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ABSTRACT

In this paper, we present the properties of lattice ordered groups derived from the properties of partially ordered
groups. The notion of I'-semi groups was introduced by Sen in 1981. The concept of 7~ semigroups is a generalization
of the concept of semigroups Many classical notions of semigroups have been extended to I"-semigroups, (S, I" , =)

is called an ordered I" -semigroup if S isa I"-semigroup and ( S, = ) is a partially ordered set such thata < b =
ayc<bycandcya<cybforalla,b,ceSandyerl
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1. INTRODUCTION

A semi group S is said to be partially ordered or a partially ordered semi group if it is associated with a partial ordering
< which is defined by a < b implies that xay < xby for all x,y in S. The natural partial order which is an obvious
partial ordering defined by a < b if and only if a = cb for some ¢ = c?€S. This natural partial ordering is compatible
with multiplication. Some of the basic properties and results were given by Donald B. McAlister and some of the
foundational results are due to A.H. Clifford. Suppose G is a partially ordered group i.e., G is a group partially ordered
by <.Nowa < b ifandonly if 1 < a='b orequivalently a < b ifandonly if 1 < ba™!

2. PROPERTIES OF PARTIALLY ORDERED, LATTICE ORDERED GROUPS

Here we consider the set G* consisting of elements exceeding the identity 1 and has the following properties:
(i) G isasubmonoid of G

(i) aGt= G*ta foreachainG

(i) 1 is the only invertible element of G*

Notation 2.1: Let G be a partially ordered group and suppose that a, b € G. Then the least upper bound of a and b is
denoted by a Vv b, read as a join b. The greatest lower bound of a and b is denoted by a A b, read as a meet b.

The following Proposition is due to Donald B.McAlister [2]
Proposition 2.2: Let G be a partially ordered group and suppose that a,b € G. Then a and b have a least upper

bound a v b in G if and only if they have a greatest lower bound a A b. This is only possible only when a™! and b~!
have a least upper bound. In particular,

aAb=a(avb)th aAb=(atvbpH
aAb=alanb)th avb=(atAap™H1
Also forany g in G,

glavb)= gaVvgb glanb) =gaAngb
(avb)g=agV bg (anb)g=agAb

Corollary 2.3: The following are equivalent for a partially ordered group G.
(i) Gisa Vv-semilattice under <

(if) Gisa A -semilattice under <

(iii) a v 1exists foreach a € G

(iv) a A1 existsforeach a € G

(v) aV bexists foreach a,b € G*

(vi) a A b exists for each a,b € G*

(vii) for each a,b € G*there exists ¢ € GtsuchthatGTa A G*h = G*¢
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If G satisfies one of the conditions in the above corollary, we say that G is a lattice ordered group or simply latticed
group.

Definition 2.4: A lattice G is called a distributive lattice, if for any a,b,c € G
(iav (bAc) =(@vb)ya(@avec and (i) an(bVvc) = (anb) Vv (anc).
Clearly conditions (i) and (ii) are equivalent.

Definition 2.5: A lattice G is called a modular lattice, if for any a,b,c € G such that a < cimpliesa v (bAc¢) =
(avb)Ac

Theorem 2.6: Let G be a lattice ordered group under a partial order <, then G is a modular lattice under <.
Proof: The proof is obvious, because if G is a lattice ordered group with respect to a partial order <, then G is a
distributive lattice under < and every distributive lattice is a modular lattice.

Definition 2.7: Two elements a, b of a lattice ordered group G are said to be orthogonal ifaAb = 1
Proposition 2.8: Let G be a lattice ordered group and leta,b,c € G. If anb = 1,thenac A bc = c.
Proof: Sincea Ab = 1,

ac A bc =1 (acA bc)

(a A b) (ac A bc)

a(ac A bc) ANb(ac A bc)

a’c Aabc Abac A b?c

a’c A abc A b%c,sincea A a = a
c(a(aAnb) A b?)

c(a Ab?)

= ¢,sincea™ Ab"=1Vm,n =0

Definition 2.9: A homomorphism 0 of a lattice ordered group G into a lattice ordered group H is an I- homomorphism
if @ respects vand ie,(aVv b)) =abvbd and(aAb)0=abAbé forallabe€ G.

Definition 2.10: Let M and T be any two non-empty sets. If there exists a mappingM X I' x M — M, written
(a,y,b) by ayb, M is called a I'-Semigroup if M satisfies the identity (ayb)uc = ay(buc) for all a,b,c €
Mandy,per

Notation 2.11: Green’s relations are defined on a I'-Semigroup S as follows:

albif and only if STa=STh

aRbif and onlyifal' S'=brsS’

aDb if and only if al'L o RI'b

Where S'denotes S if S has an identity and §" = § U {1} where 1 acts like the identity and D = R o £

Definition 2.12: A semi group S is regular if and only if, for each a € S, there exists x € S such that a = aaxaa
fora € T. In this case a’ = xax is a solution to the pair of equations a = aya, y = yay. The element a is called
an inverse for a in S and the semi group is said to be an Inverse I'- semi group if each element of S has a unique
inverse in S.

3. GENERAL PROPERTIES OF I'-SEMIGROUPS

Lemma 3.1: For every I' — semigroup S, the following hold

i) a<eacS e c€cE;implya €E;

ii) a<b,beS bregular imply aregular

iii) a<b,a,b €S,aregular imply a =eb = bf,e,f € E;j,eDf

Proof: i) For a € S,we have a = xae = eay andxaa = a = aay forx,y € S, a €T
Now, a2 = aaa,ax €T
= Xae o eqy
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=XxXoae ay
= aay
=a
~a€Eg

ii) Suppose a < b, b regular then a = xab = bay; a = aay

But for every inverse element b’ of b,a = aay = xabay
= xa(bab'ab)ay
= (xab)ab'abay
= aab'aa

Hence a is regular.

iii) Suppose a < b, a is regular, which implies a = xab = bay and

x0a =a=aay(x,yeS)
But For every inverse element a' of a, a = aca'oa = aca'a xab = eab for e = aoa'ax
Similarly, a = baf for f = yoa'Ba € Eq
Finally, since e = aca'Px,a = eab

~eRa

Since a = baf, f = yoa'a, we have a L f
HenceeDf(+D=RoL)
Definition 3.2: (S,T,<) is called an ordered I" — semigroup if (S,T")is a I' —semigroup and (S, <) is a partially
ordered set such that

a<b =ayc <bycand cya <cyb,foralla,b,ceSandy €T

The above property is similar to natural partial order compatibility with multiplication a <b = ac <bcandca <
cbforallces

Definition 3.3: The idempotents E; of a I'-semigroup can be given a partial order, (E; # @ ) as follows:
Fore f € E; definee < f < eaf = e = foe

Lemma 3.4: The relation < is a partial order on Es; such thatfore,f € E;, e< f < eaf =e = fae

Proof: Firstly, foralle e E;, eaxe = ¢
Therefore e < e

" < is Reflexive
Ife<fandf <e,thene=eaf =f
Therefore <is Anti-Symmetric

Ife < fand f < h,then
e =eaf =eafffh = eahand e = fae = hafae = hae

Therefore e < h
Thus < is Transitive and hence the relation < is a partial order on E;

Definition 3.5: If S is a commutative ' — semigroup and all its elements are idempotents (S = E; ) then Sis called a
I' —semilattice.

Hence for all x,y € S: xax = x and xay = yax

The relation = on idempotents is defined on the whole of a I" — semilattice ‘S’.
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An element g is a lower bound of elementseand fif g <eandg < fi.e,
gae =g =eagand gaf =g = fag

Lemma 3.6: Let S be a ' —semilattice. Then eaf € S is the greatest lower bound of the elements e and f of S
Proof: Leteaf € S, # €. Then eaf = fae = fafae = eafaf

~ (eaf)af = eaf = fa(eaf)

This means eaf < f

So, (eaf)ae = faeae = fae = eaf

Therefore, ea(eaf) = ea(fae)
= eafae
= faeae
= fae
= eaf
~eaf <e

Thus eaf is a lower bound of e and f

If g is a lower bound of e and f, then

g = gaf = gae, and therefore ga(eaf) = (gae)af = gaf = g And hence g < eaf
So, eaf € S is the greatest lower bound of the elements e and f

4. PARTIAL ORDERING IN INVERSE I' —SEMI GROUPS

Inany I' —semigroup S, the idempotent can be partially ordered by the relation
e<f ©eaf =e=faeVe feSael

Analogous to this partial ordering, we can define a partial ordering to all the elements of an inverse I' —semigroup by
x <ye JeekE; x =eay

Since = (x a x ax, xax~! e E,, we have < is reflexive

If x =eayandy = fax, then

x =eay = ealeay) = eax

Hence x = eay = eafax = fax = y,so < is antisymmetric

If x = eayand y = faz, then

x =eay = eafaz, eaf € Eg, thus < is transitive

Lemma 4.1: In an inverse I' — semigroup S, x <y © x = xax ‘ay

Proof: x < y © JeeE;:x = yae
e xax ! = yax™!

& x =xay lax

o xax™! = xay ™!

exlax =y lax

© x = xax lay

Definition 4.2: Let S be an inverse I'- semigrou. Then S is E-Unitary if and only if ene = e = eca implies aca = a for
aloe T

Lemma 4.3: Let S be an E-Unitary inverse I — semigroup. Then (x,y) € o if and only if xax ay = yay lax, o
is an equivalence on S
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Proof: Suppose xax 'ay = yay 'ax. Then eay = eax forx,ye Sand a e T
=(xy) €Eo
Conversely Suppose that (x,y) € o. Then (x L,y ) € o

L = eay~! for some e € E,

= eax”
= eax lay = eay lay is idempotent
Since S is E-Unitary, x 'ay is idempotent.

~xlay = (x lay)a(x " Lay) !

=xlayaylax
= xax lay = xax layaylax = (yay Da(xaxlax)

= yay~lax, Since idempotents commute.
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