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ABSTRACT

In this paper the concept of weak compatibility in a fuzzy metric space with Hadzic type t —norm and S-B property has
been applied to obtain a common fixed point theorem for four self maps on a fuzzy metric space.
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1. INTRODUCTION

The concept of fuzzy sets was introduced by Zadeh [13] in 1965. Since then, to use this concept in topology and
analysis, many authors have extensively developed the theory of fuzzy sets and its applications. Kramosil and Michalek
[6] have introduced the concept of fuzzy metric spaces in different ways. In 1988, Grabiec [4] extended the fixed point
theorem of Banach [1] to fuzzy metric spaces. George and Veeramani [3] have modified the concept of fuzzy metric
space introduced by Kramosil and Michalek [6].They have also shown that every metric induces a fuzzy metric. Singh
et. al. [12] proved various fixed point theorems using the concepts of semi-compatibility, compatibility and implicit
relations in fuzzy metric spaces. Rajinder Sharma [8] obtained a common fixed point theorem for four self maps on a
fuzzy metric space with min t-norm under S-B property. Sastry et.al. [9] proved a fixed point theorem in fuzzy metric
spaces with min t-norm and obtained the result in [8] as a corollary. Further, in[9] an open problem is raised regarding
the validity of their result in fuzzy metric spaces with general continuous t-norm (not necessary min t-norm).In this
paper, we partially answer the open problem in the affirmative by proving their common fixed point theorem in fuzzy
metric spaces with Hadzic type t —norm under S-B property. However, the general solution to the open problem is still
open.

Definition 1.1: (Zadeh.L.A. [13]) A fuzzy set A in a nonempty set X is a function with domain X and values in [0,1].

Definition 1.2: (Schweizer.B. and Sklar. A. [10]) A function =:[0,1] x [0,1] - [0,1] is said to be a continuous t-
norm if = satisfies the following conditions:

Fora,b,c,d € [0,1],

(i) = is commutative and associative

(if) = is continuous

(i) a*x1=aforalla €[01]

(iv) a*b <cx*dwhenevera <candb <d

We observe that a * b = min{a, b} is a t-norm.

Note: a * b = min{a,b}isat —norm & txt > t.Vt € [0,1].

Different types of t-norms: (Schweizer.B. and Sklar. A. [10])
(1) a=b = a.b (product t-norm T,)

(2) a * b = max{a + b — 1,0} Lukasieswict t-norm

min{x, y},if max{x,y} =1
3) T(X,y)=
@ T(xy) {0, otherwise
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min{x,y},ifx+y>1

@ T(x, y)={

0, otherwise

Xy .
6T (xy)=1 2 jif max{x,y} <1

Xy, otherwise

Definition 1.3: (Kramosil. I. and Michalek. J. [6]) A triple (X, M,*) is said to be a fuzzy metric space (FM space,
briefly) if X is a nonempty set, * is a continuous t —norm and M is a fuzzy set on X? x [0, ) satisfying the following
conditions:

For x,y,z€ Xand s,t > 0.

(i) M(x,y,0)=0

(i) M(x,y,t) = lifandonlyif x = y.

(i) M(x,y,t) =M (y,x,t)

(iv) M(x,y,t)*M(y,z,5) < M(x,z,t + s)

(v) M(x,y, -):[0,0) — [0,1] is left continuous.

Then M is called a fuzzy metric on X.

The function M (x, y, t) denotes the degree of nearness between x and y with respect to t.

Definition 1.4: (George.A. and Veeramani.P. [3]) Let (X, M,*) be a fuzzy metric space. Then,

(i) Asequence {x,}in X is said to be convergent to a point x € X if lim,_,M(x,,x,t) =1Vt>0.
(if) Asequence {x,} in X is called a Cauchy sequence if

lim,, M(xn+p,xn,t) =1vt>0and p=12,..
A FM —space in which every Cauchy sequence is convergent is said to be complete.

Definition 1.5: (Singh,B. and Jain,S. [12]) Two self maps S and T of a fuzzy metric space (X, M,*) are said to be
weakly compatible if they commute at their coincidence points, that is, Sx = Tx implies STx = TSx.

Definition 1.6: ([11]) Let Sand T be two self mappings of a fuzzy metric space(X, M,*).

We say that S and T satisfy the property S-B if there exists a sequence {x,} in X such that lim,_,,, Sx,, =lim,,_,, Tx, =
zforsome zeX.

In the rest of the paper, we assume that a fuzzy metric space (X, M,x) satisfies the following condition:

lim,,, M(x,y,t) =1forall x,y € X. ()]
Definition 1.7: (Hadzic[5]) Let * be a t —norm. For any a € [0,1], write *° (a) = 1 and

*1 (a) =+ (*° (a),a) =+ (1,a) = a. In general, define " *! (@) =+ (+" (a),a) forn =0,1,2 ...... ...

If {+"} is equicontinuous at 1, that is, given £ > 03 § > 0 such that x > 1 — & implies +" (x) > 1 —eVn € N, then
we say that = is a Hadzic type t —norm.

We observe that min t —norm is of Hadzic type.
Rajinder Sharma [8] proved the following:

Theorem 1.8: Let (X, M,*) be a fuzzy metric space with t xt >t for all t € [0,1] and condition (l). Let 4, B, S and
T be mappings of X into itself such that

(1.8.1) AX) c T(X)and B(X) c S(X),
(1.8.2) (4,S) or (B, T) satisfies the property (S — B),
(1.8.3) there exists a constant k € (0,1) such that

M?? (Ax, By, kt) = min {M?? (Sx,Ty,t),M(Sx, Ax,t).M? (Ty, By, t), M" (Sx, By, t). M"™ (Ty,Ax, (2 — a)t),
M (Sx, Ax, t).M® (Ty, Ax,, (2 — a)t), M'(Sx,By,t).M' (Ty, By, t)}
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forallx,y € X,a > 0, € (0,2),t > 0and0 < p,q,q,r,7,s,s,1,I' < 1such that
2p=q+qg =r+r=s+s=1+1.

(1.8.4) the pairs (4, S) and (B, T) are weakly compatible
(1.8.5) one of A(X), B(X),S(X) or T(X) is a closed subset of X.

Then A, B, S and T have a unique common fixed point in X.

Sastry et.al. [9] proved the following theorem 1.9 and corollary 1.10 and obtained theorem 1.8 as a corollary to
corollary 1.10.

Theorem 1.9: Let (X, M,*) be a fuzzy metric space and * be min t — norm with condition (I). Let A,B,S and T be
mappings of X into itself such that

(1.9.1) A(X) c¢ T(X)and B(X) < S(X), and one of A(X), B(X),S(X) orT (X) is a closed subset of X.

(1.9.2) (B, T) satisfies the property (S — B),

(1.9.3) there exists a constant k € (0,1) and @ € (0,2), suchthat k < a, k + a < 2 and satisfies

M(Ax, By, kt) = min {M (Sx,Ty,t), M(Sx,Ax,t). M(Ty, By,t), M(Sx,By,at), M(Ty,Ax,(2 — a)t)} Vt>0
(1.9.4) (A,S) and (B, T) are weakly compatible.

Then 4, B, S and T have a unique common fixed point in X.

Corollary1.10: Let (X, M,*) be a fuzzy metric space and * be mint — norm with condition (I). Let 4, B,S and T be
mappings of X into itself such that

(1.10.1) A(X) © T(X) and B(X) < S(X),and one of A(X), B(X),S(X) orT(X) is a closed subset of X.

(1.10.2) (B, T) satisfies the property (S — B),

(1.10.3) there exists a constant k € (0,1), u > 0 and a € (0,2), suchthat k < a, k + a < 2, satisfying

M*(Ax, By, kt) = min {M" (Sx,Ty,t), M*(Sx, Ax,t), M*(Ty, By, t), M*(Sx, By, at), M*(Ty, Ax, (2 — a)t)}
(1.10.4) (A,S) and (B, T) are weakly compatible.

Then A, B, S and T have a unique common fixed point in X.

Further, in [9], the following open problem is raised.

Open problem 1.11: Is theorem1.9 true if min t — norm is replaced by any continuous t —norm?

2. MAIN RESULT

In this section we present our main result and obtain theorem 1.9 (and consequently corollaryl1.10).This answers the

open problem 1.11 partially, in the affirmative.

Theorem 2.1: Let (X, M,) be a fuzzy metric space and * be Hadzic type t — norm with condition (1). Let 4, B, S and
T be mappings of X into itself such that

(211) A(X) © T(X) and B(X) < S(X), and one of A(X), B(X),S(X)or T(X) is a closed subset of X.
(2.1.2) (4,8)or (B, T) satisfies the property (S — B),

(2.1.3) there exists a constant k € (0,1) and a € (0,2), suchthatk < a,k + @ < 2 and satisfies
M(Ax, By, kt) =*{M (Sx,Ty,t), M(Sx,Ax,t). M(Ty,By,t), M(Sx, By, at), M(Ty,Ax, (2 — a)t)}

(2.1.4)(4A,S) and (B, T) are weakly compatible.
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Then A, B, S and T have a unique common fixed point in X.

Proof: Without loss of generality we suppose that T'(X) is a closed and (B, T)satisfies the S-B property. Then there
exists a sequence {x,} in X such that

lim,_,., Bx, =lim,_ Tx, = z forsome z € X. @)
Since B(X) < S(X) there exists a sequence {y, } in X such that Bx,, = Sy,.
Hence lim,, _,, Sy,, = z. Now we prove that lim,,_,,, Ay, = z. By (2.1.3),
M(Ay,, Bx,, kt) =*{M (Sy,,Tx,,t), M(Sy,, Ay,,t), M(Tx,, Bx,,t), M(Sy,, Bx,,at), M(Tx,, Ay,, (2 — a)t)}
=« {M(Bx,,Tx,,t), M(Bx,, Ay,,t), M(Tx,, Bx,,t), M(Bx,,Bx,,at), M(Tx,,Ay,, (2 — a)t)}
= x{M (Txy, Bx,, t), M(Bxn, Ay, £), 1, M(Tx,, Ay, (2 — @)t)}
limn_minf( M(Ay,, Bx,, kt)) > x {lim,_ inf( M(Tx,, Bx,, t)), (Bxy, Ay, t)lim,,_,inf (M(Tx,, Ay,, (2 — a)t))}
= * {1,lim,,_,,inf(M (z, Ay,, t)), lim,,_,.inf(M (z, Ay,, 2 — a)t))} (by (J))
> * { lim,,_,,,inf (M(Z, Ayn,At)), lim,, . inf (M(Z, Ayn,lt))}

where 4 =min{1, (2 — a)}
lim,, o, inf(M(Ay,, z,t)) = {lim,,_., inf (M(z, Ay, (%)t)) ,lim,, . inf (M(z, Ay, (%)t))}

> {lim,, . inf(M (2, Ay, (2)°t)), lim,_.inf(M (2, Ay,,, (2)°t)),
lim, _,.inf(M (2, Ay,., (2)°t ) ), lim, _,inf(M (2, Ay, (2)°t)))

= ** lim,,_,,.inf (M (z,Ayn, (%)Zt)

v

£2" lim,, ,.inf (M (Z' Ayn, (%)m t)

Since = is of Hadzictypet —normtoe > 036 >03x>1—-§=+" (x) >1—eforpeEN
m a\m
*2" lim,,,.inf [ M (z, Ayn,(;) t) >1—¢
m
Whenever lim,,_,inf (M (z, Ayn,(%) t)) >1-6

To & corresponds a g € z* 3 lim,,_,.inf (M (z, Ayn,(

= >

m
) t)>>1—5if m > q by (1)
o it (0 (2, () 0)) > 1= it mg
o limy,, Inf(M(Ayy, z,8) = 2" lim,, ., inf<M (z, Ay, (%)m t)) >1—¢ whenever m>qVvt>0

~lim, ., inf(M(Ay,,z,t)) = 1
~lim, ., inf(M(Ay,,z,t)) = 1

Ayn -z
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Since T(X) is a closed subset of X, 3v e X 3 Tv = z € X.
We have lim,,_,, Ay, =1lim,,_ Tx, =lim,_, Sy, =lim,_ Bx, = Tv.
By (2.1.3), M(Ay,, Bv, kt) =« {M (Sy,, Tv,t), M(Sy,, Ay,,t). M(Tv, Bv,t), M(Sy,,Bv,at), M(Tv,Ay,, (2 — a)t)}
~ On letting n - oo, we get
M(z,Bv, kt) =+ {M(z,Tv,t),M(z,z,t) M(z, Bv,t)M(z, Bv,at),M(z,z,, (2 — a)t)}
> {1,1, M(z, Bv,t)M(z, Bv, at), 1}
=+ {M(z,Bv,t),M(z, Bv, at)}
>* {M(z, Bv,At), M(z, Bv, At)} where A = min {1, a}
M(z,Bv,t) 2+ M(z,Bv,()t) 2 +** M (2,Bv,()°t) 2........ > +" M(z,Bv,(1)"t)
Toe>035>03 =2" M(Z,BU,(%)mt) > 1—¢if M(z By, (%)mt) >1-6
To & corresponds aq € z* 3 M(z,Bv, (2)"t) >1-8ifm>gq
am=q= " M(z,Bv,()"t)>1-evt>0
&~ M(z,Bv,t) = 1 — €. This is true for every t > 0.
“M(z,Bv,t) > 1.
~ M(z, Bv,t) = 1.
~ Bv =z
~Tv=Bv =z
Since (B, T) is weakly compatible, BTv = TBv = Bz = Tz.
SinceB(X) ¢ S(X),3u € X 3 Su = Bv. By (2.1.3)
M(Au, Bv, kt) = {M (Su,Tv,t), M(Su, Au,t). M(Tv, Bv,t), M(Su,Bv, at), M(Tv, Au, (2 — a)t)}
M(Au,Tv, kt) = {M(Bv,Tv,t),M(Tv, Au,t). M(Tv, Bv,t), M(Tv, Bv,at), M(Tv, Au, (2 — a)t)}
= % {1,M(Tv, Au,t),1,1, M(Tv, Au, (2 — a)t)}

>« {M(Au, Tv, At), M(Au, Tv, At)} where 1 = min{1,2 — a}
M(Au,Tv,t) 2+ M(Aw, Tv, (1) 2 2 M (4u,Tv, ()°t) 2.2 " M(4u,Tv,()"t)
Toe>038>03 " M(Au,Tv, (;(l)mt) >1—¢if M(Au, Ty, (%)mt) >1-6
To § corresponds a q € z* 3 M(Au, Tv, (2)"t) > 1-§ifm = q
am=q= " M(Au,Tv,(D)"t) >1-evt>0
& M(Au,Tv,kt) = 1 — €. This is true for every t > 0.

& M(Au, T, t) = 1.

~ M(Au, T, t) = 1.
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~Au =Tv.

Since (4, S) is weakly compatible, we have ASu = SAu = Az = Sz.

By (2.1.3), M(Au, Bz, kt) = * {M(Su, Tz, t), M(Su, Au,t). M(Tz,Bz,t), M(Su,Bz, at), M(Tz, Au, (2 — a)t)}

& M(z, Tz, kt) =« {M(z,Tz,t), M(Au, Au, t).M(Tz, Tz, t), M(z,Tz, at), M(Tv, Au, (2 — a)t)}

=xM(z,Tzt),1,1,M(z2,Tz,at),M(Tz,z, (2 — a)t)}
=+ {M(z,Tz,t),M(z,Tz,at),M(Tz,z, (2 — a)t)}
>x{M(z,Tz,At),M(z, Tz, At),M(z,Tz, At)} where A = min {1,a, (2 — a)}
=43 M(z,Tz, At)

“M(zTzt) 263 M(2,T2, (1)) 2 % M (2,72,()’t) 2.2 " M(2,Tz, (2)"t)

Toe>036>03 «*" M(z,Tz,(1)"t) > 1—¢if M(2,Tz (1) "t)>1-6

To & corresponds aq € z* 3 M(z,Tz,(2)"t) >1-8ifm > q

em=gq= " M(Z,TZ,(%)mt) >1—evVt>0

“M(z,Tz,t)=1—¢

“M(z,Tz,t) =1
“M(z,Tz,t) =1
~z="Tz

Now, in a similar way we can show that Az = z.

~z=Tz=Bz=S8z=Az

=z is a common fixed point of 4, B,S and T.

Uniqueness: Let p, g be two common fixed points of A,B, S and T.

Then by (2.1.3), M(Ap, Bq, kt) =+ {M (Sp,Tq,t), M(Sp, Ap,t),M(Tq,Bq,t), M(Sp,Bq, at),M(Tq,Ap, (2 — a)t)}
2+{M (p,q,t),M(p,p,t),M(q,q,t), M(p,q,at),M(q,p, (2~ a)t)}
2*{M (p,q,t),1,1,M(p,q,at),M(q,p, (2 — a)t)}
2+ {M (p,q,t),M(p,q,at), M(q,p, (2 — a)t)}
>+ {M(p,q,At),M(p,q,At), M(p, q, At)} where A = min{1, a, (2 — a)}

M(p,q.t) 2 M(p,q,(D)t) = " M(p,q,(2)’t) 2.2 " M(p,q,(2)"t)

Toe>0356>03 =" M(p,q, (%)mt) >1—c¢if M(p,q,(%)mt) >1-6

To & corresponds a g € z* 3 M(p, q, (j(l)mt) >1-6ifm=>gq

em=gq= " M(p,q,(%)mt) >1—eVvVt>0

~Mp,qt)=1—¢
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~M(p,qt)=1
M(p' q, t) = 1
~ p = q. This completes the proof of the theorem.

Note: Theorem 1.9 follows as a corollary to theorem (2.1), if k < a <land k + a < 2,sincet«t >t forallt >0
= * isthe mint — norm.

We conclude the paper with two open problems.

Open problem1: Is theorem 2.1 true if either k < @ or k + a < 2 is violated.

Open problem2: Is theorem 2.1 true if * is continuous t —norm (not necessarily Hadzic type t — norm)?
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