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ABSTRACT 
This paper proposed a new generalization of Sam-Solai’s Multivariate Wigner distribution of kind-1 of Type-B from 
the univariate case. Further, we find its Cumulation, Marginal, Conditional distributions, Generating functions and 
also discussed its special case. The special cases include the transformation of Sam-solai’s Multivariate Wigner 
distribution of Kind-1 of Type-B into Multivariate one parameter Wigner distribution of Kind-1 of Type-B, Multivariate 
Wigner distribution of Kind-1 of Type-A, Multivariate log-Wigner distribution of Kind-1 of Type-B and Multivariate 
Inverse -Wigner distribution of Kind-1 of Type-B. It is found that the conditional variance of Sam-Solai’s Multivariate 
conditional Wigner distribution is heteroscedastic and the correlation was found to be +0.16. Area values of the bi-
variate Wigner surface also extracted and bi-variate Wigner surfaces, contours are visualized. 
 
Keywords: Sam-Solai’s Multivariate Wigner distribution of Kind-1 of Type-B, Multivariate one parameter Wigner 
distribution of Kind-1 of Type-B, Multivariate Wigner distribution of Kind-1 of Type-A,Multivariate log-Wigner 
distribution of Kind-1 of Type-B and Multivariate Inverse -Wigner distribution of Kind-1 of Type-B. 
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INTRODUCTION 
The origin of the conical distributions was first studied by the famous Noble laureate Wigner by introducing the semi-
circle law and its distribution in the statistical literature. In this modern scenario, the Wigner’s semi-circle distribution 
was used in diverse fields. Many authors studied this distribution in Trigonometric perspective and some authors tried 
to extend the semi-circle law to the power law as well as to the higher dimensional circles such as spheres and hyper-
spheres. Wigner [1957] proposed the distribution of the roots of certain symmetric matrices and Berezin [1973] 
highlighted some remarks about the Wigner distribution with special reference to the semi-circular law. Moreover, 
Mardia [1975] studied the Von mises distribution function and Watson [1982, 1983] proposed some distributions on the 
circles and the spheres. Some authors studied the application of Wigner’s semi-circle distribution such as Accardi et al 
[1996] and Hiafi [2000] with reference to the quantum electro dynamics and entropy functions respectively. On the 
other hand, Bai at al [1988], Fang at al [1990], Boutet de Monvel et al. [1999] and Evans [2000] explored and studied 
the convergence law of Wigner’s semicircle law, symmetric multivariate distributions which include circular 
distributions, distribution of large random matrices and von mises distribution for higher dimensions respectively. 
Similarly, shimizu et al [2002], Jones et al [2005] and Arthur pewsey [2007]studied and proposed the  Pearson Type 
VII distribution with reference to spheres, explored a family of distributions on circle and highlighted the wrapped t-
family of circular distributions respectively.Moreover,Soltani[2009] introduced the two-sided power distributions 
which includes wigner’s sem-circle distribution is a special case and Toshihiro et al[2009] proposed the Sine skewed 
circular distributions. Finally, Arizmendi et al [2010] and Shogo Kato et al [2010] investigated the classical G-type 
distribution and origin of the family of distributions on the circle arising from the Mobius transformations respectively. 
Based on the past reviews, the authors noted only little work is done in the multivariate generalization of the Wigner’s 
semi-circle distribution. By utilizing this research gap, the authors proposed a new generalization of Multivariate 
Wigner distribution and its properties, form are discussed in the next section. 
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SECTION-1: SAM-SOLAI’S MULTIVARIATE WIGNER DISTRIBUTION 
Definition 1.1: Let 

1 2 3, , , qX X X X

are the random variables followed Continuous univariate Wigner semi-circle 

distribution with mean 0 and variance ( 2 / 4iR ) for all i (i=1 to p). Then the density of Multivariate Sam-Solai’s Wigner 
distribution of Kind-1 of Type-B is defined as 
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Definition 1.2: -From (1) and if /i i iZ x R  , then using multi-dimensional Jacobian of transformation, the Sam-
Solai’s multivariate standard Wigner distribution and its density is defined as 
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Theorem1.3: -The cumulative distribution function of the Sam-Solai’s Multivariate Wigner distribution is defined by 
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Theorem1.4: -The cumulative distribution function of the Sam-Solai’s Multivariate standard Wigner distribution is 
defined by 

                
1 2 3

1 2 3
1 11 1 1 1

1 116 3( , , , ) { ( ) ( 1)}( )
3 2 4 2

pzz z z pp
pi i

p i
i i

u uF Z Z Z Z p du
π = =− − − −

− +
= − −∑ ∏∫ ∫ ∫ ∫   

                                                   
where  i j   1 i iu Z  

    

             

2

/2 3/2
1 2 3

3/21 1

(1 ) arcsin( )1
1 2( , , , ) ( ) (1 ) ){( ) ( 1)}

18 (1 )
8

i i i
pp

p
p i

i i
i

Z Z Z

F Z Z Z Z Z p
Z


 

 


   


                   (4) 

 
Theorem 1.5: The Probability density function of Sam-Solai’s Multivariate wigner distribution of

1X on 
2 3, , PX X X

 is 
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Proof: It is obtained from 
                                                

1 2 3
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Theorem 1.6- Mean and Variance of Sam-Solai’s Multivariate Conditional Wigner distribution are 
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Proof: The Mean and variance of Multivariate Conditional Wigner distribution are given as 
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Substitute (7) and (8) in (6) we obtained the Conditional variance of the Multivariate conditional Wigner distribution. 
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Theorem1.7-If there are p=(q+k) random variables, such that q random variables 

1 2 3, , , qX X X X

 conditionally depends 

on the k variables
1 2 3, , ,q q q q kX X X X   

,then the density function of Sam-Solai’s multivariate conditional Wigner 

distribution is    
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where  i j   

i i iR x R  
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Proof: Let the multivariate conditional law for q random variables 
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SECTION: 2-CONSTANTS OF SAM-SOLAI’S MULTIVARIATE WIGNER DISTRIBUTION 

Theorem 2.1 The Marginal Co-variance and Population Correlation Co-efficient between the random variables 1X and 

2X is given as 
                                                  1 2
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Proof: Let the product moment of the Sam-Solai’s multivariate Wigner distribution in terms of Co-variance from the 
origin is given as 
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Correlation Co-efficient of a distribution is 1 2 1 2 1 2( , ) ( , ) /x x COV x xρ σ σ=                                                           (11) 
 
It observes that 1 1 / 2R  and 2 2 / 2R                                                                                                                      (12) 
 
From (10), (11) and (12), it follows that 1 2( , ) 4 / 25x xρ = +                                                                                      (13)        
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Remark 2.1: The result can be generalized to the Co-variance and Correlation between the thi and thj random variable 

are given as 
                                                     ( , ) / 25i j i jCOV x x R R                                                                                         (14) 

                                                    ( , ) 4 / 25i jx xρ = +     where  i j     
 
Theorem 2.2: The Moment generating function of Sam-Solai’s Multivariate Wigner distribution is  
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where  1( )i iI R t  is the modified Bessel function and ( 2 )i ierf i R t  is the complex error function. 
 
Proof: Let the moment generating function of the Multivariate distribution is given as 
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From (16), it observes that                 
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   From (16), (17), (18) and (19), it follows that       
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                                                                                                                                                          By integration.     
 
Theorem 2.3: The Cumulant of the Moment generating function of the Sam-Solai’s Multivariate Wigner distribution is  
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where  1( )i iI R t  is the modified Bessel function and ( 2 )i ierf i R t  is the complex error function 
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Proof: It is found from                                 
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Theorem 2.4: The Characteristic function of the Sam-Solai’s Multivariate Wigner distribution is  
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where 1( )j jJ R t is the Bessel  function and ( 2 )j jerf i iR t  is the complex error function. 

 
Proof: Let the characteristic function of a multivariate distribution is given as 
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From (22), it observes that        
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From (22), (23), (24) and (25), it follows that 
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                                                                                                                                                                     (by integration).   
 
SECTION-3: SOME SPECIAL CASES 
 
Result 3.1: From (1) and if P= 1, then the Sam-Solai’s multivariate Wigner density of Kind-1 of Type-B is reduced 
into product of the density function of uni-variate wigner semi-circle distributions. 
 
Result 3.2: From (1) and if P=2, then the density of Sam-Solai’s Multivariate Wigner distribution was reduced into  
 

1 1 2 2 1 1 2 2
1 2

1 2 1 1 2 2

16 1 16 1 3 1 3 1( , ) { ( ) ( ) 1} ( ) ( )
3 2 3 2 4 2 4 2

R x R x R x R xf x x
R R R R R Rπ π
− − + +

= + −                      (26) 

                                                      
where   

1 1 1R x R  
  

2 2 2R x R  
     

1 2, 0R R 
    

 
This is called Sam-Solai’s Bi-variate Wigner distribution of Kind-1 of Type-B 
 
 



Dr. G. S. David Sam Jayakumar* et al./ A NEW GENERALISATION OF SAM-SOLAI’S MULTIVARIATE WIGNER DISTRIBUTION OF 
KIND-1 OF TYPE-B*/RJPA- 2(12), Dec.-2012. 

© 2012, RJPA. All Rights Reserved                                                                                                                                                                       361  

 
Result 3.3: From (2) and if P =2, then the Sam-Solai’s Bi-variate standard Wigner distribution and its density is given 
as 

            1 2 1 2
1 2

1 1 1 116 16 3 3( , ) { 1}( )( )
3 2 3 2 4 2 4 2

Z Z Z Zf Z Z
π π

− − + +
= + −                                                  (27) 

                                                                 
where   

11 1Z  
 , 

21 1Z  
     

 
This is called Sam-Solai’s Bi-variate standard Wigner distribution of Kind-1 of Type-B 
 
Result 3.4: Below the diagram shows the Bi-variate probability surface and contour plot of the Sam-Solai’s Bi-variate 
standard Wigner distribution are given. 

       
 

Result 3.5: From (4) and if P=2, then the Sam-Solai’s Bi-variate Cumulative standard wigner distribution is given as 
2 2
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 
           (28) 

 
Result 3.6: Below the diagram shows the Bi-variate cumulative probability surface and Cumulative Contour plot of the 
Sam-Solai’s Bi-variate cumulative standard Wigner distribution are given. 
 

                     
 
Result 3.7-Using the software Maple version 14, the table values from -0.9 to +0.9 with interval value 0.1 for Sam-
Solai’s Bi-variate standard Wigner distribution are obtained. Area under the Sam-Solai’s Bi-variate Wigner surfaces 
based on cumulative distribution function is given.  
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Result 3.8: From (1) and if iR R , then the Sam-Solai’s Multivariate wigner distribution of Kind-1 of Type-B 
transformed into Multivariate one parameter Wigner distribution of Kind-1 of Type-B and its density is given as 
 

                  1 2 3
1 1

16 1 3 1( , , , ) {( ( )) ( 1)}( ) ( )
3 2 4 2

pp
pi i

p
i i

R x R x
f x x x x p

R R Rπ = =

− +
= − −∑ ∏                                                  (29)                                             

where  i j   
iR x R  

    0R    

 
Result 3.9: From (1) and if i iy x , then the Sam-Solai’s Multivariate wigner distribution of Kind-1 of Type-B 
transformed into Sam-solai’s Multivariate Wigner distribution of Kind-1 of Type-A and its density is given as 

        1 2 3
1 1

16 1 3 1 1( , , , ) { ( ( )) ( 1)}( ) ( )
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pp
pi i i i

p
i ii i i

R y R yf y y y y p
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 where  i j    
i i iR y R  

    0iR 
    

 
Result 4.0: From (1) and if ix

iy e , then the Sam-Solai’s Multivariate wigner distribution of Kind-1 of Type-B 
transformed into Sam-solai’s Multivariate log- Wigner distribution of Kind-1 of Type-B and its density is given as 
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                   (31)                                            

 where  i j    i iR R
ie y e       0iR 

    



Dr. G. S. David Sam Jayakumar* et al./ A NEW GENERALISATION OF SAM-SOLAI’S MULTIVARIATE WIGNER DISTRIBUTION OF 
KIND-1 OF TYPE-B*/RJPA- 2(12), Dec.-2012. 

© 2012, RJPA. All Rights Reserved                                                                                                                                                                       363  

 
Result 4.1: From (2) and if 1/i iy x , then the Sam-Solai’s Multivariate Wigner distribution of  Kind-1of Type-B 
transformed into Sam-solai’s Multivariate Inverse Wigner distribution of Kind-1 of Type-B and its density is given as 
 

  1 2 3 2
1 1

1 116 1 3 1 1( , , , ) { ( ( )) ( 1)}( ) ( )
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p
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where  i j    1/ 1/i i iR y R  
  ,  0iR 

 

 
CONCLUSION 
The Sam-Solai’s generalization of multivariate Wigner distribution of Kind-1 of Type-B is having some interesting 
features. At first, the marginal uni-variate distributions of the Sam-Solai’s Multivariate Wigner distribution are uni-
variate and enjoyed the symmetric property. Secondly, the standard correlations co-efficient between any two circular 
variables found to be +0.16. Finally, the multivariate generalization of Wigner’s semi-circle distribution of Kind-1 of 
Type-B open the way for the transformation of the distribution into Multivariate one parameter Wigner distribution of 
Kind-1 of Type-B, Multivariate  Wigner distribution of Kind-1 of Type-A, Multivariate log-Wigner distribution of 
Kind-1 of Type-B and Multivariate  Inverse -Wigner distribution of Kind-1 of Type-B. 
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