International Research Journal of Pure Algebra -3(12), 2013, 357-361
@Available online through www.rjpa.info ISSN 2248-9037

MORE ON PAIRWISE ALMOST NORMAL SPACES
P. Padmal*, K. ChandrasekharaRao? and S. Udayakumar3
1Department of Mathematics, PRIST University, Kumbakonam, India.
2Department of Mathematics, SASTRA University, Kumbakonam, India.

3Department of Mathematics, A.V.V.M. Sri Puspam College, Poondi, Tanjore, India.

(Received on: 27-11-13; Revised & Accepted on: 11-12-13)

ABSTRACT

The main focus of this paper is to introduce the properties of pairwise almost Hausdorffand pairwise almost
normalspaces. Also we introduce the Urysohn lemma using pairwise almost normal.
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1. INTRODUCTION

Since the formal study of bitopological space began with the paper of Kelly (1963) considerable effort has been
expanded in obtaining appropriate generalization of standard topological properties in the bitopological category.

Some of the problems of and alternative definition for, bitopological compactness have been discussed by Cooke and
Reilly (1975).

The class of nearly compact spaces was introduced by Singal & Mathur [11] and has since been considered by several
authors, see [7, 8, 13].

In [2] the authors, introduced the notion of pairwise extremally disconnected spaces and investigated its fundamental
properties.

The notion of R, topological spaces introduced by Shanin in 1943. Later, A. S. Davis [6] rediscovered it and studied
some properties of this weak separation axiom. Several topologists further investigated properties of R, topological
spaces and many interesting results have been obtained in various contexts. In the same paper, A. S. Davis
alsointroduced the notion of R; topological space which is independent of bothT, and T; but strictly weaker than
T,.Bitopological forms of these concepts have appeared in the definitions of pairwise R, and pairwise R; spaces given
by Mrsevic [14].

The main focus of this paper is to introduce the properties of pairwise almost Hausdorff and pairwise almost normal
spaces .Also we introduce the Urysohn lemma using pairwise almost normal.

2. PRELIMINARIES
If A is a subset of X with a topology t, then the closure of A is denoted by t - cl (A) or cl (A), the interior of A is
denoted by t - int (A) or int (A) and the complement of A in X is denoted by A°. Now we shall require the following

known definitions and prerequisites.

Definition: 2.1 A topological space (X, t) is almost normal if for each pair of disjoint sets A & B one of which is
closed and other is regularly closed, there exists open sets U & V suchthat AcU,BcV&UnNV =4¢.
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Definition: 2.2 A subset A of a topological space (X, 1) is said to be regular open if A = int [cl (A)].
Definition: 2.3 A space X is nearly compact if every regularly open cover has a finitesubcover.

Definition: 2.4 Let f: X— R. f is upper semi continuous if {x: f (x) < b} V b € R is open in X. f is lower semi
continuous if {x: f(x) >b} Vb e R.

f is continuous < f is upper semi continuous and lower semi continuous.
Definition: 2.5 A subset A of (X, 1y, 1) is said to be (1, t1) - regularly closed if A = 1,- ¢l (t1- int (A)).

Definition: 2.6 A bitopological space (X, 11, 1) is pairwise almost Hausdorffif for every pair x, y with x =y,
3 a ;- regular open neighborhood U of x and3 a t, - regular open neighborhood V of y such that U NV = ¢.

Definition: 2.7 - A bitopological space (X, 11, o) is called pairwise Urysohn, if for any two points x and y of X such
that x# y , there exists a 7 ;- open set U and a ;- open set V suchthat x € U,y € V, 5-¢l (U ) nti- ¢l (V) = ¢
where i, j=1,2and i #].

Definition: 2.8 - A bitopological space (X, 1y, o) is called pairwise T, or pairwise Hausdorffif given distinct points
X,y of X, there is a 1;- open set U and a 7j- open set V such thatx e U,y e V, U NV = ¢wherei,j=1, 2 and i #j.

Definition 2.9: A space (X, 1) is said to be extremally disconnected if the closure of every open set is open.

Definition 2.10 [2]: A bitopological space (X, 11, 1,) is said to be

i) (i, 7;) - extremally disconnected if 1;- closure of every 7; - open set is Tj- open in (X, 1y, 12 ).

ii) Pairwise extremally disconnected if (X, 1, 12) is (t, 7)) - extremally disconnected and (tj, ) - extremally
disconnected

3. PAIRWISE ALMOST NORMAL

Definition3.1: (X, 13, 1) is pairwise T if for every pair X, y with x =y, 3 a t; - open set U such that x € U, yeU or
2

Jart,-opensetVsuchthaty € V, xgV.

Theorem 3.1: (X, 11, 1) is pairwise T1 if either (X, t1) is Ty or (X, 1p) is Ty.
2

Proof: Suppose that (X, t;) is T;.

Letx =y in X.

—=3Jat; - open set U such that x € U, ygU.
Suppose that (X, tp) is Ty.

—=dat, - open set V such thaty € V, xgV.

Hence (X, 13, 12) is pairwise T1.
2

Note 3.1:t = {all open sets}
©" = {all regularly open sets}
’L'* cCT.

Definition 3.2: A bitopological space (X, 13, 1,) is said to be an 1,1, - R, space if each t; - open set is t, - regularly
open.

Definition 3.3: A bitopological space (X, 11, 1) is said to be an 1, - CL space if each t; - open set is 1, - closed.
Theorem 3.2: If X is an t7,- Ry space < it is a 111, CL space.

Proof: If X is tyt,- CL space then it is t;7,- Ry Space since each t; - open and t, - closed set is t;7,- regularly open.
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Conversely,
LetG er14.
Then
A=X - (1,- ¢l (G) - G)
=X-1-¢cl(G)UG
Which is t; - open and 1, - regular open.

Theorem 3.3: Every 1, - nearly compact subset of a pairwise almost Hausdorff space (X, t4, 1) is 15 - regularly closed.

Theorem 3.4: Let (X, 11, o) is pairwise almost Hausdorff space. If (X, t;) is nearly compact then every 1, - regularly
closed set is 1, - regularly closed.

=1; € 15, where 77 = {t; - regularly closed sets}.
Consequently, 1,7, .

Proof: By hypothesis, (X, 1) is nearly compact.

= every 14 - regularly closed subset A is t,- nearly compact.
But (X, 11, 1) is pairwise almost Hausdorff space.

Hence by the theorem 3.3, Ais 1, - regularly closed.

= every 1, - closed subset is T, -closed 1)
LetGery .

Then A=X -G is 7 - closed.

By (1) Ais 75 - regularly closed.

Hence Get; .

=11 C T, .

Theorem 3.5: Let (X, ti,75) be a nearly bi compact space that is, (X, 77) and (X, 15 ) are nearly compact. Suppose
that (X, t1,73) is pairwise almost Hausdorff . Then 7y = 73 .

Proof: By hypothesis (X, 77, 73) is pairwise almost Hausdorff.
Suppose that (X, t7) is nearly compact.
By theorem 3.4, we have
1 C T @)

Similarly,
T; C T) 2

From above (1) and (2), it follows that
Tl = TZ .
Theorem 3.6: Every pairwise almost Hausdorff space is pairwise Hausdorff.

Definition 3.4: (X, T4, 1) is pairwise almost normal if for a t; - closed set and disjoint (t,, 11) - regularly closed set B,
31, - open nhd U of Aand 3 a 1, - open nhd V of B such that U NV = ¢.
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Theorem 3.7: (Analogue of Urysohn Lemma) A bitopological space (X, t1, 1,) is pairwise almost normal if and only
if for each t; - closed set A and (t,, 1y) - regularly closed set B with A N B = ¢, 3 a real valued function f on X such
that f (B) = {0}, f(A) ={1},f(X) < [0, 1] and f is t; - upper semi continuous and t, - lower semi continuous.

Proof:
Step 1: (Sufficiency)

Suppose that A is (t,, 11) - regularly closed set and B be a 1, - closed set with A n B = ¢.
Take f: X — [0, 1] as the Urysohn function.

By the semi continuity of g, we have
i) U={xeX:f(x) <%} is 1, - open.
i)V ={xeX: f(x)>>}is - open.

AlsoU NV =¢.

Since f (B) = {1}, Bc V.

Hence (X, 1y, 12) is pairwise almost normal.

Step 2: Necessity

Suppose that (X, 11, t5) is an pairwise almost normal.

Let B < X such that B is (t,, 11) - regularly closed.

Let A < X suchthat Ais 1y - closed setwithB A =¢ .

PutBy=Band K; = X -A.

Then By is (1o, T1) - regularly closed and K is t; - open and By K.

But (X, 11, 1) is pairwise almost normal.

Hence 3 a 1 - open set K1 and a (t,, 71 ) - regularly closed set Bi such that
’ BOCK%CB%CKl. ’

Apply our hypothesis to the pair By ,K1 and the pair B1 , K;.
2 2

We obtain a t; - open sets K1, K1 and (t,, t;) - regularly closed sets B1, B3 such that
2 4 4 4

BocKicBicKicBicK3cB3cK;.
T 4 2 2 T 4

Continue this process, we have a collection {B.} and another collection {K} for s = 2% withp=1,...,2° ! and
g=12, ... ....

Take Ks=¢ fors<0and K;= X if s >1.
Also B = ¢ if s <0, Bs = X for S > 1 whenever s is any other dyadic fraction.

Then
K,c Ko Bsc B; whenever k<s<t.

Also, Bic K; withs< t.
Define a function f: X — [0, 1] by f (x) = inf {t: xeK} for all x e X.

= f(X) = inf {t: xeB} for all x eX.
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S>0<f(X)<1VxeX
Also, f(X)=0VxeBandf(x)=1VxeX-K=A
Furthermore, f is t;, - upper semi continuous and t, - lower semi continuous.
This completes the proof.
Theorem 3.8: Every pairwise extremally disconnected & pairwise T, - space is pairwise Urysohn.
Proof: Suppose (X, 11, T2) be a pairwise extremally disconnected & pairwise T, - space.
To prove that (X, 1y, 12) is pairwise Urysohn.
Let x =y in (X, 11, T2).

Since (X, 1y, 1p) is pairwise Hausdorff, 3 an t; - open neighborhood U of x & 1, - open neighborhood V of y such that
UnV=6.

But (X, 11, 1) is pairwise extremally disconnected, 1, - ¢l (U) is t; - open &1, - ¢l (U) is t, - open.
Put t, - cl (U) =G &rt; - ¢l (V) = H.
Then G is 1, - open & H is 1, - open.
Thus, we have x=y.
=31, - closed neighborhood G of x &, - closed neighborhood H of y suchthat G H=¢ .
=(X, 11, Tp) is pairwise Urysohn.
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