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ABSTRACT

In this paper we define a minimal bi-ideal and a 0-minimal bi-ideal of a I'-semiring. Also we introduce the concepts of
a bi-simple I'-semiring and a 0-bi-simple I'-semiring. Several characterizations of minimal bi-ideal , 0-minimal bi-
ideal ,bi-simple I'-semiring and 0-bi-simple I'-semiring are furnished.
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1. INTRODUCTION

The notion of a I'-semiring was introduced by Rao [12] as a generalization of a ring, aI'-ring and a semiring. It is well
known that ideals play an important role in any abstract algebraic structures. Characterizations of ideals in a semigroup
were given by Lajos [8], while ideals in semirings were characterized by Iseki [4, 5].

The notion of a bi-ideal was first introduced for semigroups by Good and Hughes [2].The concept of a bi-ideal for a
ring was given by Lajos [9]. Also in [10, 11] Lajos discussed some characterizations of bi-ideals in semigroups. Shabir
Ali Batool in [13] gave some properties of bi-ideals in a semiring. Minimal bi-ideal for a semigroup was studied by
Krgovic in [7] and for a I'-semigroup by lampan [3].

Hence in this paper we introduce the concepts of a minimal bi-ideal and 0-minimal bi-ideal of a I'-semiring. Further
discussed some of their characterizations. Also we introduce the notions of a bi-simple I'-semiring and a 0-bi-simple I'-
semiring. Some properties of a bi-simple I'-semiring and a 0-bi-simple I'-semiring are also furnished.

2. PRELIMINARIES

First we recall some definitions of the basic concepts of I'-semirings that we need in sequel. For this we follow Dutta
and Sardar [1].

Definition 2.1: Let S and I be two additive commutative semigroups. S is called a I'-semiring if there exists a mapping
S XT' xS — S denoted by aab; for all a, b € S and for all @ € T satisfying the following conditions:

(i) aa(b + c) = (aab) + (aac)

(i) (b + c)aa = (baa) + (caa)

(iii) a(a + B)c = (aac) + (aBc)

(iv) aa(bBc) = (aab)Bc ; foralla,b,c € Sand,F € T.

Obviously, every semiring is a I'-semiring.

Definition 2.2: An element 0 € S is said to be an absorbing zero if 0)aa = 0 = aa0,a + 0 =0+ a = a; for all
a € Sand forall « € T.

Now onwards S denotes a I'-semiring with absorbing zero unless otherwise stated.

Definition 2.3: A non empty subset T of S is said to be a sub- I'-semiring of S if (T, +) is a subsemigroup of (S, +) and
aab € T; foralla,b € Tandforalla €T.
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Definition 2.4: A nonempty subset T of S is called a left (respectively right) ideal of S if T is a subsemigroup of (S, +)
and xaa € T (respectively aax € T) forall a e T,x € Sandforall « €T.

Definition 2.5: If a nonempty subset T is both left and right ideal of S, then T is known as an ideal of S.
For proofs of following result see [5].

Result 2.6: For each nonempty subset X of S following statements hold.
(i) STX is a left ideal.

(ii) XTS is a right ideal.

(iii) STXTS is an ideal of S.

Result 2.7: For a € S following statements hold.
(i) STa is a left ideal.

(ii) aI'S is a right ideal.

(iii) STarl'S is an ideal of S.

Now we give a definition of a bi-ideal.
Definition 2.8 [6]: A nonempty subset B of S is a bi-ideal of S if B is a sub I'-semiring of S and BI'STB < B.

Example: Let N be the set of natural numbers and let ' = 2N. Then N and I both are additive commutative semigroup.
An image of a mapping N XI' x N — N is defined by aab = product of a,«,b; forall a,b € Sand a €T. Then S
forms a I'-semiring. B = 4N is a bi-ideal of N.

Example: Consider a I'-semiring S = M,,,(Ny), where N, denotes the set of natural numbers with zero and " = S.
Define AaB= usual matrix product of A, and B; forall A,a,B € S. Then

Q= {(g g) |a, b€ NO} is a bi-ideal of a I'-semiring S.

3. BI-SIMPLE I'-SEMIRING
We begin with defining a bi-simple I"-semiring and a 0-bisimple I'-semiring.
Definition 3.1: A I'-semiring S without zero is a bi-simple T"-semiring if S has no bi-ideal other than S itself.

Definition 3.2: If I'-semiring S contains a zero element, then S is a 0-bi-simple I'-semiring if S and {0} are the only bi-
ideals of S.

Next theorem gives a characterization of a bi-simple I'-semiring.

Theorem 3. 3: If S is a I'-semiring without zero, then S is a bi-simple I'-semiring if and only if al'STa = a, for all
aeEs.

Proof: Suppose that S is a bi-simple I'-semiring. For any a € S, al'STa is a sub I'-semiring of S. By Result 2.7(ii) al'S
is a right ideal of S and hence (al'STa)T'ST(al'STa) = (al'S)T'(al'STal'S)Ta < (al'S)T'(al'S)l'a. Therefore
(aI'STa)I'ST(al'STa) S ((aFS)F(aFS))Fa C al'STa, since arl'S is a right ideal of S. Thus al'STa is a bi-ideal of S
by definition. al'STa € S and S is bi-simple I'-semiring S imply al'STa = S. Conversely, suppose that al'STa = S.
Let B be a bi-ideal of S. For any b € B, bI'STb = S by assumption. S = bI'STh € BI'STB € B as b € B and B is a bi-
ideal of S. Therefore B = S. Hence S is a bi-simple T semiring.

Theorem 3.4: If S is a I'-semiring without zero, then S is a bi-simpleT-semiring if and only if (a), = S, for a € S.

Proof: Let S be a bi-simple T'-semiring. For anya € S, we have(a), € S. But S is bi-simple gives (a), = S.
Conversely, let B be a bi-ideal of S. Then for any a € B, (a), = S by assumption. S = (a), < B. Therefore we have
B=SasBcSandS c B.

Proof of following theorem is follows from above two theorems.

Theorem 3. 5: If S is a I'-semiring with zero, then following statements are equivalent
(1) S isa0-bi-simplel-semiring

(2) al'STa = S, for a € S\{0}

(3) (a), =S, for a € S\{0}.
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4. MINIMAL BI-IDEALS:

Definition 4.1: Let S be a I'-semiring. A bi-ideal B of S said to be a minimal bi-ideal of S if B does not contain any
other proper bi-ideal of S.

Definition 4.2: Let S be a I'-semiring with zero. A bi-ideal B of S is said to be 0-minimal bi-ideal if B does not contain
any other proper non zero bi-ideal of S.

Theorem 4.3: Let S be a I'-semiring, B be a bi-ideal and T be a sub- I'-semiring of S. If T is a bi-simple with
TNB=+@,thenT < B.

Proof: Let T be a bi-simple sub I'-semiring with TN B # @. Thena € TN B.a € T, al'TTa is a bi-ideal of T and T is
a bi-simple imply al'TTa = T, by Theorem 3.3. Therefore T = al'TTa < BI'TT'B < BI'STB C B, since B is a bi-ideal.
Thus we get T < B.

Theorem 4.4: Let S be a I'-semiring with zero, B be a bi-ideal and T be a sub-I'-semiring of S. If T is a 0-bi-simple
with T\{0} N B # @, then T S B.

Proof: Let T be a bi-simple sub I'-semiring with T\{0} N B = @. Thena € T\{0} N B. a € T and T is a 0-quasi-simple
imply al'TTa = T by Theorem 3.5. Therefore T = al'TTa € BI'TTB € BI'ST'B <€ B, since B is a bi-ideal. Thus we
have T C Q.

Properties of a minimal bi-ideal of a I'-semiring S are proved in the following theorems.

Theorem 4.5: Let R be a minimal right ideal and L be a minimal left ideal of a I'-semiring S without zero, then RTL is
a minimal bi-ideal of S.

Proof: Let R be a minimal right and L be a minimal left ideal of S. Let B = RT'L. Then RTL is a bi-ideal of S. Let A be
a bi-ideal of S such that A € B. By Result 2.6 STA is a left ideal and AT'S is a right ideal of S. We have T'A € STB =
STRTL ,since ACS B =RI'Land STRTL € L as L is a left ideal. Therefore we get STA € L. Similarly we can show
that AT'S € R. STA < L and L is a minimal left ideal of S gives STA = L. AT'S € R and R is a minimal right ideal of S
imply AT S = R . Therefore B = RT'L = AT'STSTA € AT'STA € A as A is a bi-ideal. Hence B € A. Thus we get B = A4,
since A € B. This shows B is a minimal bi-ideal of S.

Theorem 4.6: Let B be a bi-ideal of a I'-semiring S without zero. Then B itself is a bi-simple T'-semiring if and only if
B is a minimal bi-ideal of S.

Proof: As B is a bi-ideal of S,B is a sub-I'-semiring of S by definition. Suppose B is a bi-simple I'-semiring. Let A be
a bi-ideal of S such that A € B. Hence ATBT'A € ATSTA € A, since A is a bi-ideal of S. Therefore A is a bi-ideal of B.
A c B, Ais abi-ideal of B and B is a bi-simple I'-semiring imply A = B. Therefore B is a minimal bi-ideal of S.

Conversely, let B be a minimal bi-ideal of S. For any a € B, al'STa is a bi-ideal of S. al'STa < BI'STB < B. AsB isa
minimal bi-ideal of S, al'ST'a = B. This shows B itself a bi-simple I'-semiring by Theorem 3.3.

Theorem 4.7: Let B be a bi-ideal of I'-semiring S with zero. If B is a 0-bi-simple I'-semiring, then B is a 0-minimal bi-
ideal of S.

Proof: As B is a hi-ideal of S,B is a sub I'-semiring of S by definition. Suppose B is a 0-bi-simple I'-semiring. Let
{0} # A be a bi-ideal of S such that A < B.

Hence ATBTA € ATSTA <€ A, since A is a bi-ideal of S. Therefore A is a bi-ideal of B. A € B, A is a bi-ideal of B and
B is a 0-bi-simple I'-semiring imply A = B.

Therefore B is a 0-minimal bi-ideal of S.

Theorem 4.8: Let B be a bi-ideal of a I'-semiring S with zero. If B is a 0-minimal bi-ideal of S then either BTB =+ {0}
or B is a 0-bi-simple I'-semiring .

Proof: Let B be a 0-minimal bi-ideal of S. For any 0 # a € B, alI'ST'a is a bi-ideal of S. al'STa < BI'STB < B. As B

is a 0-minimal bi-ideal of S and al'STa # {0}, aI'STa = B. This shows B itself a 0-bi-simple I'-semiring by Theorem
3.5.
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