
���������	
����
�
��������
�������������	�
����������������������

���� 
��
��
�
 ���!��
����"""#�$%�# ��
������������	
���

���������	
����
�
��������
��������������	�
����������������������������������������������������������������������������������������������������������������������������������������������������

 

SOME FIXED POINT RESULTS CONCERNING WITH USUAL METRIC SPACES 

FOR NON-SYMMETRIC RATIONAL EXPRESSIONS 
 

Rajesh Shrivastava*, Jitendra Singhvi
*1

, Ramakant Bhardwaj
**

and Shyam Patkar
** 

 

*Prof. & Head, Department of Mathematics Govt. Science & Commerce College, Benazeer, Bhopal 

 
*1

 Research scholar Department of Mathematics Govt. Science & Commerce College, Benazeer, Bhopal 

 

**Truba Institute of Engineering & Information Technology, Bhopal 

 

Email: jitendrasinghvi@gmail.com, rajeshraju0101@rediffmail.com, rkbhardwaj100@gmail.com 
�

(Received on: 06-07-11; Accepted on: 16-07-11) 

----------------------------------------------------------------------------------------------------------------------------------------------- 

ABSTRACT 

The present paper deals with some fixed point and common fixed point theorems in usual complete metric spaces for 

new symmetric rational expressions. 

 

��� �����������	��

�

Kew words: Complete Metric Space, Usual Metric Space, Fixed Point, and Common Fixed Point. 

------------------------------------------------------------------------------------------------------------------------------------------------ 

 

2. INTRODUCTION & PRELIMINARIES: 
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2.1 Usual Metric Space: A metric space ( ),X d is said to be usual metric space if it is defined as 1 

( ), ,d x y x y x y X= − ∀ ∈ 1, 2.3 ……, 

Theorem 3.1: - Let ( ),X d be a complete usual metric space and :T X X→ is self mapping; 

such that ( )2 ... 3.1.1T I=  

( )
( ) ( ) ( ) ( )

( )

( ) ( ) ( ) ( )

( )

( ) ( ) ( ) ( ) ( ) ( )

3

2

3

2

, , , ,
,

,

, , , ,

,

, , , , , ... 3 .1 .2

d x T x d y T y d x T y d x y
d Tx T y

d x y

d y T y d y T x d x T y d x y

d x y

d x Tx d y T y d x Ty d y T x d x y

α

β

γ δ η

+ � �� �≤
� �� �

+ � �� �+
� �� �

+ + + + +� � � �� � � �
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If , , , with 10 9 8 5 4x y x y X α β γ δ η≠ ∀ ∈ + + + + < then T has unique fixed point in X. 

 

Proof: Suppose x be any point in usual metric space X. Taking 

( ) ( )
1

,
2

y T I x z T y= + =  

( ) ( )2 2, , by def nd z x d Ty T x Ty T x= = −  

( )
3

2

3

2

y Ty Tx x y x y Tx
Ty T Tx

y Tx

Tx x Tx Ty y x y Tx

y Tx

y Ty Tx x y x Tx Ty y Tx

α

β

γ δ η

− − − + −
− ≤

−

− − − + −
+

−

+ � − + − � + � − + − � + −� � � �

 

3

2

3

2

1 1

2 8
1

4

1

2
1

4

1 1 1

2 2 2

y Ty Tx x x Tx x Tx

x Tx

Tx x Tx y y Ty x Tx x Tx

x Tx

y Ty Tx x x Tx x Tx y Ty x Tx

α

β

γ δ η

− − − + −
≤

−

− � − + − � − + −� �
+

−

� �
+ � − + − � + − + − + − + −� � � �� �

 

[ ]2 2
2 2

x Tx y Ty
α η

β γ δ α β γ δ
� �

= − + + + + + − + + +� �� �
 

 

[ ] [ ] ( )
1

2 2 2 2 2 ... 3.1.3
2

z x x Tx y Tyα β γ δ η α β γ δ− ≤ + + + + − + − + + +

Now for 2u x y z x Tx Ty− = − − = −  

              

3

2

3

2

x Tx y Ty x Ty x y

x y

y Ty y Tx x Ty x y

x y

x Tx y Ty x Ty y Tx x y

α

β

γ δ η

− − − + −
≤

−

− − − + −
+

−

+ � − + − � + � − + − � + −� � � �

 

[ ] ( ) ( )

2 3

2

3

2

1 1

2 8
1

4

1 1

2 2
1

4

1 1

2 2 2

1
2 2 ... 3.1.4

2

x Tx y Ty x Tx

u x

x Tx

y Ty x Tx Tx x x y

x Tx

x Tx y Ty x Tx x Tx x Tx

x Tx y Ty

α

β

η
γ δ

α β γ δ α β γ

− − + −
− ≤

−

− − − + −
+

−

� �
+ � − + − � + − + − + −� � � �� �

= + + + − + + + −
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Now 

[ ] [ ] [ ]

[ ]

[ ] [ ] ( )

1 1
2 2 2 2 2 2

2 2

2

1
2 3 4 3 4 3 2 ... 3.1.5

2

z u z x x u

x Tx y Ty x Tx

y Ty

x Tx y Ty

α β γ δ η α β γ δ α β γ δ

α β γ

α β γ δ η α β γ δ

− ≤ − + −

≤ − + + + + + − + + + + − + + +

+ − + +

= − + + + + + − + + +

 

 

On the other hand 

( )

( )

( )

( ) ( )

2

2

2 ... 3.1.6

Comparing 3.1.5  and 3.1.6

z u Ty y z

Ty y T y

z u Ty y

− = − −

= − +

− = −
 

 

( )
2 3 4 3

where 1
4 8 6 4 2

because10 9 8 5 4

1
Let , then

2

Ty y s Tx x

s

R T I

α β γ δ η

α β γ δ

α β γ δ η

− ≤ −

+ + + +
= <

− + + +

+ + + + <

= +

 

 

( ) ( )( ) ( ) ( )

( )( ) ( )

( )

2 2,

1

2

2

d R x R x R x R x

R R x R x

R y y

y Ty

s
x Tx

= −

= −

= −

= −

< −

 

i.e.  

( ) ( )( ) ( )2 , ,
2

s
d R x R x d x Tx<  

 

By the definition of R, we claim that ( ){ }n
R x in a Cauchy sequence in X. By the completeness of X, ( ){ }nR x  

Converges to some element 0x in X. So 

 

( ){ }

( ){ }
( )

0

0 0

0 0

0

lim

So

Hence 

So  is a fixed point of .

n

n
R x x

R x x

T x x

x T

→∞
=

=

=
 

 

Uniqueness: If possible let 0 0y x≠ is another fixed point of T. 
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( )0 0 0 0

3

0 0 0 0 0 0 0 0

2

0 0

3

0 0 0 0 0 0 0 0

2

0 0

0 0 0 0 0 0 0 0 0 0

,d x y x y

x Tx y Ty x Ty x y

x y

y Ty y Tx x Ty x y

x y

x Tx y Ty x Ty y Tx x y

α

β

γ δ η

= −

− − − + −
≤

−

− − − + −
+

−

+ � − + − � + � − + − � + −� � � �

 

( )

( ) ( ) ( )
0 0 0 0

0 0 0 0

2

. . , 2 ,

x y x y

i e d x y d x y

α β δ η

α β δ η

− ≤ + + + −

≤ + + +
 

 

Which is a contradiction. 

 

So 0 0x y=  

 

Hence fixed point is unique. 

 

Now we prove common fixed point theorems for two mappings. 

 

Theorem: 3.2 Let K be closed and convex subset of a complete Usual Metric Space X.  

:LetT K K→ and :G K K→ satisfies the following conditions. T and G commute                        … (3.2.1) 

( )2 2  and ... 3.2.2T I G I= =  

Where I denotes the identity mapping. 

 

( )
( ) ( ) ( ) ( )

( )

( ) ( ) ( ) ( )

( )

( ) ( ) ( ) ( ) ( )

3

2

3

2

, , , ,
,

,

, , , ,

,

, , , , ,

d Gx Tx d Gy Ty d Gx Ty d Gx Gy
d Tx Ty

d Gx Gy

d Gy Ty d Gy Ty d Gx Ty d Gx Gy

d Gx Gy

d Gx Tx d Gy Ty d Gx Ty d Gy Tx d Gx Gy

α

β

γ δ η

+ � �� �≤
� �� �

+ � �� �+
� �� �

+ + + + +� � � �� � � �

 

 

For every ( ), , , , , , [0,1[ with  and , 0 and 10 9 8 5 4x y X x y d Gx Gyα β γ δ η α β γ δ η∈ ∈ ≠ ≠ + + + + <  

then T and G have unique common fixed point. 

 

Proof: Suppose x is point in usual metric space X. We have taken non-contraction mapping. So it is clear that 

( )
2

TG I=  

Now 

( ) ( ) ( )( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

3
2 2 2 2 2 2 2 2

2
2 2

3
2 2 2 2 2 2 2 2

2
2 2

2 2 2 2 2 2 2 2

2 2

, ,d Tx Ty d TG Gx TG Gy TG Gx TG Gy

G G x T G x G G y T G y G G x T G y G G x G G y

G G x G G y

G G y T G y G G y T G x G G x T G y G G x G G y

G G x G G y

G G x T G x G G y T G y G G x T G y G G y T G x

G G x G G y

α

β

γ δ

η

= = −

− − − + −
≤

−

− − − + −
+

−

� � � �+ − + − + − + −
� � � �

+ −
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( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

3

2

3

2

G x TG G x G y TG Gy G x TG Gy G x G y

G x G y

G y TG Gy G y TG Gx G x TG Gy G x G y

G x G y

G x TG Gx G y TG Gy

G x TG Gy G y TG Gx G x G y

α

β

γ

δ η

− − − + −
=

−

− − − + −
+

−

� �+ − + −� �

� �+ − + − + −� �

 

Taking ( ) ( ), , where G x p G y q p q= = ≠  

( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( )

( ) ( )

3

2

3

2

TG Gx TG Gy TG p TG q

p TG p q TG q p TG q p q

p q

q TG q q TG p p TG q p q

p q

p TG p q TG q

p TG q q TG p p q

α

β

γ

δ η

− = −

− − − + −
=

−

− − − + −
+

−

� �+ − + −� �

� �+ − + − + −� �

 

 

Taking   we getTG R=  

( ) ( )
( ) ( ) ( )

( ) ( ) ( )

( ) ( )

( ) ( )

3

2

3

2

p R p q R q p R q p q
R p R q

p q

q R q q R p p R q p q

p q

p R p q R q

p R q q R p p q

α

β

γ

δ η

− − − + −
− ≤

−

− − − + −
+

−

� �+ − + −� �

� �+ − + − + −� �

 

 

It is clear by theorem (3.1) that R TG= has at least one fixed point say 0  in .x K That is  

( ) ( )

( )( )

( ) ( )

( ) ( )

0 0 0

0 0

2

0 0

0 0

 

and so  

or

R x TG x x

T TG x Tx

T Gx T x

G x T x

= =

=

=

=

 

 

Now 

( )

( )

( ) ( )

( )

( ) ( ) ( ) ( ) ( )

( )

( ) ( )

( ) ( )

( )

0 0 0 0

2

0 0

3

0 0 0 0 0 0 0 0

2

0 0

3

0 0 0 0 0 0 0 0

2

0 0

0 0 0 0

0 0 0 0

0 0

,d Tx x Tx x

Tx T x

Gx Tx Gx T Tx Gx Tx Gx G Tx

Gx G Tx

G Tx T Tx G Tx Tx Gx T Tx Gx G Tx

Gx G Tx

Gx Tx G Tx T Tx

Gx T Tx G Tx Tx

Gx G Tx

α

β

γ

δ

η

= −

= −

− − − + −
≤

−

− − − + −
+

−

� �+ − + −� �

� �+ − + −� �

+ −
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Clearly 

 

[ ]

( )

0 0 0 0

0 0

2

which is a contradication. Because 2 1

So 

Tx x Tx x

T x x

α β δ η

α β γ η

− ≤ + + + −

+ + + <

=

 

That is 0x is the fixed point of T. 

 

But ( ) ( )0 0 0 0&T x Gx G x x= =  

 

Hence it is the common fixed point of T and G. 

 

Uniqueness: If possible let 0 0y x≠ is another common fixed point of T and G then 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( )

2 2

0 0 0 0 0 0 0 0

3

0 0 0 0 0 0 0 0

2

0 0

3

0 0 0 0 0 0 0 0

2

0 0

0 0 0 0

0 0 0 0

0 0

,d x y x y T x T y T Tx T Ty

G Tx T Tx G Ty T Ty G Tx T Ty G Tx G Ty

G Tx G Ty

G Ty T Ty G Ty T Tx G Tx T Ty G Tx G Ty

G Tx G Ty

G Tx T Tx G Ty T Ty

G Tx T Ty G Ty T Tx

G Tx G Ty

α

β

γ

δ

η

= − = − = −

− − − + −
≤

−

− − − + −
+

−

� �+ − + −� �

� �+ − + −� �

+ −

 

 

i.e. 

[ ]

( ) ( )

0 0 0 0

0 0

0 0 0 0

0 0

2   but  2 1

So  

. .

, ,

Which is a contradiction.

So . . common fixed point is unique.

x y x y

x y

i e

d x y d x y

x y i e

α β δ η α β δ η− ≤ + + + − + + + <

=

<

=
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