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ABSTRACT

In this paper we introduce the Symmetric Knot Graph and their generators. We multiply the generators of Symmetric
Knot graphs and prove the associative property.

INTRODUCTION

We introduced Symmetric Knot Graphs which have one to one correspondence between generators of Knot Symmetric
Algebras. There is a multiplication among brauer diagrams. Brauer’s algebras have been introduced by Brauer in
connection with the decomposition problem of tensor product representation of O(n) and sp(2n) into irreducible ones.
There is a multiplication among brauer diagrams. The multiplication among Brauer graphs motivated us to define
multiplication among Symmetric Knot graphs. In this chapter we define multiplication between two symmetric Knot
graphs.

3.1 PRELIMINARIES

we define Symmetric Knot graphs using Knot theory. Let S, denote a symmetric group of order n. Let weS, then =n
can be represented as a graph in which the vertices of m are represented in two rows such that each row
contains n vertices. The vertices of each rowis indexed with 1,2, ... nfrom left to right in order. Let E(n)
denote the set of all edges of =

(ie) E(m)={e;=(i.m(i)); 1< i <n}

Define A={a;=(g; ,&); i<j}

Bn: {bij:aij; T (J) < (l)}

3.2SYMMETRIC KNOT GRAPH

3.2.1 Definition: Let a; €A, if a;¢ B, , we draw the edges as in S, . If a; = b; €B,, then we introduce upper edge
and lower edge as follows.

bi=(ei ,&;) where e=(,n(i)) and &=(j, n(j))

Case (i): we draw the edges e; and e; as follows:

. i | n
1 2 -
- o -
L o -
1 2 n

In this case we say e; is upper than e; as well as e; is lower than e;
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Case (ii): We draw the edges e; and g; as follows:

2 I ] n
1 2 -
- o -
L Y L
1 2 n

In this case e; is lower than e; as well as e; is upper than e
The resulting graph is known as the Symmetric Knot graph of order n derived from .

Let K, denote the collection of all Symmetric Knot graphs of order n derived from .

Let K, = UKH

€S,
Let x be an indeterminate. Now K,(x) is defined by

Ka(X) = {(x", @); & eK,, meZ}

For any element in K, can be considered as an element in K,(x) as (1, ).
3.2.2 Multiplication inKn

Dr. M. Kamaraj and R. Selvarani introduced 2-Knot multiplication among Knot graphs in K,. Now we define a
product among elements in K, .

3.2.3 Definition: Let &, b be the elements in Kq(x). Leta = (x™,d),b = (x", 6) where ms is 0, +2, -2. The product

of two diagram a and Bof n vertices is determined by putting the diagram & in the top and 6 is drawn below
a . The vertices of @ and b will be as shown below:

z= 1 2 . I n
- - [~ -
1. % LT -
i- g RPN 10 :
1 2. a(m(i)) o
Let c=ab

whereC = (x™"™™™ ab) and m; is 0, +2,-2.

Let @ eK, and 6 eK, . Now C is defined as a Symmetric Knot graph of order n derived from con . For each element
vi=(i ,oon(i))eE(com) there are edges o;=(i, n(i))eE(n), Bi=(n(1), con(i ))eE(c)
Case 1: Let (a;,05)eB and (B;,p;) € Brand «; is upper than o;

The diagram will be as follows:
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1 2. n
™ - -
- ° .
1 2 n
2 w() T (i) n
- ° T @
- l o -
1 2 aol(n()) a(mi(1) n

We define C as shown below:

N/’
A

1 2 ... oo(m(j ))... o(m(i))... n

And also we define m;=0

Case 2: .Let (o, o)eB, and (Bi, Bj) € Bx and o; is lower than o;

1 2. n
'Y - ®
i [ 3 \. [ ]
2 (i) f
1 2 oon (g x(i).... n
- ® [ T [
o - ' l b -
1 2 ... o(m () o(m(i). ... n

We define C as shown below:

And (yi, vj)eBoor where vi= (i, con(i)) and v;= (j, comn(j))

[ T

[ -3 \ >
. ~ o

1 2 ...o(x(g))... o(x(1))... n

[5%]

And also we define m3=0
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Case 3: .Let (04, 0;j)eB; and (B;, Bj)e Brand «; is lower than g

1 2. n
o - ™
- L 2 >
1 2 n
2 .om () x (1) 1
a [ \. -
1 2 ... al(m(p g(m(i). ... n
We define C as shown below:
ANd (vi,yj) € Boox where yi= (i, con(i)) and ;= (], con(j))
1 PENE TR n
x* ° e °
1 2 .. of(x(g ... o(x(1))... n
And also we define mz = -2
Case 4: .Let (0;,05)eB; and (Bi,B))e B, and o; is upper than o;
1 2. n
- - -
L L [
1 2 1
2 woom (g T (i) n
L ® - / e
- [ -] -
1 2 ... alx(y) ga(i). ... n
We defineC as shown below:
And (YIaYJ) & Bcon where Yi= (19 GOTE(i)) and Yi= (_] 5 (507[0))
1 2 1 i n
i °
C X =
- o o
1 2 ...oo(n(j))... o(x(i))... n

And also we define m;=2
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Case 5: Let (o4, 05)eB; and (B;, Bj)e B, and «; is lower than a

1 2. n
& - &
™ ® ®
1 2 n

2 T (j) T (1) n

1 2 ... o(x(]) gm(1). ... n

We define C as shown below:

And (Yia YJ) & Bcon where Yi= (1 5 GOTE(i)) and Yi= (] 5 GOTEG))

1

.
—=
:

L
1 2 oo(xn(j))... o(n(i))... n
And also we define m3; =0

Case 6: Let (a;,0)eB, and (Bi,pj)e B, and o; isupper than o

1 2. n
& b -
L ] L J [ ]
1 2 n
2 om()) T (1) .. .. 1
- [ ] \ -
1 2 ... a(xn()) gimnfi). ... n

We defineC as shown below:

And (v..Y;) ) €Boor Where vi= (i, con(i)) and = (j , con(j))

1 2 .. a0,
=r

‘

-t
—
o o

And also we define m; =0
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Case 7: Let (a;, o) € B, and (B;, Bj)e B,

1 2. C . n
a b F 3
L L3 -]
1 2 . ..=m(j) =(i) .. .n
1 2 ... m() T(i).... n
- [ -] / [ 3
1 2 ... o(x(p) g(m(i). ... n

We define C as shown below:

and (Vi, ¥))€Boox Where yi= (i, con(i)) and yi=(j , con(j))

A S R n
) e il ™ / .
. ] ./\I o

1 2 ... o(n(j))... o(a(i))... n

And also we define m; =0

Case 8: Let (0j,05)) B, and (Bi,pj)e B,

Ist
°
LA
[ ®.
® L =]

-
1 2 a(m(j) g(m(1) 1
We defineC as shown below:
ANnd (vi,y))eBoor Where vi= (i, con(i)) and = (j , con(j))
1 P T n
A
® ° \o °
1 2 ... o(a(g))... o(m(1))... n

And also we define m; =0
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Case 9: Let (0j, o) B, and (Bi, Bj) & Bx

1 2. n
o b o
L L J ]

2 () mi1) n

2 T () T(1).... n
o e 3 1 @
-l o [ 2
1 2 a(m(y) g(mii) n

We defineC as shown below:
And (vi, V) & Boox Where vi= (i, con(i)) and ;= (j, con(j))

1

] @2
—r
/';'

And also we define m; =0
3.2.4 Note: To prove the associative property, we need the following definition

3.2.5 Definition we define

[a—
| )
—
| )

(ie) b= X’a

3.2.6 Remark: For the edge 1; = (i, do(com)(i)) € E(d0(com)),

There are corresponding edges a=(i, n(i))eE(n) , B=(n(i), cor (i))eE(c)
yi=(con(i),50(con(i))eE(d)

Let p=(i , con(i))cE(com)

E=(n(i), 0(com)(i))eE(306)

3.2.7 Theorem If a,b,and c are the elements in K,(x) Then (ab)c= a(bc)
Proof: Let a=(x™,a) b=(x™ ,5) c=(x",C)and mez,
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forevery i= 1,23
Let a K., 6 K, c cK; where m,6,6 €S, .
We know that do(com)= (doc)om)
Case 1: a(bc)=(ab)c
To compute LHS= (ab)c
First compute (@ 5)

Let (U«ir aj)EBm (Bir Bj)€ Bca (Yir Yj) & B&

1 2. | n
o b o
L L [ ]

2 i) mi1) n

| ]
=l
—
[ .
=
—
-
=

- e
1 2 a(m(j) o(m(1) n
L 2 om(1) GOy ) 1
- B -
1 2z ... do(com(1)) . .. do(com(j))... n
1 2 1. ] a

—_
[ ]
Q
e ™

=

e
—
-

Q
P

=

s
—_

.
ST

Ty

e
5Y)

d(o(n(i)). .. o(a(m()) ... 4

a2
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To compute RHS

1 2 i ] &
& & /
° [ / ®
1 2 o(a(j). .. a(o(i)). .. n
1 2 1 j n
o ° ®

wat
"

ey

51}

1 2 o bd(a(m(i)). .. 6(a(m(3)) ... 4

1 2. n
' & Y
L-J L-3 [
2 .1
1 2 om () T(i).... n
o & 1 \ ®
oy [ ] -
1 2 ... o(x(j) g(a(i). ... n
1 P n
[ L ]
[ ] ™ -
1 2 do(com(j))... n
1 2 .1 ] .

=,
{55
L)
—
L]
_— R
.,/
L] L

-]
1 2 o(mi(1)) ag(m(]))
n
1 2 1 n
-] L] L]
(3 5)F
2 e b(o(n(i)). .. ole(mG)) ... 4

© 2013, RJPA. All Rights Reserved 171



M. Kamarajl &R. Mangyarkarasi2 */ Symmetric Knot Graph/RIPA- 3(4), April-2013.

To compute RHS
1 2 ... i .. i . pd
L] L) /
- [ ,/. . . °
1 2 ... &(o(y). .. o(c(1)). .. n
1 2 i i n
o ° °
(52
- 3 b
1 2> s a(a(m(1)). .. o(a(m(j)) ... 4
Case 3 : Let ((xi! aj)EBna (Bi! Bj)EBG 7(’Yii ’Yj)gBS
1 2. n
s b '
L] L J L]
2 . n
2 n
L 4 e b
- [ ] -
1 2 ... o(n(y) oc(m(i). ... n
L 2 om(i) ... ocomli)... n
L ] ™ -
1 2 do(oomn(i)) do(gom(i))... n
1 2 1. ] 0
-2 L-J
°
|3 -] -
1 2. o(m(1))... o(x(l))
n
1 2 1 i n
° ° ®
(a5)z
o e o
o(a(m(g)) ... ¢

O (o(mii)). ..

[ ]

172

© 2013, RJPA. All Rights Reserved



M. Kamarajl &R. Mangyarkarasi2 */ Symmetric Knot Graph/RIPA- 3(4), April-2013.

To compute RHS

- 1-\ j &
& -
'Y o . . \ . [
1 2 o(o(j). .. a(c(1)). .. n
1 2 ... S i n
° ® »
z(s ¢ ‘ \
- [ o
2 c B (o(m(i)). .. o(a(m())
Case 4: Let (ai, aj)EBm (Bi! BJ) & Bca (Yii YJ) EBB
1 2. n
a o '
L L J ]
1 2 n
2 T (j) T (1) n
° 4 1 @
- 'Y -
1 2 a(m(y) agl(m(1). n
1 2 il
[-] L] -
[ ™ -
1 2 do(con(i)) do(com(j))... n
1 2 i j - a
L3 L ’; -
(z5)
-3 [
1 2. o(mi(1h) a(m(1))...
1 2 i i n
o ® ®
(& &)z
o ° .
1 2 - & (o(n@)). .. ola(x()) n
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To compute RHS

L 1\ j b
= =
& [ . . \ . »
1 2 o(ci(1). .. o(c(1))... n
1 2 ... i i .. n
L L -
2%z ‘ \\\
o e b
2 - 8 (o(n@i). .. o(a(x()) ... 4

Case 5 : Let (o, 0j)eBr, (Bi, Bj) & B, (Vi, vj) €Bs

1 P Ca e n
s o \ s
o o o

wal

2 m(]) (1) n
1 2 T (]) T (1) n
- ® b b
L o \ [ 3
1 2 ... ol(n(y) o(m(1). ... n
1 2 1
[ L] -
L ] ™Y -
1 2 ... do(com(i)) . .. do(com(j))... n
1 2 1 ] n

—
[ ]
]
~—
=
—
-
—
—
Q
T
=
P
—
—
—
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1 2 1 n
o ° °
(z5)z
o [ °
1 3 §(o(n(i)). .. ola(x()) ... 4
To compute RHS
1 2 1 ] 1
™ ™ -
o [ ) . R . &
1 2 0(ag(y). .. o(o(1)). .. n
1 2 1 n
-] L] ]
(5 7
o ) .
2 c 8 (a(n(i)). .. e(a(m()) ... 4
Case 6: Let ((x’il (xfj)g B1[5 (Bi’ Bj)EB(b (Yi’ ’YJ) €B§
1 e | C n
a e \ '
L] L2 -]
1 2 ... n(j) wm(i) .. .n
1 2 .o () T(1).... n
° g - ®
L [ -] f L
1 2 a(m(]) g(a(i). ... n
N i 3
) ' \ )
1 2 ... bo(gom(i)) bo(com(j))... n

175
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1 2 i .
n

L L] ‘/B o

A
o]
L]

e
L ]
L]
-
.

1 2 co(m(1))... a(x(3))
1 2 1 ] n
-] L] L]
(a )z
o [ o
2 c 8 (o(n(@)). .. ole(x()) ... 4
To compute RHS
A \ R
L3 -] \ L}
1 2 ... d(a(p... d(a(i)). .. n
1 2 i ] 1
° ® °
(5 7
o 3 bl
7 s d(e(x(d)). .. ola(x()) ... 4
Case 7: Let (o, 0j)e B, (Bi, B)eBs , (vi, v;) €Bs
1 n
L L
L ]
. n
n
— e ¢
- -
1 n
1 P 1
s & .
> B -
1 2 ... do(comi1)) bo(com(j))... n
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1 S T, B n
s bl °
(a5 x 1
° L] -]
1 2 ... o(x(y ). o(x(1))... n
1 2 ... ... i n
o ° / ®
(z5)F @ x° \
o [ ./ . o
2 cd(o(n(i)). .. &la(x@)) ... 4
To compute RHS
1 2 S n
e bl .
bz X
- L] -]
1 2 o(n(; ))... o(x(i))... n
1 2 ... 1. ] n
° ® /- °
F(57): x° \
o L3 / . ]
2 - d(a(n(d)). .. 8(a(mG)) ... 4

Case 8: Let ((Xi,(lj)E Bm (Biaﬁi)EBo 5 (Yi7Yi) EBS

n
o o s
L L J ]
2 .
2 n
L 4 e i
Al [ L
1 2 n
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5]

- ]
1 2 ... do(com(i))
Do gy
. 1
G5 - L '[
x . .
1 2 ... o(m(j))...
1 2 1
- L]
(z5)z @ 1
P
L-J L-J
2 8 (e(m(1)). ..
To compute RHS
1 2 i
& E-J
5o 1/ x -
& -]
1 2 §(a(j
1 2 i
-4 L]
2 (5 7) 1/x °
L]
2 co(a(m
Case 9: Let (o, o) € By, (B, By) & Bos (vi, 1) € Bs
1 2 ..
& -
- L
1 2 i |
2 T (7)
. ° ¢ 1
L ]
1 2 g(m(j)

© 2013, RJPA. All Rights Reserved

i) ...

T~

L =1

do(com(j))...

n

o(m(i))...

5(o(x(j

Voo B(a(1)). ..

A

{(i)).

1

glm(1). . ..

L

n

L=

o(m (_|||

L=

3y
)

n

n

L=

178
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»
[ [

iy

~—
kKl
L]

,_.
at

—,
5T
b
Y]

| ]

To compute RHS

]
oo

Cp

[3Y]

|—‘.
L]

15T
~—

L]

i

—
[ ]

Case 10: Let (ai, aj) & Bm (Bir BJ) & Boa (Yi: YJ) EBS

om(i) . ..

cong i) . ..

do(gom(1))

[ [

do(com(]))...

al(m(y))...

- d({o(n(i)). ..

5(a(). . .

- d(o(n(i)). ..

1 2 ...

& e

° °

P
2

— - ¢
- e
1 2

© 2013, RJPA. All Rights Reserved

g(m(1))... n

L =]

d(o(m())

Tl
L]

a(a(i)). ..

o(o(n(y))

glm(i). ...

n

LI

L=

n

179
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L p. on(1) ... ocomdi)... 1
* [ \
-
1 2... bo(gom(i)) . .. do(oom(j))... 4
1 2 .0 A ., n
-2 o > >
(525 1
o L] L]
1 2 ..oa(n(j))... o(x(i))... n
1 2 .. 7. n
° ° \ >
(z 5)¢
o [ \ bl
7 e d(o(m(i)). .. ola(m()) ... 4
To compute RHS
1 2 1. j . .. 1
. . y ]
° [ R . \_. o
1 2 o(o(g). .. o6(o(1)). .. n
1 2 1 ... i n
° °

- B (o(n(i)). .. o(a(x()) ... 4

o
~—
f ]
¥

| ]

Hence LHS=RHS

In 27 ways we have proved the associative property.Here we have proved in 10 ways and the remaining cases
can be proved in similar way.
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