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ABSTRACT

The vertex operator structure on the representation Vv, of untwisted affine algebra associated with D'V is studied by

using the representation theory of Lie algebra. Moreover, it is proved thatv, is a vertex operator algebra according to

calculus methods of formal distributions, and then the conformal vector on the vertex algebrav, is given.
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1. INTRODUCTION
The physicists brought forward the concept of vertex operation algebra in studying the theory of field and string. It is

important in studying reprensention theory and finite group. Meurmen and Lepowsky sloved the Guss of
Mckay-Thompson with this theory. And Borcherds used the vertex operation algebra and Kac-Moody Lie algebra to
slove the famous problem of the Monstrous Moonishine Conjecture and won fields award in 1998. Frenkel and Kac™?

had constructed the level-one representations of affine Kac-Moody algebras A", B (£, EX |E, by means of
vertex operators in 1981.In addition, Xu and Jiang ©! have introduced another set of vertex operators in1990 which are
constructed for the level-one representations of the cases B and G{”. Xu"" gave the level-one representations of the

affine Lie algebras with first kind in 1991.

Using these vertex operators to construct a vertex operator algebra has been an important subject of study. The
representations V, of Kac-Moody Lie algebra associated to ..are constructed, which are based on a certain untwisted or
twisted vertex operators, and it is proofed to be a vertex operator algebra in Ref.[5]. In this paper, we use the vertex
operators of affine Lie algebra D;“ with first kind to construct vertex operator algebras. But Jacobi Identity for the

definition of vertex operator algebra is very complicated. We instead it with the axiom of locality to construct vertex
operator algebra.
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2. UNTWISTED VERTEX REPRESENTATION VQ OF Dél)

In this section,we briefly introduce the structure of V, and vertex operators Y(v,z) on V,. Let B(x,y) be the

Killing form of a finite dimensional complex simple Lie algebra SO(2n,C). Let § (dim($)=n) be a Cartan

subalgebra of SO(2n,C) and A be the root system. Then SO(2n,(C):s§+Z g,, g, is the root subspace

aeA

decomposition of by the Cartan subalgebra §. Denote I1={q,,---,a, }=$ a simple root system, where §" is the
dual space of $. The root lattice

L:{a:imiai|m1,~~~,mneZ}cf); (1)
i1

is an abelian addition group in the real linear space $,. Then $, has an inner product (X,y)=c,B(X,y) .V X,y € 3,

where ¢, is a positive constant. The group algebra C(e") of L is an abelian associative algebra with the basis

{e“|aelL}, where ¢’ =1 and e“e’ =e“*”.

Denote h(m)=t"®¢q,,meZ,1<i<n, X _(a)=t"®e, ,VaeA where t isacomplex parameter.

Let S™ be the complex linear space spanned by the basis 1 h(-m),meZ",1<i<n. Denote S(S°) be the symmetric

tensor algebra over C generated by S~ with the product v . Then S(S7) isacommutative associated algebra with
the unit element 1 and has a basis

Lh (=m)v--vh (-m), 1<i < <i <nmy,--,m eZ',sel’

Let V =S(S7)®C(e"). The formal linear combination of finite or infinite elements of the basis forms a complete

space V, ofv . Itiswell known that V, is an associative algebra with

(h (=m)v--vh (-m))®e’ = (1®¢ )ﬁ (h (-m ®¢’). (2

Hence the representation space V has a basis

1©¢’,(h (-m)vvh (-m))®e = (1®e”)f[ ((h (-m)®¢’,

where pel,l<i <--<i <nm,---,m eZ,5=12,---.

s 10"

Foranyu®e’ eV, the degree of u®e’ is defined by
1
deg(u ®e”) = deg(u) +;(ﬁ, B),

where deg(u) is defined by

deg(1) = 0, deg[h, (-m,) v v h (-m,)] = Z m,.

k=1

Now, we introduce some linear operators acting on Vv for the definition of the vertex operator representation of the
affine Lie algebra, vertex operator algebra and vertex algebra.
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() Let D:V, -V, bealinear operator, which is defined by

D(v®e’)=d g vee)(vee’). 3)
(1) Let 8, .,,, 1<i<n, m eZ be the linear differential operators acting on the linear space S(S), which are
defined by o, (h(-m)=mgs,  (a.a)m.mecZ". 4)

Let o (m) be a linear operator acting on V, , which is defined by

a (-m)v®e’)=(h(-m)vv)®e’, whenm eZ,
a,(0)(v®e") = (a, ) vee),

am)vee’)=0,_ (V®e, whenm e Z'.

h(m)
where veS(S),e” eC(e).

Lemmal: [e(m),a(q,)]= Mo, (@,a))id,m,q; € Z.

Proof: This formula has been easily proved in Refs.[6,7].
Let «= z aa, € L. The linear operator o(m) acting onV is defined by a(m) = Z ac,(m),vmeZ.

By the induction, we have

Lemma 2: Let a(m) = Z aa (m),5(q) = Z b,a,(q) , then

[a(m), p(@)] = mS, ., (@, B)id (5)

Particularly,
exp (a(m))exp (B(—m) = exp (m(a, B))exp (B(-m))exp (a(M))

(111) The mapping ¢: LxL —>{e”|0<@ <2z} iscalledthe ¢- mapping, if¢ satisfies the following conditions:
() (0,8)=&(p,0) =LV pel;
(ii) e(@. f) = ()P e(B,a), Va,felL;

(i) e(B+y.a)e(B.y)=e(B,a+y)e(y.a).Va,B,y e L.
(iv) Let x(a,z): C(e") > C(e") be a linear operator, which is defined by x(a, 2)(v®e’) = g(a, y)2“ " (v®e"") (6)

Let X (a,2) = Z X _(a)z" be the Laurent series of z. Then

X(a,2)(v®e') = E'(a,2)E (a, 2)x(a, 2)(v®e’) = ex ipia(—m)ex ipia(m)g(a,y)z‘”") (v®e").
m-r M m

m=1

Theorem 1: The vertex operator representation (p,v) of affine Lie algebras with the first kind can be defined on the
generators by

p(c) =id,

p(d)=D,
pt"®a)=a;(m), 1<i<n, meZ,
pt"®e))=X, (a), acA, meZ.
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This theorem is proofed in Pre[8]. In this case, the multiplication table of the affine Lie algebra is
[id, D] =[id, e, (m)] =[id, X, (a)] =0, [D, a,(m)] = ma, (m),
[D. X, ()] =mX (a),[e, (M), (K)]=ms, _ (e.a)id,
[, (m), X, (2)] = (2, )X, (a),
[X (2), X (-a)] = e(a,~a)(a(m+k)+ms . id),
[X, (@), X, (B)N=0,a,8er a+p¢A{0}, [X (a), X (B)]=c(a, )X, (a+p)a Ba+BeA.
3. THE STRUCTURE OF VERTEX ALGEBRAON V,

Definition 1: A complex linear space V is called a vertex algebra, if there exist a set of linear operators (every linear
operator is called a field) for v:

Y(v.2) =D v, 2" e EndV[[z,z 1], @)

such that given any v,weV , there is a positive integer m, =m,(v,w), such that v (w)=0,vm>m, . And there is a

fixed vector |0>eV , which is called by the vacuum vector, such that

(i) (vacuum)
Y(0>2z)=id,, Y(v,2)|0>]_,=V.
(if) (translation convariance)

T eEnd(v) is defined by T(v)=v_,|0>VveV. T is called the infinitesimal translation operator, if T is a

derivation on V and satisfies the condition: ad(T) =0, acting on any linear operator Y(u®e’,z).
(iii) (locality) There exists a positive integer N, such that

(z-W)"[Y(u,2), Y(v,w)] =0, Vu,veV .

This definitions is same in Pre. [9, 10]

Define the map
Y(,2) :V,—> (EndV,)[[z,2"']]
v—> z vz"

by the following way:
YLz)=1d, ; Y(h(-)®Lz)=H,(2)= D Hmz "
Y(h(-m)®Lz)=0""H (z); YI®e")=X(a,2z)=E (2, 2)E (a,2)X(a,2) ;

Y(h (-m)v--vh (-m)®Lz) = 3" H (z)--0™H, (z):;Y(h (=m)v--vh (-m)®e’,z) = 0" H (z)---0" 1’H‘< QYQ®e’,z7):

where :-: is the normal order of fields or operators, o™ :% is a differential operator, and the vacuum vector

|0>=1®¢".
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In the following, we shall check that (v,y(v®e”,z)) is a vertex algebra, i.e., it satisfies the three axioms of the vertex
algebra.

3.1. The vacuum axiom
(1) veeiz=1d;
(2) Y(h(-m)®L2)1®1|,_,=h(-m)®1;

(3) Y(v®e ,7)1®1|_=v®e”.

This formula can be easily proved by the Theorem 1.

3.2. The translation covariance axiom
Let v=TT.n¢my, v, =TL.,.,.h (m),m ez .Then

T(v®e)=y(-1)(v®e")+ ZS: mkh“ (-A+m))(v, ®e").

T is a derivation which acts on V, . Particularly,

TA®e)=y(-)(1®e’), T(h(-m)®1) = mh (-m-1) @1
Lemma 3: Giveni=12,---,n, meZ ,m>0, a €L, then
(1) ad(TMa(-m)=ma(-(L+m);

(i) adMa@v®e)=~(aa+7)(vOe");

(iii) ad(T)a(m) = -ma(m-1);
(iv) ad(T)x(e,2) = a(-D)x(a,2) ;

(V) ad(T)E'(a,2) = E" (a, 2)2 2" a(-m);

(vi) ad(T)E (a,2) = [i 27" a(m)+ 27 (o, + 1)]E (@, 2);

m=1

E (o, 2)[T,x(a, 2)](v®e") =[a(-1) — 27 (a, 2)]E (a, 2)X(r, Z)(v ® €").
Proof: The formulas (i-iii, v) is easily proved[11]. Now, we only check the formulas (iv) and (v).
. - 1
ad (T)E (a,2) = ad (T)[ [ exp—2"a(-m)
me1 m
SNE S 1 : 1
=> [T exo—2"a(-mad (). exp=2'a(-))[ [ exp—2"a(-m)
ot me m j mejsl m

=E(a,2)Y, 2'a(-1+ j).

Hence (iv) holds.
Lemma 4: The infinitesimal translation operator T satisfies the translation covariance axioms
[T.Y(v®e)]=0Y(v®e"). (8)

Proof: Since g, is a differential operator acting on Y(u®e”) about z,then
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0. (YUL®e",2)(v®e ) =a (E (o, 2)E (a,2)x(a,2))(v®E)
= 0,(E'(a,2))E (a,2)x(a,2) + E"(a,2)0,(E (a,2))X(a, 2) + E"(, 2)E (a0, 2)8, (X(a, 2)) (v ® €")

= E'(a, z)[i 2" a(-m)+ i 27" a(m)+ 27 (a, y)]E (a,\/;)(az ;((a,\/;))(v ®e).

By the formulas (iv), (v) and (vi) of Lemma 3, we have

[TY@®e 2l(vee)=[T E' (o, 2)E (o, 2)X(a,2)](v®E")
=[[T E"(a, )IE (o, 2)X(e, 2) + B (e, 2)[T E™ (e, 2)IX(ex, 2) + E" (2, D)E ™ (e, 2)[T X(t, 2)]|(v®€)
SE @Y 7 alem + Y 2 a(m) + 2 (@ E (@ )x(@ D @),

Therefore

[TY@®e,2)]=0,(Y1®e",2)).

It is easy to see that

[T Y(h(-m)®e’,2)]=2,(Y(h(-m)®e’,2)

by the formulas (ii), (iv)and (vi) of Lemma 3. By the induction, we have
[TY(v®e,2)]=0,(Y(v®e’,2),

and

[TY@u®e',2)]=0,(Y(u®e",2),

where u= H h (-m,). Then

ad(T)Y(h (-m, vu®e’,z)=ad(T): 0" "H (2)Y(u®e’):
=ad(M)[0" "H, (2), Y(u®e )] +ad (MY (u®e )™ "H, (2) )]
=[ad(M)2" "H, (), I¥ u®e")+0" "H, (2) [ad (T)Y (u®@e")]
+[ad (T)Y (u®@e)]0™ "H, (2) +Y(u®e)ad (T)o™ "H, (2) ]

=0,Y(h (-m)vu®e)]+[(d(T)-0,)0" "H, (2), I¥(u®e")+Y(u®e)(ad(T)-2,)0" "H, (2) I
Hence we need to prove that

[(ad(T)-2,)0™ "H, (2), IV (u®e") +Y(u®e")[(ad (T) -0,)0" "H, (2) 1=0.

From the formulas (i) and (iii), it is easy to prove
[ad(T)-2,)0™ "H, (2).1=0,[(ad (T) -3,)0" "H, (z) ]=0.
Hence (10) holds.

3.3. The locality axiom

In this subsection, we check the locality axiom. Namely, we will prove the following formula holds.
(z-w)'[Y(u®e*,2),Y(v®e")]=0, Vu®e' ,veoe eV, z,weC.

Lemmab5: Y(h(-))®Lz) and Y(h (-1)®Lw)are local, i.e.,

(Z-w)"IY(h (-D)®1,2), Y (h (<) ®Lw)] = 0.
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Proof: Notice that
Y(h(-D)®L Y(h (-)OLW)]= > > [H M H Mz "W =(a.p)) m"'w"" =(a,5)0,5z-w).

By the formula (iv) of Lemma 3, it is easy to prove
(Z-w)'[Y(h (-)®1Y(h (-)®LW)] = (e, )(z-W) 3 5(z-w)=0.

[12]

Lemma6-~: v(h(-m)®Lz) and Y(h (-n)®1z) are local, i.e.,

(z=w)" " [Y (h (-m)®L2),Y(h (-n,)®LwW)]=0.

Proof: Since
Y(h(-m)®1 z)~Y(hJ (—nl)®],w) =Y(hl (—nj)®LW)-Y(hI (-m)®12)
(m+m - (m+m +n —1)!

+(al,a1)i 2w : (-m-m)a (n)
m=0 mi(m, —1)! (m—m)in, —1)! '

+(a,,a1)2 R (n+m + n, - (n+ n, -1 (n+ nl)am (M),
e (n+n)(m -1)! ni(n, -1)! ‘

then
Y(h (-m)®12)-Y(h (-n)®Lw)-Y(h (-n)®Lw)-Y(h(-m)®L2)

, (n+m +n, -1 (m+m +n -1)!

T B T TR

2, (M) =3 2w
m=0

=(a,q, )(i 7" W

(m+n; - & (n+mi+nj—1)!

(m; =DX(n, —1)'[Z 7 ni(m; +n; —1)!

(m+m; +n; -1
——————a, ()]
mi(m; +n;, =1)!

= (o, ;)

By the formula (iv) of Lemma 3, we have

(z-w)" " [Y(h (-m)®L2).Y(h (-n)®Lw)]=0.
Lemma7: Y(h ®Lz) and Y(l®e",w) are local, i.e.,

(z-w)"[Y(h ®Lz),Y(1®e ", wW)]=0.
Proof: Since
Y(h ®Lz)=H (2)=). Hmz"",

then
[H (m),Y@®e" W) =w"(a, a)Y 1®e", W),
and

[Y(h ®Lz)Y(1®e W) =5(z-w)Y(1®e",w).

Therefore,

(z-wY(h ®Lz)Y(1®e",W)]=0

Lemma8: Y(l®e“,z) and Y(®e’,w) are local, i.e.
(z-w)"[Y(1®e",z),Y(1®e’,W)]=0.

Proof: Since
Y(l®e",z) =E"(a,2)E (a,2)X(a,z),
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We have
Y(A®e",2)Y(1®e", W) = x(a, 2)X(8, WE' (a, 2)E (a,2)E" (B,2)E (B,2)
= 2 (2-w)"" x(a, 2)X(8,W)E" (@, 2)E" (8, 2)E (a,2)E (8, 2).

By the same way, we get
YA®e",2)Y(1®e",w) = x(B, W)x(a,z)E (B, W)E (8, W)E" (a, 2)E (e, 1)
= W (w-2)“"x(B8,W)x(a, 2)E (o, 2)E" (B,2)E (a0, 2)E (B, 2).

From the definition of mapping & [13], we have

7" (2 -w) " x(a, 2)x(B, W) = W (W= 2)"" x(B,W)x(, 2)

i.e. Z-wly(@®e ,z),Y(1®e ,w)]=0.

Lemma 9™ : Ifa(z), b(z) and are pairwise mutually local fields, then a(z),,,b(2) and c(z) are mutually local fields for all
neZ (resp.nez ).Inparticular :a(z)b(z):and :c(z): are mutually local fields provided that a(z),b(z) and c(z) are.
Lemma 10: For anyu®e”,v®e” eV,,, there exists a nonegative integer N satisties

(z-wW)'[Y(u®e",2),Y(v®e' w)]=0.

Proof: From the Lemma 5-8,we know that Y(h(-1)®1z),Y(h(-m)®1) and Y(®e") are pairwise mutually local
fields. Then by the Lemma 9 ,we can easily prove Lemma 10.

From the fact that we have checked that (v,Y(v®e“,z)) satisfies the three axioms. It follows

Theorem 2: (v,Y(v®e’,z)) isa vertex al gebra.

4. THE CONFORMAL VECTOR OF THE VERTEX ALGEBRA

Definition 3: A conformal vector of a vertex algebraVv is an even vector v such that the corresponding field
Y(V,2) = z L,z is a Virasoro field with cetral charge ¢ which has the following properties:

nez N
(@ L,=T,
(b) L, isdiagonalizable on Vv .

The number cis called the central charge of v.

Let A=((a,2;))" =(a;), then A is a symmetric matrix. Let
1 n
v :Ezaijj(_l)Hk(_l) |0 >, Then
k=1

13 .
Y(v,z):EZajk:Hj(z)Hk(z)::anZan( 2,

So we have
b =%iaiji(O H)(O +%izajk(Hj(_n)Hk(n)+Hj(n)Hk(_n));

L, :%izajk(Hj(_n_l)Hk(n)+ Hk(_n_l)Hj(n));

j.k n>0

L, =%ZZaijj(n)Hk(m—n), m=0.

j.k nez
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In the following, we will proof that the L, satisfies the above properties (a) and (b).
By the define of L,,, we have

LaOe) =Y a,H, OH Q08 = (5 HLOE) ©

Ly (h (-m) ®1) = %izajk (H;(=nH, (n)+H;(MH, (=n)h (-m) &1

=15, (), () 14, ) () ©) 10)

=mh, (-m)®1,

Then by the Inductive method, so
1
Ly(h(-m)v---vh (-m)®e’)=(m +---+m, +E(ﬂ’ B (-m) v v h (-m,) ®e”).
Thus L, satisfies the above properties (a) i.e. L, is diagonalizableon v .
By the define of L ,, we have
L,(1®e”) =a(-)(1®e“),
and
L, (h(-m)®1) = m(h(-m) ®1).
By the define of T, we proof that L , satisfies the above properties (b)i.e. L, =T.
The field Y(v.2)=> L,z""? isa Virasoro field and the (v.Y(v@e".2)) isa conformal vertex algebra.

5. ACKNOWLEDGMENT
This paper was supported by Scientific Research Fund of Sichuan Provincial Education Department grant 11ZA261,

127B294 and Sichuan University of Science and Engineering grant 2011KY07.

REFERENCES
[1] Frenkel I B, Kac V G. Basic representations of affine Lie algebras and dual resonance models [J]. Invent Math, 1980,
62(1): 23-66.

[2] Kac V G, Kazhdan D, Lepowsky J, Wilson R. Realization of the basic representation of the Euclidean Lie
algebras[J]. Advances in Math, 1981, 42: 83-112.

[3] Xu'Y C, Jiang C P. Vertex operators of G; and B! [J]. J Phys A Math Gen, 1990, 23:3105-3121.

[4] Xu Y C.Vertex operators of affine Lie algebras with first kind[C]// Proceeding of the SEAMS Conference on
Ordered Structures and Algebra of computer Languages, June 1991.

[5] Chu Y J, Cheng J F, Zheng Z J. A vertex algebra structure on the representation V,, of untwisted affine lie algebra

sl (2,(C) [J].Journal of Henan University (Natural Science), 2007, 37(6):551-557.

© 2013, RJPA. All Rights Reserved 190



Tianzeng Li & Yu Wang*/A CONFORMAL VERTEX ALGEBRA STRUCTURE ON THE REPRESENTATION VQ OF THE AFFINE LIE

ALGEBRA DE]I) /RIPA- 3(5), May-2013.
[6] Li H S. Modules-at-infinity for quantum vertex algebras [J]. Commun Math Phys, 2008, 282: 819-864.

[7] Berman S, Dong C, Tan S. Representations of a class of lattice type vertex algebras[J]. J Pure Appl Algebra, 2002,
176:27-47.

[8] Frankel 1 B, Lepowsky J, Meurman A. Vertex operator algebras and the Monster [M]. New York. Academia Press
1988.

[9] Lu K P, Chu Y J, Zheng Z J. P-twisted affine Lie algebra and its realizationgs by twisted vertex operators [J].
Science in China [J].Series A Mathematics, 2005(48):295-305.

[10] Frenkel I B, Jing N, Wang W. Vertex representations via finite groups and the Mckay correspondence[J]. IMRN,
4 (2000), 195-222.

[11] Kac V G. Vertex Algebras for Beginners [M]. American Mathematical Society, 1996.

[12] Wang F X, Jin H X, Chang X. Relevance Vector Ranking for Information Retrieval[J]. JCIT: Journal of
Convergence Information Technology, 2010, 15(9):118-125.

[13] Ding D S, Luo X P, Chen J F, etc. A Convergence Proof and Parameter Analysis of Central Force Optimization
Algorithm [J]. JCIT: Journal of Convergence Information Technology, 2011, 6(10): 16-23.

Source of support: Scientific Research Fund of Sichuan Provincial Education Department grant 11ZA261,

127B294 and Sichuan University of Science and Engineering grant 2011KY07, China.
Conflict of interest: None Declared

© 2013, RJPA. All Rights Reserved 191



