie)=+<1 if e, isupperthane,
-1 if ¢ islowerthane,

It is obvious that the graph represented by (=, f;) is G,

Example. when n=4,

1t_1234 (L) ol ) o3 1) el 3
et m= 4 2 1 3 and E(n)={e;=(1,4),e,=(1,2),e5=(3,1),e4,=(4,3)}

S(m)={(e1,2),(€1,3),(€1,84),(€2,€3),(€2,€4),(€3,€4)}
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Let f, be defined as follows:
fr(e1,62) =1,f:(e1,63) =1,fx(e1,84) =1,T1(e2,03) =1,F:(e2,€4) = 0,fx(€3,84) = 0.

Now the Knot Graph represented by (w, ;) is shown below: In this example the edge e, is upper than e, with respect to
fx

= F L
[ = I//
.v-"'"!/:’ .
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