Research Journal of Pure Algebra -3(1), 2013, page: 8-14
@ Available online through www.rjpa.info issn 2248-9037

DUAL HEYTING ALMOST DISTRIBUTIVE L

G. C. Rao & Naveen Kumar Kakumanu*
Department of Mathematics, Andhra University, Visakhapatnam-530 003, India

(Received on: 15-11-12; Revised & Accepted on: 24-12-12)

ABSTRACT

In this paper, the concept of a dual Heyting Almost Distributive Lattice (Dual H-ADL) as a generalization of a dual
Heyting algebra in the class of ADLs is introduced and studied its properties. We characterize a Dual H-ADL in terms
of its principal ideals. Necessary and sufficient conditions are derived. It is shown that every dual H-ADL is Dual
Pseudo-Complemented Almost Distributive Lattice.
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1. INTRODUCTION

Heyting algebra is a relatively pseudo-complemented distributive lattice which arises from non-classical logic and
was first investigated by T. Skolem about 1920. It was named as Heyting algebra after the Dutch Mathematician
Arend Heyting. Heyting algebras are less often called pseudo-Boolean algebras. It was introduced by Birkhoff G.
under a different name Brouwerian lattice and with a different notation. Birkhoff further developed the theory of
Heyting algebras from a lattice theoretic point of view. Since then Heyting algebras, also called pseudo-
complemented distributive lattices with 0, have been studied quite extensively. Later H. B. Curry about 1963
developed the theory of Heyting algebras.

Heyting algebras generalize Boolean algebras in the sense that Heyting algebra satisfying @ — a =1is a Boolean
algebra. Heyting algebras serve as the algebraic models of propositional intutionstic logic in the same way Boolean
algebras model propositional classical logic. Complete Heyting algebras are a central object of study in pointless
topology. The concept of an Almost Distributive Lattice (ADL) was introduced by U. M. Swamy and G. C. Rao as
a common abstraction to most of the existing ring theoretic generalizations of a Boolean algebra on one hand and
the distributive lattices on the other. For this reason, G.C. Rao, Berhanu and Ratna Mani [4] introduced the
concept of Heyting Almost Distributive Lattices (H-ADL) as generalization of Heyting algebra and derived many
important results. Unlike in lattices, the dual of an ADL in not an ADL in general. For this reason, in this paper, we
introduce the concept of a Dual Heyting Almost Distributive Lattice (dual H-ADL) and derive a number of
important laws and results satisfied by a dual H-ADL. We also characterize a dual H-ADL in terms of the lattice of
all of its principal ideals.

2. PRELIMINARIES
In this section, we give the necessary definitions and important properties of an ADL taken from [7] for ready
reference.

Definition 2.1 [7] An algebra (Av,A,0 of type (2,2,0) is called an Almost Distributive Lattice (ADL) if it
satisfies the following axioms:

i, XxXv0=x

ii. 0Ax=0

i. (Xvy)az=(XAZ)v(yAaz)

iv. XA(yvz)=(XAy)v(Xaz)

v. XVv(yAz)=(xvy)a(xvz)

vii (Xvy)ay=yforal X,y,Ze A
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A non-empty subset | of an ADL A iscalled an ideal of A if XV Y€l and XAael forany X,y €l and
aeA The principal ideal of A generated by X is denoted by (X]. The set PI(A) of all principal ideals of A
forms a distributive lattice under the operations V, A defined by (X]Vv (Y]=(XV Y] and (X]A(y]=(xAY]
in which (O] is the least element. If A has a maximal element M, then (M] is the greatest element of PI(A).

Theorem 2.2. [7] Let A be an ADL and X, Yy € A. Then the following are equivalent:
Q) (x]= (Y]

(i) yAX=X

(i) yvx=y

@ [y)<[x).

For other properties of an ADL, we refer to [7].

If A is a bounded distributive lattice, then the set of all complemented elements of A forms a Boolean algebra and it
is called the (Birkhoff) center of A. This concept is extended to an ADL in [6] as follows.

Definition 2.3. [6] Let A be an ADL with a maximal element mand B(A)={ace Alaab=0and avb isa
maximal for some b € A}. Then (B(A),V, A) is a relatively complemented ADL and it is called the Birkhoff center
of A. We use the symbol B instead of B(A) when there is no ambiguity.

For any b € B,b A mis a complemented element in the distributive lattice [0, m] whose complement will be denoted
by (b Am)'".

3. DUAL H —ADL

We begin with the following definition of a Heyting algebra taken from [2].

Definition 3.1. [2] A bounded distributive lattice (A, Vv, A,0,1) is said to be Heyting algebra if there exists a binary
operation — on A suchthat, forany X,Y,Z€ A XA Z<Y ifandonlyif Zz<Xx— Y.

Since the dual A° of a distributive lattice (A, Vv, A) is again a distributive lattice. We give the following definition.

Definition 3.2. A distributive lattice (A, Vv, A) is called a dual Heyting algebra if its dual A of Aisa Heyting
algebra.

Theorem 3.3. A distributive lattice (A, Vv, A,0,1)is a dual Heyting algebra if and only if there exists a binary
operation <«— satisfying the following:

(i) X< x=0

(i) (X y)vy=y

(iii) Xv (X< y)=xvy

(iv) Z< (XvYy)=(z< X)v(Z<Y)

V) (XAY)«—z2=(X<2)v(y<«2)

In [4], G.C. Rao and Berhanu extended the concept of Heyting algebra to the class of ADLs as follows.

Definition 3.4. Let (A, Vv,A,0,m) be an ADL with a maximal element m. Suppose —> is a binary operation on A

satisfying the following conditions: for all X, Y,z € A,
(i) X—>X=m

(i) (x> y)Ay=y

(i) XA(X> y)=XAyAm

(iv) x> (YyAZ)=(X> Y)A (x> 2)
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V) (xvy)>z=(X>2)A(Yy—> 2).
Then (A, Vv, A,—,0,m) is called a Heyting Almost Distributive Lattice (H-ADL).

It was observed in [4], that an ADL (A, V,A,0,m) is a H-ADL with the binary operation—> if and only if to each
ae€ A, the distributive lattice ([0,a],v,A,0,a) is a Heyting algebra with the binary operation —, defined by
X—, y=(X—>y)aa forany X,y €[0,a].

In general, the dual of an ADL is not an ADL. For this reason, in this paper, we introduce the concept of dual Heyting
Almost Distributive Lattice (dual H-ADL) as follows.

Definition 3.5. An ADL (A,\/,/\,O with a maximal element m is called a dual Heyting Almost Distributive
Lattice (dual H-ADL), if to each @ € A, the distributive lattice ( [0,a],Vv,A,0,m ) is a dual Heyting algebra with

respect to the binary operation denoted by <«—, .

Theorem 3.6. Let A be an ADL with a maximal element m. Then A is a dual H-ADL if and only if to eacha € A,
there exists a binary operation <—* on A satisfying the following conditions:

(i) X< x=0

(i) [(x < y)vylra=ynra

(i) [xv (X <" y)]ra=(XVvYy)ra

(iv) <" (Xxvy)=(z<*X)v(z<Yy)

V) (XAY) < z2=(x<"2)v(y «" Z) forall X,y,z€ A

Proof. Let Abe adual H-ADL and a € A. Then ([0,a],Vv, A, <—,,0,a) is a dual Heyting algebra. Define a binary
operation <" on A by x<«* y=(xAa)<«, (yaa)foral X,yeA Let X,ye€ A Then
@ X< x=(xra)<«, (xra)=0
) [(x < y)vylra=[(xra)«, (yra)lv(yra)=ynra
© [xv(x<?y)lra=(xra)v[(xra)«, (yra)l=(xra)v(yra)=(Xvy)ra
d) z<*(xvy)=(zra)«,[(xvy)ra]l=(zra)«, (xra)v(zra)«, (Yra)
=(z<"X)v(z<y)
@ (XAy)<"z=(xArynra)«, (zra)=[(xra) <, (zra)]V[(yra)<«, (zra)]
= (X<, DV (Y ¢, 2)

Conversely, suppose to each a e A, there exists a binary operation <—° satisfying conditions (a) to (e). For
X,y €[0,a], define X «—, y=(X<«"y)Aa. Let X,y,Z<[0,a]. Then
(i) X<, x=(x<«<"x)ra=0.
(i) (X<, Y)vy=((x<"y)ra)v(yra)=[(x<"y)vylra=ynra=y.
(i) Xv (X<, Y)=[(xra)v(x<* y)ra)]=[xv(x <" y)lra=xVvy.
(iv) Z<—, {(xvy)l}=[z<* (xvy)lra={[z<* x]v[z <" y]}ra

={[z <* x]rna}v{[z <* y]na}

=(z<* X)v(z<"y).
V) (XAY) <, z=[(xry) < Z]rna=[(x <" 2)v(y <* Z)]rna

=X« 2)v(y «, 2).
Therefore, by Theorem 3.3, [0, @] is a dual Heyting algebra for all @ € A and hence A is a dual H-ADL.
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Theorem 3.7. Let A be an ADL with a maximal element m. Then the following are equivalent:
(i) Aisadual H-ADL.

(ii) [0, m] s a dual Heyting algebra.

(i) There exists a binary operation <—on A satisfying the following conditions:

d; X< x=0

d; [(X<y)vylam=yAam

ds [XvV (X< y)]aAm=(Xvy)am

dy ze—(Xvy)=(z<X)v(Z<Y)

ds (XAY)«—z2=(X«2Z)Vv(y<«z) forall X,y,z€ A

Proof. (i)= (ii) follows from Definition 3.5 and (ii)= (iii) follows from Theorem 3.6 by taking
X< y=(XAm)<«" (yam)forall X,ye A Now assume (iii). For any ae A, we know that [0,a] is a
distributive lattice. For X,y e[0,a], define X<, y=(X<«-Yy)Aa Then it can be verified that

([0,a],v,A,«—,,0,a) isadual Heyting algebra and hence A is a dual H-ADL.

Note 3.8. Let Abe a dual H-ADL. Then, by Theorem 3.7, ([0,m], v, A,<=,,0,m ) is a dual Heyting algebra.
From now onwards, for X,y € A, define (XAM)<«_ (YyAm)by X<—Yy. So that for any X,Y,Z€A,
(Xxvz)aAm=>yamifandonlyif ZAM> (X< y)Am.

Here afterwards, Astands for a dual H-ADL with a maximal element m. In the following theorem, we derive some
preliminary properties of a dual H-ADL.

Theorem 3.9. For any X,Y,Z € A, we have the following:
(i) (XAY) ¢ y=X<«y

(i) m«x=0

(i) O« x)Am=xAm

(iv) X<~ (Xvy)=X<«Yy

V) (XAY) = (xvy)=(y < X)v (X< Y).

Proof. Let X,ye€ A Then (XAY)<«<y=(X<Y)v(y<« y)=X<«Yy. Thus we get (i). To prove (ii),
O=X¢X=(MAX)«X =m<«X. Since X< X=0,we get X< (XVYy)=X<«Yy. To prove (iv),
X< (XvYy)=(X<X)Vv (X< y)=X<«Y. Finally (v) follows from (iii) and (iv).

Theorem 3.10. Let (A, V, A, <, 0, m) be a dual H-ADL with a maximal element m. Then, for any maximal element
nin A, (AVv,A,<«,,0,n) isadual H-ADL where forany X,y € A, X <—, Y =(X<y)AN.

Proof. Let (A,Vv,A,<,0,m) be a dual H-ADL and nbe a maximal element in A. Since XV (X<, Y)=
[Xv(X<=y)laAmAan=yaman=yAn, we get Xv(X<, Y)=YyAN. Suppose Ce A such that
(Xve)Aan=yAan. Then (XvC)ANAM=YyANAM. Thus (XVC)AM>YyAM. By definition, CAM>

(X<=Yy)Am and henceCAN 2 (X <= Y)AN=(X <« Y). Therefore (A,Vv,A,<,,0,n) is a dual H-ADL. In
the following theorem, we prove some important properties of dual H-ADL.

Theorem 3.11 For any X,Y,Z € A, we have the following:
(i)If X<V, then Z<— X<Z<«yand X< Z>Yy <« Z

(i) If y < X,thenX «— y =0.
(i) (Xvy)«<y=(xvy)«x=0
(iv) XvY)AM=(XVI)AMES X< Y=X<«1Z.
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Proof. Let X,Y,Z€ A Suppose X<Vy. Then Z< (Xvy)=Z«YyY=(Z« X)v(Z«Yy) and hence
Z< X<Z<« Y. Again, since X<y, we get (YAX)«—Z=X<«2Z=(y«2Z)v(X<«<2Z) and hence
X «—Z2>Y <« Z. Thus we get (i). Suppose Y < X. Then by (i) above, we get 0 =Y <— Yy > X <— Y. To prove (iii),
since XAM< (Xvy)amand yAM<(XvY)Aam, weget (Xvy)<«X=0and (XvYy)<« y=0.

Finally, suppose (Xvy)am=(Xvz)am. Then X<«[(Xvy)am]=x<«[(Xvz)am]and hence
X< y=X<«1. Conversely, suppose X<« Yy=X«2Z. Then [Xv(X« y)]am=[Xv (X« z)]amand hence
(Xvy)am=(Xvz)Am. Thus we get (iv).

Theorem 3.12. Forany X,Y,Z € A, we have the following:
(i) (XAM)«—y=x<«Y.

(i) (X< y)Aam=(X<(yam))am.

(i) (xAm)<«—(yAm)Aam=(X«<y)am.

(iv) (Z<—(Xvy)am=(z<(yvXx)Aam.

V) Z<—(XAY)Am=(z<«(YyAX))AMm.

Proof. Let X,¥,Z€ A Then (XAM)<«—y=(X<Yy)v(M<«y)=(X<«y)v0O=X<«Y. Thus we get (i).
Since [Xv (X< y)]aAm>yAam, we get (X<~ yY)Aam>(X<«(yAm))Am. On the other hand, since
Xv[xX<—(yaAm]Pam=>yam, we get (X< (YyAmM))Am= (X<« y)Am. Thus we get (ii). (iii) follow
from (i) and (ii). Since (Z <~ (Xvy)Aam={z<[(xvy)amIam={z < [(yv)amIam=(z« (yvx))am.

Thus we get (iv). Finally, since XAYAM=YyAXAM, we get (2 (XAY))am=(Z«(yAX))Am and hence the
theorem.

Theorem 3.13. For any X,Y,Z € A, we have the following:
() yAM2[X < (X< y)]am

i)y XxAm>2(y«<z)AmsS yam>(X<z)Aam
(i) [X <= (Y <= 2)]Am=[(XV y) < z]AMm

(iv) [X<= (Y« 2)]am=[y < (X< 2)]Am

v) X« (y«<x)=0.

Proof. Since [(X< y)vy]Am>yAm, weget YAM>[(X <« Yy) <« y]Am and hence we get (i). Suppose
XAM=(Yy<«2z)Am. Then (YVX)AM>ZAM and hence Yy AM > (X <~ Z) AM. By symmetry, we get the
converse. To prove (i), since[(Xv y)v{X<« (Y« 2D)Hrm=[yv{Xxv (X<« (y<«<z)}rm=
[yvixv(ye<)am=[xv{y v(y < 2)}]am=[xvyvz]am>zAm, we get (X< (y<z))am2[(xvy)«z]am.
On the other hand, since (XvY)v((xvy)«z))am>zam, we get (XV((XVYy)«2zZ))Aam=>(y<«z)Aam
and hence (XVv y) < z2)Am> (X« (y<«z))Aam.

Thus we get result. Since (XV YY) «~z2)am= ((YVv X)«2)Am, we get (X< (Y« z2))am=(y« (X< z))am.
Thus we get (iv). Finally, (X <= (Y <= X))Am =((Xvy)«X)Am=0Am=0 (since by Theorem 3.11.(iii)).

In general, the operation <— is not compatible with either v or Ain A. In the following theorem, we derive partial
compatibility.

Theorem 3.14. Forany X,Y,Z,W e A, we have the following:
@) (xX<=yY)vEz«w)am=((Xvz)«(yvw)am
(i) (X< yY)v(ZewW)Am>((XAZ) <« (YAW)AM
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(i) (X< y) < y) < y)am=(x<y)am
(iv) (X< yY)Am>((z<X)« (2« Yy))Am
V) (X<=y)Aam>((y«z2)« (X< 2)Am
Vi) (X< 2)A(y«<2)Am=((Xvy)<«2z)Am
i) (Z<=X)A(Z<yY)AMm=(z< (XA Y))AM.

Proof. Since ((Xvz)v(X<y)v(z<w)Aam>(yvw)am,we get (X< Y)v(z<w)am((Xvz)
< (Y vW)) Am. Thus we get (i).

Since (XAZ)v((X<y)v(zew)am=(Xv(X<y)Vv (Z<W)IA(ZV(X<Y)V(Z<W)>(yAaw)Aam,
we get (X< Y)v(zew)am>((XAz)« (yAaw))am. Since (X< Y)V((X<Yy)«< y)Am> yam,
we get (X< yY)Am2((x < y) < y)«<y)am.

On the other hand, since (Xv (X< y))Aam=((X<Yy)vX)Am>yam, weget XAM>((X<y) < y)am.
Replace X by X <— VY inthe above, we get (X <= Y)AM>(((X ¢ y) < y) < y)Am.

Thus we get (iii). Now ((Z<X)«(z< y)Am=(((z < X)vZ) < y)Am< (X< y)Aam. To prove (v),
since(XVv (Y <« 2) viX<y)am=(Xvyv(y < 2)am=(Xvyvz)am>zam,

We get (X< Y)Am2 ((y« z) « (X<« z))am. Since (XVY)vXVYV (X< 2)]A[XvYyv(y<2)]}am
(X )A(Yy <) Aam={[=[(xvyvI)a(xvyvI)]am>zam, we get (X< Z)A(Yy < Z)Am2((XvY)«z)Am.

Thus we get (vi). Finally, since (ZV ((Z <= X)A (Z <~ y¥))) Am={zv(z<X)}Ia{zv (2 Y)Iam>(XAY)Am, we
get (ZeX)A(zy)am> (Z< (XAY))AMm.

Theorem 3.15. Let X,y € A and b, c € B. Then we have the following:

@) (xvb)y<«<—y)Aam=((bAam)A(X<y)Am

(i) (X< (cAy)Am=(CA(X<Yy)AmMm

(i) (xvb)<«<(cAay)am=((bAm) AcA (X<« Y))Am where(b Am)" isthe complemented of b Am in
[0, m].

Proof. Since (XvB)v(bAm)A(X<y)Aam=ma(Xvbv(x<y)am=(bvXvy)am=>yam,we
get (bAam)A(x<«y)Aam=((xvh)<« y)Aam. On the other hand, since ((XVvb)Vv (xv b) < y) Am
>yam, we get (bv((Xvb)«y)am>(X«y)am and hence ((Xvb)<y)am>(bam) A
(X < y) Am. Thus we get (i). Similarly, we get (ii). Combining (i) and (ii) we get (iii).

In our paper, we introduce the concept of a dual Pseudo-Complemented Almost Distributive Lattices (or, simply a dual
PCADL) [5] and studied its properties as follows.

1) Definition 3.16. [5] Let (A,Vv,A,0 be an ADL with a maximal element m. Then, a unary operation X > X, on
Ais called a dual pseudo-complementation on A if, for any X,y € A, it satisfies the following conditions:

) Xvy=m=(Xvy)aAm=yAm

(i) XV X.isa maximal element in A

(i) (XA Y)e =XV V.
Now we prove the following theorem.

Theorem 3.17. A is a dual Pseudo-Complemented Almost Distributive Lattice.
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Proof. Let A be a dual H-ADL with a maximal element mand X € A. Define X. =X« M. Let X,y €A
Suppose XV Y =mMm.Then
(x.vy)am=((x<m)vy)am=[x< (xvy)vylam=((Xx<y)vy)am=yAam.Now
(xvx)am=[xv(x<m]am=(Xvm)am=m. Thus XV X. is a maximal element in A. Also
(XAY).=(XAY)<m=(X<m)v(y < m)=X.V Y..Therefore Aisadual PCADL.

Finally, we conclude this paper with the following.

Theorem 3.18. Let Abe an ADL with a maximal element m.Then Ais a dual H-ADL if and only if PI(A) is a dual
Heyting algebra.

Proof. Suppose Ais a dual H-ADL. For X,y € A, define (X]< (y]= (X<« y]. Now we show <« is well
defined. Suppose (X]=(X] and (Y]=(y,]- Then X, AX=X, XAX, =X and Y, AY =Y, YAY, =V,

Now (Xe=y)am=(xe(yvy)am=((x<y)vxey)am= (X< y)v((xAX) < y))arm=
[(X = Y) v (% <= y) v (X y)Iam= (% < yy) Am.Then (%, <y, ] < (X< y].

By symmetry,(X<— Y] < (X, < Vy,]. Hence (X<« y]=(X <« V,]. It can be verified routinely, that
(PI(A),v,A,<,0,A) is a dual Heyting algebra. Conversely, suppose that PI (A) is a dual Heyting algebra. For
X,y € A, we define X <~ Y =CAamwhere (X] <« (y]=(c].So that (X] <« (y]=(c]=(cAam]=(x<«Yy]. If
(s]=(t], then sSAm=tAm and <« is well defined. Let X,Y,z€ A. Since 0/(X] <« (X]=(0 , we get
X< X=0Am=0. Now (Y]={(x] < (YI}Vv (Y]=((X < y) Vv y]and hence (X<« y)vy)am=yAam.
Again, (xv y]= (X]v (Y] ={(X]v{(x] « (Y]} = (x] v (x <= y] = (xv (x = Y)].

Therefore (Xv (X <= y))Am =(Xvy)am. Let (2]« (x]=(s] and (z] < (y]=(t]. Then z«=x=sAm
and Z<y=tam. So that (Z<«< (xvYy)]=(z]« (xvy]= (2] <{(x]v (y]}= (2] « (X]Vv (z] « (V]
=(zeX]v(z« Y] Thus (z<(Xvy)Aam=((z<X)v(z«< y))Amandhence 7« (Xvy)=(2X)v(Z< ).

Similarly, we prove (XA Y) <= Z=(X<«2z)Vv (Y <« ). Thus A isadual H-ADL.
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