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ABSTRACT

In this paper, we derive the intuitionistic fuzzy n-fold BCK-ideal of X, intuitionistic fuzzy n-fold positive implicative
ideal of BCK-algebra X and then discuss the related properties. We show that every intuitionistic fuzzy n-fold positive
implicative ideal which is an intuitionistic fuzzy n-fold weak commutative ideal is an intuitionistic fuzzy n-fold
implicative ideal. We gave characterizations of intuitionistic fuzzy n-fold Positive implicative ideals and establish the
extension property for intuitionistic fuzzy n-fold Positive implicative ideals of BCK-algebras.
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1. INTRODUCTION:

For the general development of BCK-algebras, the ideal theory plays an important role. In 1999, Hung and Chen [5]
introduced the notion of n-fold positive implicative ideals. The aim of this paper is to discuss the intuitionistic
fuzzification of an n-fold BCK-ideal and n-fold positive implicative ideals of BCK-algebras. We define the notion of
intuitionistic fuzzy n-fold BCK-ideals, intuitionistic fuzzy n-fold positive implicative ideals of BCK-algebras and then
discuss the related properties. We show that every intuitionistic fuzzy n-fold positive implicative ideal which is an
intuitionistic fuzzy n-fold weak commutative ideal is an intuitionistic fuzzy n-fold implicative ideal. Using level sets,
we give characterizations of an intuitionistic fuzzy n-fold positive implicative ideal of BCK-algebras. Finally we
establish the extension property for intuitionistic fuzzy n-fold positive implicative ideals in BCK-algebras.

2. PRELIMINARIES:

First we present the fundamental definitions. By a BCK-an algebra (see [8, 9]) we mean an algebra (X,*,0) of type
(2,0) satisfying the following axioms:

(BCK-1) (x # y) * (x ¥2) < (2% y),
(BCK-2)x #(x*y)<y,
(BCK-3)Xx <X,
BCK-4H)X<y,y<X=>Xx=Y,

(BCK-5)0<x, foreveryX,y,z€ X.

We can define a binary relation < on X by letting X <y if and only if X * y=0. Then (X, <) is a partially ordered
set with least element O . In any BCK-algebra X the following hold

PHx*0=x,

P2))x*y <X,

P (x*y)kz=(X*2)*Yy,

PhH(x*z)*(y*z) SX*Yy,

PS X * (X *(X*y))=X*Yy,

P6) X<y=>x*z<y#*z and z*y<z*X,foreveryX,y,z€ X.
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Throughout this paper X will always mean a BCK-algebra unless otherwise specified. A BCK-algebra X is said to be
positive implicative if (X * y)*z = (X *z) * (y *z) for every X,y,Z€ X . A non-empty sub-set I of X is said to

be sub-algebra of X if forX,y€ X = x*y€ X A non-empty subset I of X is called an ideal of X if (I,) Oe I
(I,) x*y and ye = x € I forevery X,ye X

A non-empty sub-set I of X is said to be n-fold BCK- ideal if (I;) and (I;)there exists a fixed ne X such

n+1

that (X *y )¥zeland ze I:>X*yn €l for everyX,y,z€ X . A non-empty sub-set I of X is said to be an n-

fold positive implicative ideal if (I, ) and there exists a fixed n € N such that

d,) (x*y)*zneland y*zneI:x*zneI forevery X,y,ze€ X.
For any elements x and y of X, X * y" denotes (------- (x*y)sy)k------ )*Yy in which ‘y’ occurs n-times.

Let p and A be the fuzzy sets of X. For s,t€ [0,1] the set U (u;s) = { X€ X/ w(x) > s} is called upper s- level cut of

pand the set L (A; t) = { X€ X / Mx) < t} is called lower t-level cut of A and can used to the characterizations of
pand .

As an important generalization of the notion of fuzzy sets in X, Atanassov [1, 2] introduced the concept of an
intuitionistic fuzzy set ( IFS for short ) defined by “An intuitionist fuzzy set A in a non- empty set X is an object

having the form A = {(x,pA(x),XA (x))/ x € X}, where the function BA :X—[0,1]and 7‘A :X—[0,1]
denoted the degree of membership (namely L A (X)) and the degree of non membership (namely A A (X)) of each
element X € X to the set A respectively and O<p o (X) +X p (x) S1forallx € X . For the sake of simplicity, we

use the symbol form A=(X,p 5 ,A 7 ) (or) A=( g Ap )"
Definition: 2.1 [12] An IFS A = (X, ,,A, ) in X is an intuitionistic fuzzy ideal (IF-ideal) of X, if it satisfies

(IF-1) pp (0)2p A (X)and R p (0)<Ap (y)
(IF-2) A (X)Zmin{p 5 (X*y),u 5 (X)}
(IF-3) A p (X)Smax{h p (x*y),A 5 (y)}forallx,ye X

Definition: 2.2 [12] An IFS A=(X, A A A) in X is an intuitionistic fuzzy sub- algebra of X, if it satisfies

() pp (x#y)zmin{p o (X),0 5 (Y)}
(i) L p (x*¥y)Smax{A 5 (X),A 5 (y)}Horallx,ye X.

Theorem: 2.3. [12] Let A=(X,u A A A) intuitionistic  fuzzy ideal of X, ifXx<yin X, then
N (x) 2 N (y)and KA x) < KA (y).thatis, [L o is an order-reversing and ;”A is an order- preserving.

Theorem 2.4 [12] An IFSA=(X,u A’}‘ A) in X is an intuitionistic fuzzy ideal of X, if for
X,¥,2€ X, x*¥y<Sz=>p o (X)2Zmin{p 5 (¥),1 p (2) }and A p (X)<max{} 5 (y),: p (2)}.

Definition: 2.5 [13] An IFS A=(X, A A A )in X is an intuitionistic fuzzy n-fold implicative

(IFI™ —ideal) ideal of X, if it satisfies

(IFIn Dpa (O)ZuA (x)and )“A (())S?\,A (X) and there exists a fixed n € N such that
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(IF1"2) p o (0)2min{p 5 ((y#x™))#2),1 7 (2)}
(IFI"3) A o (x)Smax{A p ((X*(y*xn))*z),XA (z)}, forevery x,y,z€ X.

Definition: 2.6 [13] An IFS A=(X,u A A A )in X is an intuitionistic fuzzy n-fold commutative ideal
(IFCI™ —ideal) of X if it satisfies

(IFCI™1) p o (0)2p p (x) & o (0)SA 5 (X) and there exist a fixed n€ N such that

(IFCI" 2) p 5 (x*(y*(y*x ™ ))=min{p o (x*y)¥z),u 5 (2)}

(IFCI" 3) A (x>l<(y>l<(y>l<xr1 M=max{h o (x*y)*z),\ 5 (z)}forall x,y,ze X.

Definition: 2.7 [13] An IFS A=(X,n A A A )in X is an intuitionistic fuzzy n-fold weak commutative ideal
(IFWC™ —ideal) of X if it satisfies

(IFWCI" -1) p p (0)2p 5 (%), A 4 (0)SA o (X) and there exists a fixed n€ N such that

(IFWCI" -2) p 5 (y*(y*x)=min{p 5 ((x*(xxy™)*2),1 5 (2)}

(IFWCI™ -3) A p (y#(y#x))<max{A o ((x#(xy™ )*¥2),\ p (2) }orall X,y,z€ X.

3. INTUITIONISTIC FUZZY n-FOLD BCK-IDEAL OF BCK-ALGEBRAS:

Definition: 3.1. An IFS AZ(X,}J. A A A ) in X is an intuitionistic fuzzy n-fold BCK-ideal of X if it satisfies
(BCKI™ 1) 1, (0)=p, (x). A, (0) <A, (X) and there exists a fixedn € N such that

(BCKI"2) i (xy™)2min{p  ((xry" ez (2))

(BCKI"3) & 5 (xy™)<max{h 5 ((cxy™ T )sz) 0\ (1)} forall x,y,z€ X.

Proposition: 3.2. Every intuitionistic fuzzy n-fold BCK- ideal of X is an intuitionistic fuzzy deal of X.
Proof: Let AZ(X,H A Y A) be an intuitionist fuzzy n-fold BCK- ideal of X

Put y =0 in (BCKI" 2)and (BCKI™ 3) we get

i A (O=p 5 0™ 2min{p 5 (=0 THsz) 14 (2)) 2min{p 5 (x52),1 4 (2)

and

hp (=M p (x+0™)=max ) A((x*on“)*z),x A @)} Zmax{) p (x*2),h 5 (2)}.

Thus A=(X,p A A A ) is an intuitionistic fuzzy ideal of X.

The following example shows that the converse of theorem 3.2 may not be true.

Example: 3.3. Let X = N U{0} , where N is the set of natural numbers , in which the operation * is defined by
x *y =max{0, x - y}forall X,y€ X .Then X is a BCK-algebra [5, Example 1.3]

Let A=(X,uA ,KA) be an IFS in X given by [ 5 (0)=0.8>0.3=p 5 (x) and XA (0)=0.1<0.4=XA (x),
for all X(# 0)€ X .Then A is an IF-ideal of X but A=(X,u A A A ) is not an intuitionistic fuzzy 2-fold BCK-ideal

of X, because
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p (5%2%) = 5 (1)=0.3<0.8=p  (O)=min{p p ((5+27))%0).p  (0)}

and

A7 (53522)=1 5 (1)=0.450.1=1. 5 (O)=max {k  ((52°))%0),k  (0)},
we give a condition for an intuitionistic fuzzy ideal to be an intuitionistic fuzzy n-fold BCK-ideal.

Proposition: 3.4. Let A=(X,pn A A A ) be an intuitionistic fuzzy ideal of X.Then A is an intuitionistic fuzzy n-fold
BCK-ideal of X if and only if it satisfies the following inequalities

HA (x*yn)ZHA(x*ynH) and A A (X*yn)SXA (x*ynH) forall X,y € X.

Proof: Suppose that A=(X, 1 A A A) is an intuitionistic fuzzy n-fold BCK-ideal of X

Put z = 0in (BCKI™2)and (BCKI™ 3) we get

n+l

i p Gy ™yZmin{p o (Gery " )0),1 4 (0) =min{p 5 ey ™5 00 =p 4 iy yand

A p ey ™)<max(h, (ory"TH0) 0 4 (0) =max{hp (xxy" T A4 (00} =1 5 (xy™ Ty

Therefore MA(X*yn JZH A (X*yn+l) and XA (X*yn )S?\.A (X*yn+1) forall X,y € X.

Conversely, suppose that A=(X, L A A A) is an intuitionistic fuzzy ideal of X satisfies the inequalities
HA (x>!<yI1 )ZuA(X*ynH) and 7‘A (x*yn )SXA (x*yn+1) forall X,y e X.

Using (IF2) and (IF3) we get

i p Gy ™2 x Gy M >min g (0osy " 2), 04 (2) and

n+1 n+1

A (xry™)Sh 4 ey TH<max{h o (xxy" T )%2),h 5 (2)} forall x,y,z€ X.

Thus A=(X,HA ’;‘A) is an intuitionistic fuzzy n-fold BCK-ideal of X
Corollary: 3.5. Every intuitionistic fuzzy n-fold BCK-ideal A=(X,p A A A) of X satisfies the inequalities
HA (x*yn )ZuA(X*yn+k) and A o (x*yn RN (x*yn+k) forall X,y€ X.and ke N.

Proof: Using the proposition 3.4, the proof is straightforward by induction

4. INTUITIONISTIC FUZZY n-FOLD POSITIVE IMPLICATIVE IDEALS OF BCK-ALGEBRAS:
Definition: 4.1. An IFS AZ(X,}J. A A A ) in X is an intuitionistic fuzzy n-fold positive implicative ideal
(IFPI! -ideal ) of X if it satisfies

(IFPI 1) HA (0)2p A (X), A p (0)SA A (X) and there exists a fixedn € N such that

(IFPT"2) pp (xz)2min{u 5 (xxy)z™), pp (y#z™)}

(IFPI"3) & 5 (x*z™)<max{h 5 (x*y)*z"), A p (y*z")}orall x,y,z€ X.

An intuitionistic fuzzy 1-fold positive implicative ideal is an intuitionistic fuzzy positive implicative ideal
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Example: 4.2 Let X ={0,1,2} be a BCK-algebra with the following cayley table

£ 0 1 2
0o 0 0
11 00
2 2 2 o
Define an IFS A=(X,pt o ’}“A) in X by pp (0)=0.8,u 5 (1)=0.7,n 5 (2)=0.3 and
Ap (0)=0.1,A 5 (1)=0.2,u p (2)=0.4.  Then A=(X,up,Ap)is an intuitionist fuzzy n-fold positive

implicative ideal of X forall n€ N

Theorem: 4.3 Every intuitionistic fuzzy n-fold positive implicative ideal of X must be tuitionistic fuzzy ideal of X.

Proof: LetA=(X,pp A A)be an intuitionist fuzzy n-fold Positive implicative ideal of X.
Put z = 0 in (IFPI" 2) and (IFPI" 3) we get

A (0=p o (+0™)=min{p 5 ((x#y)=0™ )15 (y50™)} =min{p 5 (x*y).up (1)}

and
A A (0= 7 (x¥0™)2max (k5 (x#y)*0"), 2 5 (y¥0™)} =max{h 5 (x¥y)A 5 ()}

Thus A=(X,1 o A o ) is an intuitionistic fuzzy ideal of X.

The following example shows that the converse of the Theorem 4.3 may not be true.

Example: 4.4 Let X = N U {0} , where N is the set of natural numbers , in which the operation * is defined by
x *y =max{0, x-y}forall X,y€ X. Then X is a BCK-algebra ([5], 1.3).

Let A:(X,MA,xA) be an IFS in X given by “A(O) =04>0.1= uA(x) and A p (0)=0.1<0.4=4 4 (x),

for all X(#0)€ X . Then A is an IF-ideal of X, but A=(X, A A A )is not an intuitionistic fuzzy 2-fold positive

implicative-ideal of X, because

i p (13552)=p1 5 (3)=0.3<0.8=p 5 (O)=min{p o ((13+3)%52)), 1 5 (3%5%))

and

Ay (13%52) =0, (3)=03<0.8 =1, (0)=max(h , (13#3)%5%)), h , (3+5%))

Corollary: 4.5. Let A=(X,[ o ,A o ) be an intuitionistic fuzzy n-fold positive implicative ideal of if X <y in X,
then 1 o (x) = Ha (y)and }”A x) < XA (y), thatis, |, isan order-reversing and A, is an order-preserving.

We give some conditions for an intuitionistic fuzzy ideal to be an intuitionistic fuzzy n-fold positive implicative ideal.

Theorem: 4.6 Let A=(X,lL o ,A 5 ) be an intuitionistic fuzzy ideal of X.Then A is an intuitionistic fuzzy n-fold

positive implicative ideal of X if and only if it satisfies the inequalities

o (xxz™yx(yxz™ ))zp p ((xxy)xz™)

and

A ((X*Zn)*(y*zn))SXA ((X*y)*Zn)for all X,y,ze X.
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Proof: Assume that A=(X,[ A ,A o ) is an intuitionistic fuzzy n-fold positive implicative ideal of X. By Theorem

4.3, that AZ(X,},LA ’)‘A) is an intuitionistic fuzzy ideal of X. Let X, Y,z € X and a:x*(y*zn ) andb=x%*y.
. n n n n
Since ((x*(y*z ))*(x*y))*z  )<(y*(y*z ))*z  .By Corollary 4.5, we have

A ((xx(y=z" )x(ecey)xz )2 p (yx(yxz"))xz™)

and

A ((xx(yxz™ ) x(xxy))xz™ )<k o (yx(y*z™ ))*z™)

Thenpt  ((axb)z ™ )=p o (x(yxz™ ) x(ey))z)

2pp ((y#(y*z"))xz") (by BCK-1)
=p A (yxz™)s(y*z")) (by P3)
=t (0). (by BCK-3)

and sopt o ((a%b)*z™ )=  (0).

And & p ((a%b)xz™ )= o (((xx(y*z™ ))*(xxy))xz")

<k (yx(y*z™ ))xz™)) (by BCK-1)
=k p (yxz )(yxz™)) (by P3)
=hp 0). (by BCK-3)

and sok o ((axb)*z™ )= 4 (0).

Using (P3), (IFPI" 2) and (IFPI"3) we obtain

o (xxz™)x(yxz™ ) =p o ((xx(y*z" )2 )=p o (axz")
2min{pp ((a¥b)¥z"),u p (b3z™)}
=min{p 5 (0),p o (bxz™)}
=p A (b¥z)=p p ((x*y)#2z") and

Ap (xxz)s(ysz)=h p ((cx(yz" sz )=k p (axz")
<max{\ o ((a*b)*z™),k 5 (bz")}
=max{\  (0),A 5 (b*z")}
=k (bxz)=h 5 (xy)ez™)

Thus p g ((x*2™)x(y#z™ )Zp o (xxy)ez™ ) andd p ((xx2")x(y*z™ )< (xxy)*2z™) forall x € X.

Conversely, suppose that A=(X, [t A ,A 5 ) is an intuitionistic fuzzy ideal of X satisfies the inequalities
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o (xxz™)x(yxz™))zp p ((xxy)xz™)

and

A ((xxz™)x(yxz" )<h 4 ((xxy)*z"™) forall x,y,zeX.

Using (IF-2) and (IF-3) we obtain

a cxz™)=minfu o ((osz™ )(y#z" ) (v#2™)} Zmin{u p (xxy)Ez™),up (v#2™)}

and

g (xxz™)Smax{h p (xxz™)x(yxz™)) A (y*z")} Smax(h 4 (xxy)xz )k o (y*2)}
forall X,y,z€ X. Thus A=(X,pt o A A ) is an intuitionist fuzzy n-fold positive implicative ideal of X.

Proposition: 4.7 Let A=(X, A A A ) be an intuitionistic fuzzy ideal of X. Then A is an Intuitionistic fuzzy n-fold

positive implicative ideal of X if and only if it satisfies the inequalities

A (xEy™)zpp (ery )y )andh p (xxy ™)< A (xxy)xy™) forall x,y,ze X,

Proof: Assume that A=(X,lL o ,A 5 ) is an intuitionistic fuzzy n-fold Positive implicative ideal of X. Put z =y

in (IFPI" 2) and (IFPI"3) we get

A ry™My=min{pa (kxy)xy™ ) (vry™)} =min{p 4 (xxy)xy™ ) (0} =p o (x*y)y™)
hop (xxy™)Smax{h 4 (xey)ey™)dp (yy ™)) =max{h g (xxy)xy™), g (0)} =k p ((xEy)xy™),
Thus pt 4 (x*y ™) 2p o (xEY)EY M) andh o (xxy™M)SA 4 (x*y)*y™), forall x,ye X

Conversely suppose that A=(X,W 5 ,A )is an intuitionistic fuzzy ideal of X satisfies the inequalities

A (xy ™) (xy)ey ™ and A p (xxy™)Shp (x¥y)xy ™) forall x,y€ X.
Since l.LA (O)ZMA (X) and }\'A (O)SXA (X)

Now we can prove [L A (X*Zn )Zmin{uA ((x*y)*zn),uA(y*zn )}

N (x*zn)Smax{kA ((x*y)*zn),kA (yxz™)}, forall X, y,ze X.

In contrary, there exist X, Y, € X such that
wa (Xg#yg™M)<min{p o (xg*y)*yp ks Vo *yo™)}
=N (XO *yon )<uA((x0*y0)*y0n ), which is a contradiction.

Therefore pA(x*zn)Zmin{uA((X*y)*zn),uA(y*zn)} ,forallx,y,ze X.
Similarly we can prove XA (X*Zn )Smjn{kA ((X*y)*Zn )’)”A (y*Zn)}for allx,y,ze X.

Thus A is an intuitionistic fuzzy n-fold positive implicative ideal of X.
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Proposition: 4.8 Let A=(X,p o ,A o ) be an intuitionist fuzzy set of X. Then A is an intuitionistic fuzzy n-fold

positive implicative ideal of X if and only if it is an intuitionistic fuzzy n-fold BCK-ideal of X.
Proof: Assume A=(X,1 5 A A ) is an intuitionistic fuzzy n-fold positive implicative ideal of X. By Corollary 4.3,

that A=(X,p A A A) is an intuitionist fuzzy ideal of X. Putting z =y in (IFPI" 2) and (IFPI" 3) we get

i p Cory™)Zmin{p p (Gery)ey ™) (yry™)=minfp 4 ey 1y 001) =y p ey

A Gy M)<max (. p ((y)ry ™) A (yy™)=max{p 5 Gy T 0 ()11 =2 eey™ T

By proposition 3.4, A is an intuitionistic fuzzy n-fold BCK-ideal of X. Conversely, suppose that A is an intuitionistic
fuzzy n-fold BCK-ideal of X. By proposition 3.2, that A=(X,u A’}“ A)is an intuitionist fuzzy ideal of X, by

Theorem 2.3 W, is order reversing and A A 1s order preserving. It follows from (P3) and (P4) that

i (2 2y 2™ )= (2 sz ys(yz ™) =p o (2™ ye(ysz ez 2p, (ryysz).
A (22 y(ysz )= o (rz ™)z ™ oy sz )= o (2™ y(ysz M )z < (cry)ez™),

Using corollary 3.5, (IF2) and (IF3) we get

i 2N 2p A (o2 2Dy 2min{p g (22D y(ysz D)) p (y3z D))
Zmin{uA((x*y)*Zn),uA(Y*Zn)}

A (x*zn)SXA(x*zzn)SmaX{XA((x*zzn )*(y*zn DEIN (y*zn )}
Smax{kA((x*y)*zn),kA(y*zn)}.

Thus A is an intuitionistic fuzzy n-fold positive implicative ideal of X.

Theorem: 4.9 An IFS A=(X,1 A A A) in X is an intuitionistic fuzzy n-fold positive implicative ideal of X if and

only if the non-empty upper s-level cut U(W 4 ;8) and the non-empty lower t-level cut L(A 4 ;t) are n-fold positive

implicative deals of X for anys,te [0,1].

Proof: Assume A=(X, [t p ,A p ) is intuitionist fuzzy n-fold positive implicative ideal of a X. For any s, t € [0,1],

define the sets

U o 38)={xeX/p 5 (X)2s}and L(A 5 ;0)={x€X/L p (X)<t}.

Since U(p p 38)#@. LetX€ U(U 5 38)= P p (X)28. By definition we have pa (0)2p o (X)for all x€ X
implies Oe U(uA;s). Let X,Y,Z€ X be such that ((X*y)*zn)e U(uA;s),y*zneU(uA;s)
= pa (xxy)*z"))>s and p, (y*z") >s.

Since
“A(X*Zn)Zmin{HA((X*Y)*Zn)’ MA(Y*ZH)}ZmiH{S,S}=S = uA(x*zn)Zs =x*zlle U(uA;s).
Letx € L(?\A;t) = )‘A (x) < tsinceh 5 (0)<A p (x)forall x€ X imply O L(A p ;t) . Further more if

(x#y)#z" € Lk 5,0,y #2" € Lk 5,0 then A5 ((xy)*z" )<t and A p (y#z™ )<t.
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Since 7‘A (X*zn)Smax{kA ((x*y)*zn),kA (y*zn)}zmax{t,t}zt, forall X,y,ze X.

Therefore A A (x*zM<t=x*z"e L(A 5 50). Thus U(p 5 38) and L(X 5 ;1) are n-fold positive implicative
ideals of X, foralls,te [0,1].

Conversely suppose that U(W 4 ;8) and LA A;t) are n-fold positive implicative ideals of X, for alls,te [0,1].

Put Lp (X)=8,A, (X)=tforanyx € X .

Since 0e U(p p 38)=p p (0)2s=p 4 (X)and O€ L(XA,t) = XA 0)<t= }\.A (x)forallxe X

Now we prove that (IFPIn 2) and (IFPI"3) . In contrary, there exists X, Y,,Z, € X such that

M (xg¥zg)<min{pp (xg*y()*2()HA (V0 ¥2()) -

Taking s = 13/ 2 (xo %20 +min{1 g (%0 y0)*2 Ltz (50 *20)) |

It follows that ((x( *yo)*Z8 ),Y0 *Z8 €U( p ,8() butxy *28 ¢ U(l 5 38¢)) - This is a contradiction.
Similarly, we can prove (IFPI3). Thus A = (X, ,A, ) is an intuitionistic fuzzy n-fold positive implicative ideal
of X.

Theorem: 4.10 Let A=(X,p A,?n A ) be an intuitionistic fuzzy ideal of X, then the following Conditions are

equivalent:

(i) A=(X,p A A A ) is an intuitionistic fuzzy n-fold positive implicative ideal of X.
(i) A=(X,u A A A ) is an intuitionistic fuzzy n-fold BCK-ideal of X.

(iii) pA(X*yn JZH A (x*yn+1) and }‘A (x*yn )SXA (x*yn+1) forall X,y € X.

(i) pp ((x#z)r(yxz® ) 2pp (xry)ez ) andh p (2" )x(yz )Shp ((xxy)ez)

forall X,y,ze X.

(v) U(u o 58) and L(A p 5t) are n-fold positive implicative ideals of X for alls,t € [0,1].

Theorem: 4.111f A=(X, 1L o ,A ) is an intuitionistic fuzzy n-fold positive implicative ideal of X then

(i) for all X, y,a,be X, (x*y)y ™ )xa<b=pp o (x*y")=min{p 5 (@), 5 (b))}

and A o (x*y™)<max{A 5 (a),A 5 (b)}

(i) for all X,y,Z,a,be X, ((x*y)*zn )¥asb=p A ((x*zn )>l<(y>l<zrl )2min{p 5 (a),u 5 (b)}

and A o ((x¥z™)#(y*z™))<max () 5 (a),k 5 (b)}

Proof: Let A =(X, Was A A) be an intuitionistic fuzzy n-fold positive implicative ideal of X. LetX,y,z€ X be such

that ((x* y)>|<yn )*a<Db .Using theorem 2.4, we have

B (y)xy™)=min{p 5 (@)1 p (b)}andd 5 ((x%y)xy™)<max{) p ).k  (b)}.

Put z =y in (IFPI"2) and (IFPI" 3) we get

© 2011, RJPA. All Rights Reserved 48



B. Satyanarayana* and R. Durga Prasad/ On foldness of intuitionistic fuzzy positive implicative ideals of bck-algebras/
RJPA- 1(2), May-2011, Page: 40-51

pa xry™Mzmin{pp ((xxy)xy™)pup (vry™} =min{p 5 (xxy)xy™ ) p (00} =p 5 (xxy)xy™)
2min{p, (a),p1, (b)}

and

hoa (ry™)<max(hp ((xxy)xy™) ko (y¥y™)) =max{h o (xxy)ry™ )k 5 () =4 5 (xFy)Fy™)
< max{\, (a),A, (b)}

(i) LetX,y,z€ X be such that((x* y)*Zn )*¥a<b. Since A = (X, ,,A, ) intuitionist fuzzy n-fold positive
implicative ideal of X, it follows from theorems 2.4 and 4.6. We obtain

A (2™ )x(yxz™ )2 p ((y)sz™ )2min{p 5 (a).n 5 (b))

and

g ((xxz™M)x(y#z )<h p (xxy)z™ )Smax{k 5 (a),h 5 (b))

This completes the proof.

Theorem: 4.12 Let A=(X, A,)\, A) be an intuitionistic fuzzy n-fold positive implicative -ideal of X, then so is

—A, where TA=(X,H A LA ) -

Theorem: 4.13 Let A=(X,{L o A A ) be an intuitionistic fuzzy n-fold positive implicative ideal of X then so is A,
where OAZ(X,XA ,XA) .

Theorem: 4.14 A=(X,p A’k A) is an intuitionistic fuzzy n-fold positive implicative ideal of X if and only if

A=(X 1A L[ A )and OA=(X, A A »h A ) are intuitionistic fuzzy n-fold positive implicative ideals of X.

Theorem: 4.15 Let A=(X,p A A A) be an intuitionistic fuzzy set of X. If A is an intuitionistic fuzzy n-fold positive
implicative ideal of X, then the sets J={xe X/ (X)=p p (0)} and K={xeX/A 5 (X)=A 5 (0)}are n-fold

positive implicative ideals of X.

Theorem: 4.16 An IFS A=(X,u A’}‘ A ) is both an intuitionistic fuzzy n-fold positive implicative ideal and an

intuitionistic fuzzy n-fold weak commutative ideal of X then it is an intuitionistic fuzzy n-fold implicative ideal of X.
Proof: Let X,y € X . Using ([13], 4.5(ii)), Corollary 4.5, (P3) and (BCK-3),
wehave jy (x# (x# (¥ # X)) 2, ((rxx)#((yxx™) #x™) 2 ((yx(ysx"))ex™))
=p A (yxM)s(yex)=p 4 (0)

and &, (x#(x#(y#x N SA, (yxxD)#((yxxT)xxh) <A (yr(y#x)xx™)

= xA((y*xn)*(y*x“)) =1, (0).
Since A=(X, [t p sA ) is an intuitionistic fuzzy ideal of X from this we have
M )2 min{p, (xx(xs(yExM))p, (x(yx™)))

2min{p , (0)p, (x#(y#x")=p, (x*(y#x"))and

A ()Smax{hp (x#(cx(yxx")) A p (X (yx 7))
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<max{h , (0),h , (cx(yxx™)

= X X ¥ * XIl
A (yEx™)
So from ([13, 3.4)], AZ(X,HA ,XA) is an intuitionistic fuzzy n-fold implicative ideal of X.

Theorem: 4.17 (Extension property for intuitionistic fuzzy n-fold positive implicative ideals)
Let A=(X,p A A )and B=(X,|,LB ,Ag)be an intuitionistic fuzzy ideals of X such that A(0)=B(0)
and A C B, that is, ;,LA(O) = uB(O),kA(O) = XB(O) aﬂdHA(X) < uB(x),XA(x) > XB(X), forallx € X.

If A=(X,p A A A) is an intuitionistic fuzzy n-fold positive implicative ideal of X then so is B.

Proof: Suppose A=(X,[ o ,A p ) is an intuitionistic fuzzy n-fold positive implicative ideal of X. Using Proposition
3.4, it is sufficient to show that B=(X,},lB ,AR) satieties the inequalities

193 (x*yn)ZuB (x*yn+l)and g (x*yn)SkB (x*yn+1) forall x,ye X.

LetX,y € X .Using (BCK-3), (P3) and Proposition 3.4, we get

M@ =ps )=, (xx Gy ) eyt <y (s ory My ey

n+1 n+1

= Oy E ey ) Spp (e y ™) # ok y T and
A0 =5 ) =2 4 ((x(xxy Ty ™ 200 (o (ory By y )
=hp (ory™)y oy ") 2 A p oy ™) oy 1.

Since B=(X,}LB ,XB ) is an intuitionistic fuzzy ideal of X, it follows from (IF1), (IF2) and (IF3) that

n+l1 n+1)}

pg ok y™) 2 min{pp (s y™)* (xxy
n+1)}:

))9 “B(X * y

n+1)

2 min{ug (0),pg(x*y pg(x*y

n+l1 n+1)}

AndlB(x*yn)Smax{kB((x*yn)*(x*y )),XB(x*y

n+1)}: n+1).

<max{Ag (0),Ag (x*y Ag (x*y

Thus B = (X,p.B R KB ) is an intuitionistic fuzzy n-fold positive implicative ideal of X.
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