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ABSTRACT

The concept of the Birkoff centre of a Semi group with 0 and 1 was introduced by U.M. Swamy and G.S.N. Murthy [4]
and proved that it is a Boolean algebra. This concept is extended to a C-algebra with T. It is proved that Bir A, the
Birkoff centre of a C-algebra A is itself a C-algebra. For any element a € B(A) we defined S, and proved that it is a
C-algebra.
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INTRODUCTION:

In [2] Fernando Guzman and Craig C. Squier introduced the variety of C-algebras as the variety generated by the three
element algebra C = {T, F, U} with the operations A, V and “of type (2,2,1), which is the algebraic form of the three
valued conditional logic. They proved that C and the two element Boolean algebra B = {T, F} are the only sub directly
irreducible C-algebras and that the variety of C-algebras is a minimal cover of the variety of Boolean algebras. Later
U.M.Swamy et.al., in [6] defined different partial orders on a C-algebra and studied their properties and gave a number
of equivalent conditions in terms of this partial ordering for a C-algebra to become a Boolean algebra and in [5],
introduced the concept of the Centre B(A) = {ae€A| a V a’' = T }of a C-algebra A and proved that B(4) is a
Boolean algebra with induced operations on A. Let us recall that S is a Semi group and there exists 0,1 such that
x0=0=0x and 1x = x, for all x € S then S is called a Semi group with 0,1. An element ae S is called Birkoff
central element of S if there exists Semi groups S; and S, with 0 and 1 and an isomorphism S onto §; X S, which
maps a onto (0,1). The set of all Birkoff central elements of S is called Birkoff centre of S. This concept is extended to
a C-algebra with T and proved that the set of all central elements of a C-algebra with T is itself a C-algebra. For any
element a € B(A) we defined S, and proved that it is a C-algebra.

1. C-algebra:

In this section we recall the definition of a C-algebra and some results from [2], [5] and [6]. Let us start with the
definition of a C-algebra.

Definition 1.1: [2] By a C-algebra we mean an algebra of type (2, 2, 1) with binary operations A and V and unary
operation ' satisfying the following identities.

M x"=x

@) (x AY)'=x'V Yy

BxAYANz=x AN A2)

@ xAlyVvz) = (xANYy)V (x A2z
S)xVvyY)yAz=ExxANZ)V X' ANYA2)
©®) xV(xANy) =x

MD(xAy)V(yAx) = (yAx)V(xAy).

Example 1.2: [2] The three element algebra C= {T, F, U} with the operations given by the following tables is a C-
algebra.
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X [ X
Alrlelu VIT|F|U
T|{T|T|T T|F
T|T|F|U
F|T|F|U FI|T
F|F|F|F
vlvlulu U |U|U|U U|U

Note 1.3: [2] The identities 1.1(1), 1.1(2) imply that the variety of C-algebras satisfies all the dual statements of 1.1(2)
to 1.1(7). A and V are not commutative in C.The ordinary distributive law of A over V fails in C. Every Boolean
algebra is a C-algebra.

Now we recall some results on C-algebra collected from [2], [5] and [6].

Lemma 1.4: Every C-algebra satisfies the following identities:

M xAx=x 2) x ANx"'=x"Nx

B)xAyAx=xANYy @D xAxXNy =xANXx'
G)yx Ay =xVy)Ax ©®xAy=xAHVx)
MDxANy=xANKXVYy) @xAYyAx'=xAy AY'

@ v Ax=xVH Ax) (I0O)x AX'VX)=VX)AXx=((xVX)Ax = x.

Duals of the statements in the above lemma are also true in a C-algebra.

Definition 1.5: [5] Let A be a C-algebra with T (T is the identity element for A in A). Then the Boolean centre of A is
defined as the set B(A) = {a€A| a V a’ = T} B(A) is known to be a Boolean algebra under the operations
induced by those on A.

Lemma 1.6: [5] Every C -algebra with T satisfies thelaw x A F = x A x.

Lemma 1.7: [5] If A is a C -algebra with T and a € B(A) then a Aa'= F.

2. Birkoff Centre:

In this section we define Birkoff centre of a C-algebra and we shall prove various properties. First let us start with the
following definition of Birkoff central element.

Definition 2.1: Let A be a C-algebra with A-identity T. An element a € A is said to be Birkoff central element of a C-
algebra A if there exists C-algebras A, and A,with T and an isomorphism f: A = A; X A, such that f(a) = (Ty, F,).

Definition 2.2: The set of all Birkoff central elements of a C-algebra A is called Birkoff centre of A and is denoted by
Bir A.

Lemma 2.3: Let A be a C-algebra with T. Thena € Bir A = a' € Bir A.

Proof: Let ae Bir A then there exist C-algebras A;, A, and an isomorphism a: A - A; X A, such that a (a) =
(Th, F).

Now define g: A - A, X A, suchthat g (x) = (x,, x;) whenever @ (x) = (xq, x5).

Letx,y € A suchthata (x) = (x1,x3), a (y) = (v, ¥2).-Thena (x A y) = (1 Ay, x; Ay,).
Now,g (x A y) = (2 Ay, x1 AY1) = (X2, X1) Ay ¥1) = gx) AgQy).

Similarly, we can prove g (x V. y) = g(x) vV g().

To show g(x) = [g(x)]" Let @ (x) = (xq,x3). Then g (x) = (x5, xq1).

a (x) = (x1,x3)
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= (a(x)' = (?‘1: ?Cz)' = (%)%
=2 a(x) = (x,x5) (since a is a homomorphism)

=9 (x) = (', 21 )= (2, xl)’:(g(x))
Therefore g is a homomorphism. Also a(a) = (a(a))’ = (T, F) = (F,T,).
Then g(a”) = (T,, F;). Thus a’e Bir A . Clearly g is bijective. Therefore g is an isomorphism.

Lemma 2.4: Let A bea C -algebraand teA then tA= {t A @ |a € A} isitself a C - algebra by induced
operations A and V of A and the unary operation defined by (t A @ )* =t A a .
Proof is a routine verification.

Lemma 2.5: Bir A is a C-algebra.

Proof: Leta,b € Bir A. Then there exist C-algebras A,, A, and A3, A,with T and isomorphisms f: A = A; X A,
such that f (a) = (T, F,) and g: A » A; X A, such that g(b) = (T3, F,).

Now we have to prove that a A b € Bir A that is we have to find an isomorphism h: A = As X Ag such thath

(an b) = (Ts, Fg). Let g(a) = (t3, t,) where t; € Ay and t, € A, . Now put Ag = t; A; where t3 is meet
identity in Ag, t; A t3'is join identity and t; A; = {t; A a|a € A}. By lemma 2.4, t; A; is a C-algebra with
T = t;. Also put 4g =t, A4 X A, , which is also a C-algebra with meet identity Tg = (t,,T,),Fg = (t, A
ty', Fy).

For anyx e A, let f(x) = (sq, ;) and g(x) = (x3,x,) where x3 € A;,x, € A, ands; € A;,s, € A,. Now define
h:A— Ag X Agby h(x) = (t3 A x3,(ts N X4, Sp)), for any x € A.
Then h is well defined.

Let f(y) =(r, 12) and g(¥) = (¥3,y4)- Then f(x A ¥) =(s1A 711, S A 12),
g A Y) = (3 A Y3, 0 A o), f(X) = (51, 5%) and g(x) = (x3,x,).
h(x A y) = (t3 Axz A ¥3),(Ea A X4 A Yay S A T3))

= (t3 A X3 A t3 A y3), (t4 A Xy /\t4 A Va4, S A rz)) (by lemma 14(3))

(t3 A x3,(ta A X4 52)) A (B3 A Y3, (s A Y4, 72))
h(x) A h(y)

Now h(x) = (t3A x3,(ts A X4, 53)) (since (t3 A x3)" = t3 A x3)
= (x3% (x4, 872))

= (h(x)’

h(xvy) = (t3 A (X3V ¥3), (&4 A (X4 V Ya), S2V 13))
= ((tz Ax3) V (t3 Ays)((Es A XV (Es A Ys) S2V T12))
= (tz Ax3 (ts A Xy S3)) V (B3 A Y3, (Es A X4 72))
= h(x)V h(y)

Therefore h is a homomorphism.

To show h is one-one, first we prove h(a A b) = (Ts, Fy).

We have f(a) = (T, F;), g(a) = (t3, ty), g(b) = (Ts, F,), f(b) = (ny, ny).

Now h(aA b) = h(a) A h(b) (since h is a homomorphism)
=(ts ANtz (s Aty F)A (G5 ATs (6 A Fymp))= (t5,(6 A FF))
= (t3, ty A t4, F,) (since by Lemma 1.5)
= (Ts, Fe)

Letx,y € A suchthath(x) = h(y).Thent; A x3=t3 A Y3 ty, ANXxy,=1t, AN ysand s, = 1,.

Now g(a) A g(x) = (tz,ts) A (x3,%4)
= (t3 A X3ty A Xy)

(tz Ay ts Aya))

g@rg(y)
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Since g is a homomorphism, g(a A x) = g(a A y)

> aANx =aNy (since g is one-one)

= f(anhx) = f(any) (since f is well defined)

= f(AAN f(x) = f(a) A fF(Y) (since f is a homomorphism)
= (T, F) A(sy, s2) = (TuF) A (1, 12)

=2 (TiAsy, B, A sy) = (TiyAT, Fy A 1y)

= (s1, o) = (. F)

DS =T, =1

= (51, S2) = (11, 12)

= f) = f»)

=>x =y (since f is one-one)

Therefore h is one-one.

Let (x,y) € A5 X Ag. Then (x,y) = (t3 Ax3,(ty A X4, Sy)) forsome x3 € Az, x4 € Ay, S, € A,

Since, t; A x3 €ty A3 € As, (t3 A Xx3,t, A x,) € A3 X A, and g is onto, there exists t € A such that g(t) =

(t3 A x3,ts A Xy).

Now g(aA t) = g(a) Ag(t)
= (t3,ta )A(t3 A X3ty A Xy)
= (t3 Ntz A X3ty Nty A X4,)
= (I3 A X3, ty A Xy)
= g()

Therefore g(a A t) = g(t)

SaAt=t (since g is one-one)

= flant) = f() (since f is well defined)

= f(a) A f(t) = f(t) (since f is a homomorphism)
= (T, ) A(YuLy2) = (V,y2)  (since t € A)

= f(t) = (}"1,3"2)

=> (TN YL A yo) = (0, y2)

= (. F) = uy2)

=y, =5

Now, y; € A; and s, € A, then (y;, S;) € A; X A,. Since f is onto there exists n € A such that

fm) = Oy s2)-
Now f(aA n) f(@) A f(n)

(Tu, F)) A (01, 82)
Ty Ay, B A sp)
(Y1,F2)

f@®) by @2)

Since f is one-one a A n = t and g is well defined g(a A n) = g(t)

Alson € A= gn) = (z1,2,)
(t3 ANt3 AN x3, ty Nty Axy) = gla At)
= g(t) (since by (1)
= g(ann) (since by (3))
= g(a) A g(n) (since g is a homomorphism)
= (t3,x) A (21,2)
= (t3 ANzy, ty A Zy).

Therefore t3 A t3 A X3 = t3 A Zy and t4 A t4_ A X4 = t4 /\ZZ
Now, h(n) = (t3 A z1,(ts A 2y, S3))
= (t3 ANty A x5, (ty ANty A Xy Sy)) (since by (4))

= (t3 A x3,(ts A X4 53))
= (xy)
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Therefore h is onto. Since a,b €Bir A implya Ab € Bir A and by Lemma 2.3,a €Bir A= a’' € Bir A also
a V b also belong to Bir A. Therefore Bir A is sub algebra of a C-algebra A and hence Bir A is a C-algebra.

Let us recall the definition of Centre of a C-algebra defined in [5].

Let A be a C-algebra with identity T. Then the Centre of A is defined as the set

B(A) = {a€eA| aVv a' = T} B(A) is known to be a Boolean algebra under the operations induced by those on A.

Lemma 2.6: Let a € B(A)then a Ax=a & a V x = x.

(aAx)Vx
(aVvx)A(aVx)
=(ana)vx

= FVx (by Lemma 1.6)
=x

Proof: a vV x

Conversely, a A x = a A (aV x) = a.
Now, for any C-algebra A and a € B(A) we define S, and prove that it is a C-algebra.
Lemma 2.7: Let A be a C-algebra A anda € B(4). If S, = {x € A|la A x = a}thenS, is a C-algebra.
Proof: Letx,y,z € S;.Thena A x = a,a Ay = aanda ANz = a
Sincca A(x Vy)=(aAx)V(aAy)=aVa=a,xVyE€ES,
Also,since a A (x Ay)=(a@aAx)A(aAy)=aAa=a,x Ny €S,
Define x* = a V x'. Sincea A (aVx)=a,aVx'€S,
x* = (aV x)

= avVv(avVx) (by Definition 1.1(2))
aV (a'Ax)
= aVx (by dual of 1.4(7))
= (aNx)Vx
(aVvx)A(@VxVx)

(ana)vx
x

xAy) =av(xAy)=aVv(x'Vvy)=aVvx'VaVvy=x'Vy".
anN[xVyY)Azl=a=2>aV[(xVy)Az]=((xVYy Az (by Lemma 2.6)

Now,(x Vy)Az = aV [(xVYyAZz]
=aV[(xAz)V(X'AyAZz)]
aV(xAz)V (X'Ay A2z
(avx)A(aVvz)Vvlavx)A(aV (y A 2z)]
xAz)VaVvx)A(anry)a(aV 2)]
(xAZ2)V[x'Ay A z].

Therefore S, is a C-algebra.
Lemma 2.8: Let A be a C-algebra and a € B(A). Then f;: A — S, is an antihomorphism.
Proof: Define f;: A - S, by f,(x)= a Vx’
fax Ay)=aVv(x Ay)=aVv @ Vy)=(aVvx)Vv(@Vy)=fal)V fa®
favy)=av &Ay)=(avIr(@avy)= (DA fa )

)] =(@avx)Y'=aVv(@aVvx)=aVvV@Arx)y=aVx=aV x)=f).
Therefore f,: A — S, is an antihomorphism.
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