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ABSTRACT
In this article, we give a coincidence point theorem for set-valued quasi-contraction maps in b-metric spaces.

Mathematics Subject Classification: 47H10, 54H25.

Keywords: hybrid pairs, quasi contractions, b-metric space.

1. INTRODUCTION

The study of fixed points for multi-valued contraction maps using the Hausdorff metric was initiated by Nadler [11] in
1969, who extended the Banach contraction principle to set-valued mappings. The theory of set-valued maps has many
applications in control theory, convex optimization, differential equations and economics. Hassen Aydi, Monica-Felicia
Bota, Erdal Karapinar and Slobodanka Mitrovic [10] proved a fixed point theorem for set-valued quasi-contractions in
b-metric spaces. In this article we give a coincidence point theorem for set-valued quasi-contractions in b-metric
spaces.

Definition 1.1. Let X be any nonempty set. An element x in X is said to be a fixed point of a multi-valued mapping
T: X—2%if X e TX, where 2% denotes the collection of all nonempty subsets of X.

If T: X—2% is a multi-valued mapping and f : X—X is a self mapping then x is said to be a coincidence point of T and
f if IxeTx.

Let (X, d) be a metric space. Let CB(X) be the collection of all nonempty closed bounded subsets of X. For
A,B e CB(X), define

H (A, B) =max {5 (A, B), 6 (B, A)},
where 8(A,B) =sup{d(a, B),a € A}, 8(B,A)=sup{d(b, A), be B} with d(a, C) = inf{d(a, x), xe C}, CeCB(X)
Then H is called the Hausdorff metric induced by the metric d.

Definition 1.2. [5] Let (X, d) be a metric space. The set-valued map T: X—X is said to be a g-set-valued quasi-
contraction if there exists 0 < q < 1such that forany X,y € X,

d(Tx, Ty) < g max {d(x, y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, TX)},

Recently, Amini-Harandi [1] proved a theorem with a set-valued version of the above mentioned Ciric’s condition [5]
as follows:

Theorem 1.3. Let (X, d ) be a complete metric-space. Suppose that T: X—CB(X) is a q-set-valued quasi-contraction.

1
Assume that < E . Then T has a fixed point in X, that is, there exists U € X such that U € Tu.
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In the sequel, the letters R, and N will denote the set of all nonnegative real numbers and the set of all natural numbers
respectively

Some problems, particularly the problem of the convergence of measurable functions with respect to a measure, lead to
a generalization of notion of a metric. Using this idea, Czerwik [6] presented a generalization of the well known
Banach fixed point theorem [2] in so-called b-metric spaces. Consistent with [6, 8], we use the following notations and
definitions.

Definition 1.4. [6, 8] Let X be a nonempty set and S >1a given real number. A function d: XxX—R, is called a b-
metric provided that, for all X,Y,z € X.

(bm-1) d(x, y) =0 ifand only if x =y,

(bm-2) d(x, y) = d(y, x),

(bm-3) d(x, y) <s[d(x, z) + d(z, y)].

Note that a metric space is evidently a b-metric space. Czerwik [6, 8] has shown that a b-metric on X need not be a
metric on X (see also [3, 4, 7,9, 12]

We cite the following lemmas from Czerwik [6, 7, 8] and Singh et. al. [12].

Lemma 1.5. Let (X, d) be a b-metric space. For any A,B,C € CB(X) andany X,y € X. we have the following:
(i) d(x, B)<d(x, b) forany b € B,
(i) 3(A,B)<H(A,B),

(iiii) d(x, B) <H(A,B) for any X € A
(iv) H(AA) =0,

(v) H(AB) = H(B,A),

(Vi) H(A,C) < s(H(A,B) + H(B,C)),
(vii) d(x, A) < s(d(x, y) + d(y, A)).

Lemma 1.6. Let (X, d) be a b-metric space. Let A and B be in CB(X). Then for each a > 0 and for all b € B there
exists @ € A such that d(a, b) <H(A,B) + a.

Lemma 1.7. Let (X, d) be a b-metric space. For Ae CB(X) and x e X. Wehaved(x, A)=0 <> xe A=A

In this article, we establish the analogous of Theorem 1.3 on a complete b-metric space. The main theorem extends
several well known comparable results in the existing literature.

Lemma 1.8. [13] Let (X, d) be a b-metric space and {y,} a sequence in X such that
d(Yn+1vYn+2) <y d(}’nayn+1), n=0,1...
where 0 <y <1. Then, {y,} is Cauchy sequence in X provided that sy < 1.

Let (X, d) be a b-metric space. Again as in [1], the set-valued map T: X— CB(X) is said to be a g-set-valued quasi-
contraction if for any X, y € X
H(Tx, Ty) < q M(x, y),

where 0 < q <I and M(x, y) = max{d(x, y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)}.
2. MAIN RESULTS

Definition 2.1. Let (X,d) be a metric space. Let S, T: X—CB(X) be a set valued and f : X—X be a self map. The
hybrid pairs (S, f) and (T, f )are said to be a g-set-valued quasi-contraction if there exists 0 < q < 1such that

H(Sx, Ty) < gM(x, )

forall X,y € X , where M(x, y) = max {d( X, fy), d( X, Sx), d( fy, Ty), d( fx, Ty), d( fy, Sx)}.
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Theorem 2.2: Let (X, d) be a b-metric space. Suppose that f : X—X and S, T: X—CB(X). Suppose that the hybrid
pairs (S, f) and (T, f)are g-set valued quasi-contraction, \ Sx < f (X)), UXTXg f(X) and f(X) is
Xe Xe

complete. Assume that g <

s’+s

Then

(i) fandS; fandT have coincidence points in X (or)

(ii) The pairs (S, f) and (T, f ) have a common coincidence point.
Proof: Suppose M(x, y) = 0 for some x, y in X.
Then x is a coincidence point of f and Sandy is a coincidence point of f and T.

Now assume that M(x, y) > 0 for all x, y in X.

1 1 1 1
Take 8=§(52 —QJ and ﬂ:q+8=5(sz _|_qj

+S +S

Since g < , we have & >0and 0 <p<I.

s? +5

Let X, € X . Since Y Sx < f(X) thereexist X, € X and y; € X suchthat y, = fX, € SX,.
Xe

Since UXTXg f(X) thereexist X, € X and Y, € X . By Lemma 1.6, there exists Y, = fX, € TX, such that
d (Y1, ¥2) < H(S%, TX) + M (X5, %)

<M (X, %) +eM (X, %)

< BM (X, %).

Similarly, there exists Y, = fX; € SX, such that

d(Y,,Y5) S BM(X, X,).

Thus by induction there exist sequences {x,} and {y,} in X such that

Yonur = fXonia € SXon 4 Yoo = Xonip € oy and d(Yan., Yoniz) < BM (X0 Xp0) 2.1)
For simplicity, write day+1 = d (Yanet, Yansa)-
From (2.1) we have
Oanet < B M(Xon, Xon+1)
= Bmax {d ( X, FXpn,p) d (B SXan), d( P g Txanen), d( Xy Txanen), d( X,y SXan)}
< B max {d(yzn, Yan+1), d(Yan, Yon+1), d(Yane1s Yons2), d(Yan, Yans2), 0}
< B max {d(yzn, Yon+1), A(Yans1, Yons2), S[A(Y2n, Yone1) + A(Yans1, Yoni2) ]}
= B max {0, dons1, S(d2n + dzner)}

Thus d2n+1 < B max {d2n, d2n+1, S(dZn + d2n+1)} (22)

If max {dan, dzns1, S(d,, + d2n+1)}: 0yne1 then from (2.2) 0 < dynsy < P dans1, Which is a contradiction since 0 < B <1.
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Therefore, (2.2) becomes dzn.y < B max {dzn, S(d,, +d,,,;)}

Put y = max{ﬂ, 5P }

1-sp
Thus daps1 < 7 dyp, forall Ne N (2.3)
2
If y=p then Sy =S5 ++ﬂ =S:|'+q(2s *5) <S8 1:1 = ! £1<1.
2(s“+s) 2 2(s° +5s) 2(s“+s)| 1+s 2
1
If y= 5P then S;/=Si <g 1ts |1
1-sp 1-sp _ 1
1+s
Thus ys<1.
From (2.3) we have d(Yan+1, Yans2) < v d(Yan, Yan+1) (2.4)
Similarly d (Yzn, Y2n+1) <7 d (Yan-1, Yon) (2.5)

From (2.4) and (2.5) we have

d(Yn, Yne1) < d(¥n1, Yn)

< Yz d(Yn, Yn-1)
d(Yn, Yea) <" d(Yo, Y1) (2.6)

Now for m,n e N with n < m, we have

d(Yn Yin) < SA(YnYner) + S AVt Yne2) + S50 (Vo2 Ynsa) +.oot S A(Vint,Yim)

<y"sd(Yo, yo) + 7" s d(Yo, yo) +...+ ™ s d(yo, y1) from (2.6)

=y"s(L+ys+y>s*+...) d(Yo, Y1)

n

S
< r d(Yo, Y1) — 0Oasn,m— oo
1-9

Hence {y,}is aCauchy sequence in the b-metric space X. Since f (X) is complete, there exists Z € X such that
z= fu for some U X such that

limd(fx,,, fu) =0 and limd(fx,, ,, fu) =0.

We have d( fX,,,,;, TU) < H(SXz, TU) <qM(xzn, U) (2.7)

where
M(Xan, U) =max {d( X,,, fu), d( X, ,Sxzn), d( fu, Tu), d( fX,,, TU),d( fu, Sxzn)}

We have d ( X, , fu) —0 as n—ow.
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d( X, ,Sxan) <d( fX,,,, X,,.,) implies that d( fX,, ,Sxzn) —0 as n—oo.

Alsod ( fu, Sxp)) <d( fu, fx,,,,) implies that d( fu, Sx,,) —0 as n—ow.

2n+
Making n—w in (2.7) we getd ( fu, Tu)<qd( fu,Tu)
This gives fu € Tu , since 0 < q < 1. Hence U is coincidence point of Tand f .

We have d(SU, X, ,) <H(S U, TXzn41) < qM(U, Xons1) (2.8)

where
M(Xzn, U) =max{d( fu, fX,..,), d( fu, Su), d( X, 1, TXan), d( U, TXope),d( X5, SU)}.

We have d( fu, X, .,) —0 as n—c.

d ( X1 TXone) <d( X0, TX,,,,) implies that d( X1, TXone1) —0 as n—o.
Alsod ( fu, Txan) <d ( fu, fX,,,,) implies that d ( fu , TXzne1) —0 as n—oo.
Making n—co in (2.8) we get d ( fu, Su) <qd( fu, Su).

This gives fu € Su, since 0 < q < 1. Hence U is coincidence point of S and f
Thus U is a common coincidence point of f , Sand T.

Corollary 2.3. Let (X, d) be a b-metric space. Suppose that f : X—X and S: X—CB(X). Suppose that the hybrid pair

2

(S, f) is g-set valued quasi-contraction, o Sxc f(X) and f (X) is complete. Assume that < .
xe s +5

ThenSand f have a coincidence point.

Proof: Putting S = T in Theorem 2.2, we have S and f have a coincidence point. Now we give an example to
illustrate Corollary 2.3.

Example 2.4: Let X= [0, ) be a complete b-metric space with d(x, y) = |X - y|2 for all x, y e X and s = 2. Define

szgand Sx :[1,1+%} for all x. Then . Sx < f(X).

2

1

. Xy 2 11 2 1
For all x, X, we have H(Sx, Sy) = |- —— =—|X— =——|X~— =—d(fx.fy).
orall x, y in X, we have H(Sx, Sy) ‘6 5 3 y| 94| y| 3 (fx.fy) |

All the hypotheses of the Corollary 2.3 are satisfied. Clearly Sand f have coincidence points.
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