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ABSTRACT

In this paper, we prove common fixed point theorems for weakly compatible self maps of integral type in intuitionistic
fuzzy metric space. these results are proved with exploiting the notion of continuity and without imposing any condition
of t- norm.
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1. INTRODUCTION

Atanassove[1] introduced and studied the concept of intuitionistic fuzzy sets as a generalization of fuzzy sets. In 2004,
Park [2] defined the notion of intuitionistic fuzzy metric space with the help of continuous t-norms and continuous.
Alaca et al.[3] using the idea of Intuitionistic fuzzy sets, defined the notion of intuitionistic fuzzy metric space with the
help of continuous t-norm and continuous as a generalization of fuzzy metric space due to Kramosil and Michalek[4].
In 2006, Turkoglu[5] proved Jungck’s[6] common fixed point theorem in the setting of intuitionistic fuzzy metric
spaces for commuting mappings. Afterwards, many authors proved common fixed point theorems using different
variants in such spaces. We prove common fixed point theorem for two weakly compatible maps satisfying an integral
type contractive condition in intuitionistic fuzzy metric space. These results are proved without exploiting the notion of
continuity and without imposing any condition of t-norm.

I1. PRELIMINARIES

Definition 2.1[7]: A binary operation * : [0,1]x[0,1] — [0,1] and ¢ : [0,1]x[0,1] — [0,1] is continuous t-norm if * and
¢ is satisfies the following conditions:

1.* is commutative and associative;

2.* is continuous;

3.a *1=aforall a€lo, 1];
4.a*b<c*dwhenevera<candb<dforall a, b, c, de€[0, 1].
5. 0 is commutative and associative;

6. ¢ is continuous;

7.a0 0=aforalla€[o, 1];
8.a0b>cOdwhenevera<candb<dforall a, b, c, de€[0, 1].

Definition 2.2[3]: A 5-tuple (X, M, N, *,0) is said to be an intuitionistic fuzzy metric space if X is an arbitrary set, * is
a continuous t-norm, ¢ is a continuous t-conorm and M, N are fuzzy sets on X?x [0, w0) satisfying the following
conditions:

i MKy, t)+Nxyt)y<lforallx,yinXandt>0;

(i) M(x,y,0)=0forall x,yinX;

(iif) M(x,y,t)=1forallx,yinXandt>0ifandonlyifx =y;

(iv) M(x,y,t) =M(y, x, t) forall x, y in Xand t > 0;

(v) M(x,y,t)*M(y, z,8) <M,z t+s)forall x,y,zin Xands, t>0;

(vi) forallx,yinX, M(x,y,.): [0, ) — [0, 1] is left continuous;

(vii) Limt—ooM(x,y,t)=1forall x,yinXandt>0;

(viii) N(x, y, 0) =1 for all x, y in X;

(ix) N(x,y,t)=0forallx,yinXandt>O0ifandonlyifx=y;
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(X) NV, t)=N(y,xt)forall x,yinXand t > 0;

(xi) N, y,Y)ON®, z s) >N(x, z t +s)forallx,y,zinXands, t > 0;
(xii) forall x,yin X, N(x, Y, .) : [0, ©)—[0, 1] is right continuous;
(xiii) Limt—ooN(X, y, t) = 0 for all x, y in X:

Then (M, N) is called an intuitionistic fuzzy metric on X. The functions M(x, y, t) and N(x, y, t) denote the degree of
nearness and the degree of non-nearness between x and y w.r.t. t respectively. an intuitionistic fuzzy metric space of the
form (X, M, 1-M, *, 0) such that t-norm * and t-conorm ¢ are associated as x ¢ y = 1-((1-x) * (1-y)) for all x, y in X.

Lemma 2.3: [3] In intuitionistic fuzzy metric space (X, M, N, *, 0), M(x, y, *) is non-decreasing and N(x, y, ¢) is non-
increasing for all x, y in X.

Definition 2.4[3]: Let (X, M, N, *, 0) be an intuitionistic fuzzy metric space. Then a sequence {xn} in X is

(i) said to be Cauchy sequence if, for all t > 0 and p > 0, limn—ooM(Xn+p, Xn, t) = 1 and limn—ooN(X, X,, t) = 0.
(i) said to be convergent to a point x in X ifyp, for all t > 0, limn—owM(x,, X, t) = 1 and limn—oN(x,, X, t) = 0.
(iii) said to be complete if and only if every Cauchy sequence in X is convergent.

Example 2.5:[3] X:{%,ne N}U {0} and let * be the continuous t-norm and commuting if ¢ be the continuous t-norm

defined by a*bab and a ¢ b min{1,a+b} Respectively , for all a, b€[0.1] . for each t€ (0, ©)and x,y € X,
defined (M,N) by

¢ t
—_—, t> L

M(x, y, t) {t+lx—yl 0 and N(x, y, t) {t+lx—yl
0, t=o0 0, t=o

t>o

Clearly, (X, M, N,*, 0) is complete intuitionistic fuzzy metric space.

Definition 2.6[5]: A pair of self mappings (f, g) of a intuitionistic fuzzy metric space (X, M, N, * 0) is said to be
M(fgx, gfx, t) =1 and N(fgx, gfx, t ) = 0 for all xEX.

Definition 2.7[5]: A pair of self mappings (f, g) of a intuitionistic fuzzy metric space (X, M, N, *0 ) is said to be
weakly commuting if

M (fgx , gfx, t) > M(fx, gx, t) and N (fgx , gfx, t) < N(fx, gx, ¢) forall x Xeand t > 0.

Definition 2.8[5]: A pair of self mappings (f, g) of a intuitionistic fuzzy metric space (X, M, N, *{ ) is said to be
compatible if

limy, oo M(fgxn, 9f %n, t)aNA limy, oo N(fgXn, 9f %y, 1)

Definition 2.9 [8]: Two self maps f and g on a set X are said to be weakly compatible if they commute at the
coincidence points i.e., if fu = gu for some u in X, then fgu = gfu.

It is easy to see that two compatible maps are weakly compatible but converse is not true.

Definition 2.13: A pair of self mappings ( f, g ) of a intuitionistic fuzzy metric space (X, M, N, *, 0) is said to be weakly
compatible of type (A) if

lim,_, M(fgx,, ggx,,t) = land lim, ., N(fgx,, ggx,,t) =0
lim, L M(gfx,, fgf,t) = 1land lim,_,,, N(gfx,, ffx,,t) = 0 for t >0 whenever {x,,} is sequence in X such that

lim, o, fx,,= lim gx,,=u for someuin X
n—oo

11l. MAIN RESULT

Theorem 3.1: let f and g be weakly compatible maps of type(A) of a complete intuitionistic fuzzy metric space
(X,M,N,*,0)satisfying the following conditions

1. f(})E g(x)

2. any one of the mappings f or g is continuous

3. fOM(fx'fy't)<p(t)dt < chM(“’x"‘”'t)<p(t)dt

N(fx.fy.t) . (N(gx.gy.t)
f p®)dt > cf pt)d
0 0
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For each x, y in X, t >0 ¢ belong to [0.1] where ¢: Rt — R is a lebesgue integrable mapping which is summable non
negative and such

4.foe @ (t)dt >0 for each € > 0

Then f and g have a unique common fixed point in X.

Proof: Let x, be an arbitrary point in X, f(x) Eg(x)Choose a point x; in X such that fx, = gx; . In general, we cahn
choose x,, 1 such that fx,, = gx, .1 foralln> 1.Then for allt >0

M(fxn,rfxn+1 t)

p)dt = cf e(t)dt

J’M(fxn,vfxn+1 )t)
0 0

- CfoM(fxn,—lvfxnrt ) (p(t)dt (1)

> CfOM(fxn,—lrfxnrt ) gﬂ(t)dt

N(fxn, fxnt+1.t)

p)dt < c'f (t)dt

J‘N(fxn,rfxn+l ,;t
0 0

r N(fxn —1.fxn,
= ¢ [y gy @

< C' fON(fxn,—lifxnrt)(p(t)dt

Since c(t)>t and ¢’ (t)<t for all 0< t < 1. fOM(fx”"fx"“’t)

[0,1] and fON(fx""fx"“ 't)(p(t)dt is decreasing sequence of positive real number in [0,1] . therefore they converges to
limits L< 1,and L' > 0 respectively.

@(t)dt is an increasing sequence of positive real nymber in

Now, we claim that L=1 and L' = 0. For, let L <1. letting n— oo in (1), we have L> c(L) > L, which is a contradiction
and so L=1. Similarly let L' > 0

letting n— oo in (2), we have L' < ¢(L!) < L' which is a contradiction and so L' =0

Now, for any positive integer p and t >0 we have

M(fxn,,fxn+1 ‘% )* ------------- *M(fxn+p—l,rfxn+p %)

p(t)dt = f

0
fM(fxn,'fxn+l % )* ------------- *M(fxn,rfxn+1%)
0

M(fxn,tfxnﬂz ,t)
f e(t)dt
0

>

N(fxn,tfxn+l %)O ------------ O-N(fxn+p—1,tfxn+p %)

p)dt < f @(t)dt

j‘N(fxn,rfxn+p )t)
0 0

< "7 o(t)dt

Since we have

M X p )
Limn_,oof p()dt =1
0

N fxnsp i)
Limn_,oof p()dt =0
0
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It follows that

M(fxn,:fxn+p i3]
Limn_,oof e®)dt 21x......1=>21
0

N(fxn,rfxnﬂ; )t)
Lim, o f e®)dt <00 ......00<0
0

Thus by definition 2.5{fx, } is a Cauchy sequence and by the completeness of X. {fx, } converges to a point z belong to

X. Also {gx, } converges to the point z.

Suppose that, by the mapping f is continuous. Then Lim,, .. f fx, = fz, Further, since f and g are weakly commuting,

We have

J-M(fg 9f%n ) M(fxn,9%n,5)
0

p®dt = f p(t)dt
0

N(fxn,rgxn,r% )

e)dt < f @(t)dt

fN(fg.gfxn 3]
0 0

Letting n— oo in the inequality we have Lim,_0fx, =fz.

Now, we prove that z=fz. Suppose z# fz. Then there exist t>0 such that

M(z,fz,t) n(z,fzt)
J- et)dt < 1and,f et)dt =0
0 0

We have

M(fxn,:ffxn )t) M(gxn,:gfxn )t)
f e(t)dt = Cf @(t)dt
0 0

N(gxn,gf xn t)

p(t)dt > C'f p(t)dt

N(fxn,rffxn ,t)
) 0

Letting n— oo in the above inequalities, we have

M(z,fz,t) M(z,fz,t) M(z,fz,t)
f e()dt = cf @(t)dt Zf @(t)dt
0 0 0

N(z,fz,t)

N(z,fz,t) , N(z,fz,t)
f p®)dt < ¢ f e(t)dt sf p(t)dt
0 0 0

Which are a contradiction, therefore z=fz, since we can find a point z; € X such z=fz=gz;. now, it follow that

M(gfxn,g921,t)

M(ff xn,fz1t)
| ot 2 ¢ p(0)dt
0 0

N(gfxn,921,t)

p)dt > c'f p(t)dt

J‘N(ffxn,vlevt)
0 0

Letting n— oo in the above inequalities, we have

M(fz,fz1,t) M(fz,gz1.t)
f e(t)dt = cf e)dt =1
0 0

N(fz,fz1,t) . (NGz.9z10)
f p®)dt < ¢ f p®)dt =0
0 0
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Which implies that fz; =gz, . also, for any t >0

M(f2.92.6) M(fgz1.9f 71.t) M(fz1.971.7 )
f e(t)dt = f e(t)dt = f e)dt =1
0 0 0

N(fz,g2.) N(fgz1.9fz1.0) N(fz1971%)
f p(t)dt = f e()dt < f p)dt=0
0 0 0

Which again imply that fz=gz, therefore z is a common fixed point of f and g. Which tp prove the uniqueness of the
common fixed point z, let y (y+ z) be another common fixed point of f and g. Then there exists t>0 such that

M(z,y,t) N(z,y,t)
f e(t)dt < 1.and f e(t)dt = 0.
0 0

M(z,y,t) M(fz,fy.t) M(gz.gy .t) M(z,y,t) M(z,y.t)
f p(t)dt =f p)dt = cf pt)dt = cf p(t)dt 2f p(t)dt
0 0 0 0 0

N(z,y.t) N(fz,fy.t) , N(gz.g9y.t) , (N@y.H) N(zy.t)
f p(t)dt =f pt)dt =c f p®)dt =c f p(t)dt sf e(t)dt
0 0 0 0 0

Which is a contradiction since c(t) > t and ¢'(t)<t for any 0<t<1. There fore z=y, i.e z is a unique common fixed point
of fand g. this completes the proof.

Example3.1:[3] X:{%,ne N}uU {0} and let * be the continuous t-norm and commuting if ¢ be the continuous t-norm

defined by a*bab and a ¢ b min{1,a+b} respectively, for all a, b€[0.1] . for each te (0, )and x,y € X,
defined (M,N) by

t t
M(x, y, t) {f“x—yl t=0 and N(x, y, t) {L’+lx—yl ’
0, t=o 0, t=o0

t>o

Clearly, (X, M, N,*, 0) is complete intuitionistic fuzzy metric space.where * is defined by a*b=ab and a0b =\min {1,
a+b}. Further, (X, M, N,*, 0) is complete.

Define
if x is a rational number,

F(-La(0-{y |

X is a irrational number

It is evident that f(x)= g(x), f is continuous and g is discontinuous. Define a function C;[0,1]-[0,1] bt c(t) =/t for any
0 <t<1 and C(t) =1 for t=1.

¢’;[0,1]-[0,1] by c(t) =t?for any 0 <t<1 and C’(t) =0 for t=0. Thenand c(t) > t,c’ () < tforany0<t<1 and
M(fx, fy, t)= cN(gx, gy, t) and N(fx, fy, t)= cN(gx, gy, t)

For all x, y in X. further, f and g are R-weakly commuting. Thus all the conditions of theorem are satisfied and is a
common fixed of fand g.
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