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ABSTRACT 

In this paper, we give the existences and the representations of the group inverse for block matrix 







0C
BAC

 and 









0C
BAB

under the special condition.  

 
Keywords: block matrix; skew fields; group inverse. 
 
 
1. INTRODUCTION 
 
Let K is a skew fields, nmK × represents the set of nm× matrices over K . For ,m nA K ×∈ if X satisfying ,AXA X=

,XAX X AX XA= = . We call X is the group inverse ,A  we write #.X A=  In this paper, #.A I AAπ = −  
 
Some authors and experts have given the representations of the group inverses in ]1[  and ]2[ . Actually, generalized 
inverses have wide applications in many areas such as special matrix theory, singular differential and difference 

equations and graph theory. The presentations of block matrix 







DC
BAC

is givens in ]3[ under the assumption that 

A and BCAI 1−− are both invertible over any fields; however, the representation of the group inverse 







DC
BA

 is 

not given. In this paper, we obtain the representation of the block matrix 







0C
BAC

and 







0C
BAB

. 

 
2. PREPARATION KNOWLEDGE 
 
In order to prove the main results, we give some lemmas. 
 
Lemma: ]1[1  Let nmKA ×∈ , then #A exists if and only if 2rankArankA = . 
 
Lemma: ]1[2 Let nmKBA ×∈, , if ( ) ( )BArankABrankrankBrankA === , 则, ( )#AB and ( )#BA exists, then 
the following conclusions hold: 
(1) ( ) AAABAB =#      

(2) ABABAA =#)(      

(3) ( ) BBBABA =#
 

(4) ( )##)( BABAAABB =          

(5) ( ) ( ) AABBAA ## =  
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Lemma: ]2[3 Let nnKXA ×∈, , then #AX = if and only if rankArankXXAAXAAXA ≤== ,, . 
 
3. MAIN CONCLUSION  
 

Theorem: 1 Let 2 2 ,
0

l lAC B
M K

C
× 

= ∈ 
 

and rankCrankB ≥ , then： 

(1) #M exists if and only if ( ) ( )CBrankBCrankrankCrankB ===  

(2) If #M exists, then  
 

( ) ( ) ( ) ( ) ( )[ ]
( ) ( ) ( ) 












−
−=

BBCACBCCBCC
BBCACBCBCBCACBCM

###

2###
#

ππ

 

 
Proof: Because 

rankCrankB
C

B
rank

C
BAC

rankrankM +=







=








=

0
0

0
 

 









=







 +
=

CBCAC
BC

rank
CBCAC
ACBBCACAC

rankrankM
02  

 
First, we prove the ‘if’ part  
 

According to the lemma 2, if ( ) ( )CBrankBCrankrankCrankB === , then ( )# ,CB CB C C=   

So ( )# ,CAC CB CB CAC=  we get 

( ) ( )CBrankBCrank
CB

BC
rank

CBCAC
BC

rank +=







=








0

00
 

 
So， 2.rankM rankB rankC rankBC rankCB rankM= + = + =  
 
Second, we prove ‘only if’ part  
 
Science #M exists if and only if 2rankMrankM = , we have  

























=








=+

BAC
I

C
BC

rank
CBCAC

BC
rankrankCrankB

0
0

00
 

                              ( ) rankCBCrank
C

BC
+=








≤

0
0

 

 

























=








=+

CB
C

IAC
B

rank
CBCAC

BC
rankrankCrankB

0
000

 

                          ( )BCrankrankC
CB

C
+=








≤

0
0

 

 
Then ( ) ( ), ,rankB rank BC rankB rank CB≤ ≤  then  

( ) ( )CBrankBCrankrankB ==  
 
Because ( )CrankrankB ≥ , then ( ) ( )CBrankBCrankrankCrankB === . 
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(2) If #M exists, ( ) ( ) ( ) ( ) ( )[ ]
( ) ( ) ( ) 












−
−=

BBCACBCCBCC
BBCACBCBCBCACBCG

###

2### ππ

 

 

Write 







=

WZ
YX

G , we can obtain, 

 








 ++
=
















=

CYCX
BWACYBZACX

WZ
YX

C
BAC

MG
0

 

 









+
+

=















=

ZBWCZAC
XBYCXAC

C
BAC

WZ
YX

GM
0

 

 
( ) ( ) ( )#1111 BCBCGMMG ==    ( ) ( ) ( ) ( ) BBCACBCGMMG #

1212
π==  

 
( ) ( ) 02121 == GMMG           ( ) ( ) ( ) BBCCGMMG #

2222 ==  
 

Then 
( ) ( ) ( )

( ) 







==

BBCC
BBCACBCBCBCGMMG #

##

0

π

 

 
Because lemma 2, we can obtain: 

























=

00 C
BAC

WZ
YX

C
BAC

MGM =
( ) ( ) ( )

( ) 















BBCC

BBCACBCBCBC
C

BAC
#

##

00

π

 

               =
( ) ( ) ( ) ( )
( ) ( ) ( ) 







 +
BBCACBCCBCCBC

BBCBCBBCACBCACBCACBC
##

###

π

π

= 







0C
BAC

= M . 

 
According to the same theory, .GMG G=  So GM =# . 
 

Theorem: 2 Let 2 2 ,
0

l lAB B
M K

C
× 

= ∈ 
 

and , ,rankB rankC AB BA≤ =  then： 

(1) #M exists if and only if ( ) ( )CBrankBCrankrankCrankB ===  

(2) If #M exists, then  
 

    

( ) ( ) ( ) ( )
( )( ) ( ) 







−
−

= ##

####
#

CBABCBCBF
CBBBCBABCBBACBBM  

 

   ( )( ) ( ) ( ) ( ) ( )[ ] ( ) BCBABCBCBBCBACBABCBCBF #2#### −+−=  
 
Proof:  
(1) Because ,BAAB =  we can obtain 

      























−

=







=








00

0
00 I

IA
B

CAB
AI

I
C

BBA
C

BAB
 = 1−PNP  

 

     So, 







−

=
AI

I
P

0
, 








=

0B
CAB

N . 
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     So #M exists if and only if #N exists. According to Theorem 1, 
#

0 






B

CAB
 exists if and only  

     If ( ) ( )CBrankBCrankrankCrankB === . So #M exists if and only if 
 
    ( ) ( )CBrankBCrankrankCrankB === . 
 

(2) If #M exists, then 























−

== −

00
01##

I
IA

B
CAB

AI
I

PPNM  

 

     According to Theorem 1, ( ) ( ) ( ) ( ) ( )[ ]
( ) ( ) ( ) 












−
−=

BBCACBCCBCC
BBCACBCBCBCACBCN

###

2###
#

ππ

. 

 

     It is easy to compute 
( ) ( ) ( ) ( )

( )( ) ( ) 







−
−

= ##

####
#

CBABCBCBF
CBBBCBABCBBACBBM  

 

    ( )( ) ( ) ( ) ( ) ( )[ ] ( ) BCBABCBCBBCBACBABCBCBF #2#### −+−=  
 

     Let IA = ,then 







=

0C
BC

M , according to theorem 1, we can obtain the following corollary. 

 

Corollary: 1 Let llK
A

BA
M 22

0
×∈








= , and rankCrankB ≥ , then： 

(1) #M exists if and only if ( ) ( )ABrankBArankrankArankB ===  

(2) If #M exists, then  
 

( ) ( ) ( ) ( ) ( )[ ]
( ) ( ) ( ) 












−
−=

BBAABAABAA
BBAABABABAABAM

###

2###
#

ππ

 

 

Let IA = , then 







=

0C
BB

M , according to theorem 2, we can obtain the following corollary. 

 

Corollary: 2 Let 2 2 ,
0

l lA A
M K

B
× 

= ∈ 
 

 and ,rankBrankA ≤ , then： 

(1) #M exists if and only if ( ) ( )CArankABrankrankBrankA ===  

(2) If #M exists, then  
 

   
( ) ( ) ( ) ( )

( )( ) ( ) 







−
−

= ##

####
#

BAABABAF
BAAABAABAABAAM      

   ( )( ) ( ) ( ) ( ) ( )[ ] ( ) ABAABABAABABAABABAF #2#### −+−=  
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