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ABSTRACT

In the present paper, we obtained the degree of approximation of functions belonging to weighted W(LT, & (t)), r =1, class by
almost infinite regular triangular matrix means of a conjugate Fourier series.

1. INTRODUCTION
Let £ (x) be the periodic function with period 27 and integrable in the Lebesgue sense. The Fourier series of f(x) is given by

f~ 370 + Y r_(a cosnx + b, sinnx) = %ao + Y0 Ay (x). (1D
With partial sums s,, (f; x).

The conjugate series of the Fourier series (1.1) is given by

Y_i(bycosnx + a,sinnx) =Y, B, (x). 1.2
Loo _norm of a function f: R — R is defined by

Il flleo = sup{lf (x): xeR}. (13)

L,. = norm of a function is defined by

IFll, = (fOZ”If(x)Ide)l/ Lzt (14)
The degree of approximation of a function f: R — R by a trigonometric polynomial ¢,, of order n under norm || . ||, is defined by
It = flleo = sup{lt,(x) — f(x)|: xeR}. (1.5
and E,, (f) of afunction f € L..is given by

E,(f) = min|lt, — flI,. (16)
Afunction f € Lip aif

Ifx+t)— f)] =0(t]|*")foro<a<1 @7

f(x) € Lip (o, 1), if

1

(f02”|f(x +b) —f(x)|rdx)7 =o(lt|),0<a<1r=>1. (18)

Given a positive increasing function & (t)and an integer r > 1 fe Lip (£(¢), 1 if

- Yy
([ 1fGe+ 0 = fF@lrdx) 7 = 0((@) (L9)
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and that fe W(L,,£(t)), if

. N
(G + 0 = Fsinf x| dx) " = 0(E(®),F =07 > 1. (1.10)

In case =0 we find that W(L,, & (t)), reduces to the class Lip (£(t), 1) and if £(t) = t* then Lip (£(t), 7 class reduces to the
class Lip (o, r) and if r — oo then Lip (a, ') class reduces to the class Lip o.

We observe that

w(L, €)= Lip €0, ) 25 Lip (o, 3 Lipa.

Let ¥>°_, u, be a given infinite series with sequence of its nth partial sums {s,,}, then the bounded sequence {S,} is said to be
almost convergent to a limit S (see Lorenz [3]), if

. 1
lim,, EZZ:Z Sy > S (1.12)
Uniformly with respect to p.

LetA, = (an‘k) be an infinite regular triangular matrix satisfying the Silverman-TOeplitz [9] condition of regularity, such that

n
(D) ZA“’k — lasn — oo,
k=0
(2) Ayx =0;forallk > n.
n

(3) ) |Aux| <M where M is a finite constant.
k=0

A series Y._ u,, with the sequence of partial sums{s,, } is said to be almost Matrix summable to S, Provided.

n
Apm = Z Apk Skgm — Sasn — o,
k=0

Uniformly with respect to m, where

and (an,k) is an infinite regular triangular matrix such that the element a,, . is non-negative, non-decreasing with k, so that for every
n

’n
Z An’k
k=0

We shall use following notations:

=0(1)

L ¢(t) = fx + )+ f(x-t)- 2f(x)

=~ 1
2. A, = ;‘Z?:o

@p p—k €OS (k+2m+1)%sin (k+1)%|
(k+1) sint/2 |

2.PREVIOUS RESULTS

The concept of almost convergence introduced by Lorentz[3] in 1948. Till now the concept of almost convergence have been
studied by several researchers like Mazhar, S.M. and Siddiqui[4], Qureshi[6] and Lal[2] etc. The purpose of this paper is to obtain a
new theorem on the degree of approximation using the concept of almost matrix mean. Our object of this paper is to prove the
following:
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3. MAIN THEOREM

LetA, m = (an‘m) bean infinite regular triangular matrix such that the element (an,m) is hon-negative, non-decreasing with k, so
that for every n,

|28 20 Anm| = 0(1) (31)

If a function £, conjugate to a 2n-periodic function f on [0,277[and belongs to the weighted W(LT,E (t)) class,r = 1, then its
degree of approximation by almost infinite regular triangular matrix means of its conjugate Fourier series(1.2) is given by

— - 1
| Bam GO = FO|, = © ((n +m)f g (njm)> (32)
Provided ¢ (t) satisfies the following conditions:
{%t)} be a decreasing sequence, (3.3
Ynam (H8OI g Y g r — oL o,
[fo { &) st t} t] - (n+m)' ( E )
and
n 0@l . g r 5
5 s sin’t) de| = o((n+m)) (35)

where § is an arbitrary number such thats(1 —6) — 1 > 0,%-1— % =1,1<r < oo, both (3.4)and(3.5) conditions hold
uniformly inx, and A, ,, is almost infinite regular triangular matrix means of the conjugate Fourier series (1.2).

4. LEMMAS

For the proof of the theorem, we shall require the fallowing lemma:

) L xi=o0ft
Lemma4.1: For0 < t < ——; || = 0 (t)

Proof: We have,

- 1 - @y y €0SCk +2m + 1)%sin(k + 1)%
AL = — § '
"o 2m (k +
k=0

1) sin®t/2
i int t 1
Since|cosnt| < 1 and sin /2 > /n,forO <t< —
1% 1
Ann—k
- : k+1)—
ml+n| KTV
k=0 -
n
1
= E Z Ann—k
k=0
1 ,
=0 (;) (smce |2Z=0 an,n—kl = 0(1))
Lemma4.2: For— <t < 1; AL =0 (l)
- n+m —  — UM )"
Proof: We have,
t . t
- 1 - Ay i COS(k +2m + 1)§sm(k +1) 7|

n — 5_ )
21 e, (k+1) sin’t/2 |
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Using Jordan’s lemma, sin {/, > t/p, sinnt < 1and |cosnt| < 1, we have

Anni | cos(2k + 1) %' |sin(k +1) %'
= 27T (k + 1)| |sin2 %|
1 n
=0 Z Zan,n—k l
k=0

n

Z an,n—k

k=0

1
0 (—) ; (since
t

4. PROOF OF THE MAIN THEOREM

= 0(1)>

Let S, (f; x) denote the n™" partial sum of conjugate Fourier series (1.2) at t = x, then the following Qureshi[6], we have

~ 1 i 1/2
(0 - f(x) = —;fqb(t)%df
0

Therefore,
k+m

~ 1 —
Sem (F52) = F0) = 2 D (552 = F0)

cos (v+1/2)t

- [T () Thep LDt g

ﬂ(k+1) 2sint /2

_ 1 sinkt —sin (k+1)t
- 2n(k+1)f0 o) 2sint /2

dt

Therefore using, (1.2) the almost infinite regular triangular matrix transform of s, (f; x) is given by

n

Ram () = F0) = D il (3 ) = F)

k=0

_ 1 r - Ay -y Sinkt —sin(k + 1)t
Ko@) = f0) = - Of ‘W);(H eyt

Therefore

cos(k +2m + 1)%sin(k + 1)%

Ann—k
|Anm(x) f(x)l = _flqb(t)l (k +1) sin?t/2 a

=f B(OIIA, | de
0

= [l @OI1A, |dt + f;lcﬁ(t)lll_\illdt

=L+ (say) (5.1

Let us consider I; first,

1
n+m

| = f 1B (O1I17, |de
0
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. oy e . N NC . 2t
Using Holder’s inequality and in view of (sint) ™! < % sint = —,we have

1 Vs
n+m r s
[ [ Aol ] [ f IR ]
= sin dt
| &) | tsinft |
1° |
1
E(t
n g f {t1+1+ﬁ} | (By Lemma 4.1)
0
Since &(t) is a positive increasing function and using second mean value theorem, for integrals, for 0 < € < ﬁ
1 1/5
[7m 1

~ol(m)e ]

€
1
1 =B+ +1/sTnFm
0¢ (n + m) t—(B+2)+1/s .

of (g ] e+ 1)

f t‘(ﬁ”)sdti

=0 {(n +m)f+Ure (n+m)} (5.2)

Now consider/,,

L] = f|¢(t>|m|dt dt
1

n+m

Again, using Holder’s inequality and second mean value theorem for integrals, since |sint| < 1, sint > % with conditions (2.2)
and (2.4), we have

[« ‘|1/r[ i ]1/5
_ tlp@®)| EWIRIN
el = l !{ o " ﬁt} dt‘ H{t—dsinﬁt} dt‘
A
= 0{(n+ )G}l tlf—(ti)rﬁ} dt (by lemma4.2)
/n+m
Now put (t =%)
n+m E(l) Sd 1/5
Y
= of{(n +m)?} 17[ ya—zl—l vz
n+m 1/5

coftrs et o] (b2 00m)
1
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n+m 1/5
1 ys(1+ﬁ—5)—1
=01(n+m) SZ<n+m)}[{s(1‘|‘ﬁ_5)_1}1 l

{
oftm+me (4w
ofe (5

~ofnemP ik

) (n+ m)'gﬂ__}

)}; (since % + % = 1) (53)

Combining (5.1), (5.2) and (5.3), we get

| B = 7G| = 0ftn 4 mP g ()]

n+m

Now, usingL,.-norm, we get

2
| R G = 7, = { [ 1B = F
0

1
2 T

ol mrie( i)

0

“ofwemr (L)

n+m

This completes the proof of the theorem.
6. COROLLARIES

Corollary 6.1: If In case f=0 and £(t) = t%, 0 < @ < 1, W(L,,&(t)), reduces to the class Lip(¢(t), 7, and the degree of
approximation of a function f € Lip(«a, r),% < a < 1lisgiven by

= = 1
” An,m (x) - f(x)”r =0 {—1}
(n+m)“r

Corollary 6.2: If r — oo, in, Corollary 6.1, then, Lip(«a, r), reduces to the class Lip o, and the degree of approximation of a
function f € Lip o, for 0 < a < 1 isgiven by

| Ry ) = FCOIL, ‘O{W}
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