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ABSTRACT

The purpose of this paper we establish common fixed point theorems for six self maps by using compatible of type (a)
with integral type inequality, without appeal to continuity in fuzzy metric space.
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1. INTRODUCTION

In 1965, Zadeh [17] introduced the concept of Fuzzy sets. The concept of fuzzy sets, fuzzy metric spaces have been
introduced by Kramosil and Michalek [9]. George and Veeramani [5] modified the notion of fuzzy metric spaces with
the help of continuous t-norms. Grabiec [6] has proved fixed point results for Fuzzy metric space. Singh and Chauhan
[13] introduced the concept of compatible mappings of Fuzzy metric space and proved the common fixed point
theorem. Singh and Jain [14] studied the notion of weak compatibility in FM - spaces (introduced by Jungck and
Rhoades [7] in metric spaces). Recently, some fixed point results for mappings satisfying an integral type contractive
condition are obtained by Altun, Turkoglu and Rhoades [1], Rhoades [11], Vijayaraju, Rhoades and Mohanraj [16] and
Sedghi, Shobe and Aliouche [12]. Suzuki [15] showed that Meir-Keeler contractions of integral type are still Meir-
Keeler contractions. Jungck et. al. [8] introduced the concept of compatible maps of type (A) in metric space and
proved fixed point theorems. Integral type contraction principle is one of the most popular contraction principles in
fixed point theory. The first known result in this direction was given by Branciari [2] in general setting of lebgesgue
integral function and proved fixed point theorems in metric spaces. In this paper the results Rangamma and Padma [10]
are also assist. Cho [3, 4] introduced the concept of compatible maps of type (o) and compatible maps of type (B) in
fuzzy metric space.

The aim of this paper is to prove a common fixed point theorem for six mappings using compatible of type (o) with
integral type inequality, without appeal to continuity.

2. PRELIMINARIES
Definition: 2.1 Let X be any set. A fuzzy set in X is a function with domain X and values in [0, 1].

Definition: 2.2 A binary operation *: [0, 1] x [0, 1]— [0, 1] is called a continuous t-norm if * is satisfying the follow-
ing conditions:
a) * is commutative and associative,
b) * is continuous,
c)a*1=aforallae[0, 1],
d)a*b<c*dwhenevera<candb<dforalla,b,c,d €0, 1].
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Definition: 2.3 The 3-tuple (X, M, *) is said to be a Fuzzy metric space if X is an arbitrary set, * is a continuous t-norm
and M is a Fuzzy set in X? x [0, ) satisfying the following conditions: for all x, y, z € X and s, t > 0.

(FM-1) M(x, y, 0) = 0,

(FM-2) M(x, y, t) =1 for all t > 0 if and only if x =y,

(FM-3) M (x, y, ) = M (y, X, 1),

(FM-4) M(x, y, t) * M(y, z,5) < M(X, z, t + 8),

(FM-5) M(x, y, .) : [0, ) — [0, 1] is left continuous,

(FM-6) lim h_, M(x, y, t) =1.

Note that M(x, y, t) can be considered as the degree of nearness between x and y with respect to t. We identify x = y
with M(x, y,t) =1 forall t > 0.

Definition: 2.4 Let (X, M,*) be fuzzy metric space then,
a) A sequence {x,} in X is said to be convergent to x in X if for each € > 0 and each t > 0, there exists np € N
such that M(x,,, x,t) > 1 -eforalln>n,.
b) A sequence {x,} in X is said to be Cauchy sequence for each £ > 0 and t > 0, there exists ny € N such that
MXm, X, £) > 1 - € forall m, n>n,.
c) A fuzzy metric space in which every Cauchy sequence is convergent is said to be complete.

Definition: 2.5 Self mappings A and S of a Fuzzy metric space (X, M, *) are said to be compatible if and only if
M(ASX,, SAX,, t) — 1 for all t > 0, whenever {x,} is a sequence in X such that Sx,, Ax, — p for some p in X as
n — oo,

Definition: 2.6 Self map A and S of a fuzzy metric space (X, M, *) are said to be compatible of type (o) if and only if
M(ASX,, SSx,, t) — 1 and M(AAX,, ASx,, t) — 1 forall t >0,

where {x,}, isasequence in X such that Ax, , Sx, — p for some p in Xasn — .

Note that compatible map of type (a) is equivalent to the compatible map of type (B).

Lemma: 2.7 In a fuzzy metric space (X, M, *) limit of a sequence is unique.

Lemma: 2.8 Let (X, M, *) be a fuzzy metric space. For all x, y € X, M(X, y, ¢) is non decreasing.

Lemma: 2.9 Let (X, M, *) be a fuzzy metric space if there exists k € (0, 1) such that M(x, y, kt) > M(x, y, t) thenx = y.

Lemma: 2.10 Let {x,} be a sequence in a fuzzy metric space (X, M, *). If there exists a number k € (0, 1) such that
M(X, Xns+1, Kt) = M(Xn.1, X, ,t) for all t > 0 and n € N, then {x,} is a Cauchy sequence in X.

Proposition: 2.11 In a fuzzy metric space (X, M,*), if a* a>a for all a € [0, 1] then a* b = min {a, b} for all a, be[0, 1].

Definition 2.12: Self maps A and S of a Fuzzy metric space (X, M, *) are said to be compatible maps of type (B) if
M(AAX,, SSx,, t) — 1 for all t > 0, whenever {x,} is a sequence in X such that Sx,, Ax, — p for some p in X as
n— oo,

3. RESULT

Theorem: Let P, Q, A, B, Sand T be self maps of a complete fuzzy metric space from X into itself such that
(3.1.1) AB(X) c P(X), ST(X) € Q(X),
(3.1.2) AB=BA,ST=TS,QB=BQ,PT=TP,

(3.1.3) (AB, Q) is compatible of type (a) and (ST, P) is weakly compatible
M (ABx ,STy kt) min {M (ABx ,Qx,t),M (STy Py ,t),M (Qx,Py,t),M (Qx,STy ,t),M (ABx ,Py,t)}

(3.14) f; EW)dv=> [ EW)dv
forallx,y € X,k € (0,1),t>0.

Where € : [0, +o0] — [0, 4+] is a lebgesgue integrable mapping which is summable on each compact subset of [0, +oo]
non negative and such that for all € > 0, fog &(v)dv > 0. Then A, B, S, T, P and Q have a unique common fixed point in
X.

Proof: Let X, € X, then by AB(X) c P(X), there exists a point x; € X such that
ABXO = PXl,

Since ST(X) < Q(X) for this point x;, we choose a point x, € X such that
STXl:QXZ_
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Inductively, we can Now consider a sequence {x,} and {y,} in X as follows
ABXon = PXone1 = Yon @and STXpne1 = QXoneo = Yoneg forn=1,2,3, ...

Step - 1. Put X = Xpne1 @nd y = X, i (3.1.4), we get

fM (ABX2n+1,STx2p,kt) é(v) dv

0
min {M(ABx24+1,QX2n+1,£),M(STx2,,PX21,t),M(Qx2n+1,PX2n,t),M(Qx24 +1,STx21,t),M(ABX2p +1,PX24,1)}

> fo E(v)dv

min M(y2n-1.y20,OM (Y2n—1, Y20 +1,t)M Y20y 20 +1,0)}

fOM(YZH‘YZn+lrkt) é(V)dV > fg é(V)dV

min {M(y2n-1y20,OM(y20-1, y2n,) M 2020+ 1,D0MF 20 y2n+1,.0}

>, E(v)dv
min {(M(y2n-1,Y2n,My2n,y2n+1,0}

>

>, EW)dv

From lemma 2.8 and lemma 2.10, we have

M(y n,Y2n ,kt) min {M(yzn— ,yon t MY 2n,y2n 41,0}
fO 2 2n+1 é(V)dVZ fo ( 2 1,¥2 ) 2 2n+1 &(V)dv

Similarly, we have

M(y2n ,¥2n ,kt) min {M(y n,¥2n+1,t M2n+1,Y2n+2,0}
fo 2n+1,Y2n+2 &(V)dVEfO ( 2 2n+1 ) 2n+1,Y2n+2 &(V)dv

Since &(v)dv is a lebesgue integrable function so we have

M(Yans1, Yanez, Kt) = M(y2n, Yane1, t)
Similarly, we have

M(Yzn+2: Yons3, Kt) > M(Yons1, Yons2, 1.
Thus, we have

M(Yns1, Yns2, Kt) = M(Yn, Yoir, t) forn=1, 2, ...

M(Yna Yo+t t) > M(yn-l! Yni i)
2 M(yn-z, yn—l: kLz)

> M(Yo, Y1, kip) — 1 asp — o, and hence M(Yy, Yn+1, ) — 1 asn — oo for any t > 0.
For each € > 0and t > 0, we can choose ny € N such that

M(Yn, Yns1, £) > 1 - ¢ forall n>ng.

Forany m, n € N, we suppose m > n. Then we have

M(Yn, Yins 1) = MY, Yt =) * MY, Yoz =) * . * M1, Yony —)
>(1-¢g)*(1-¢g)*..*(1-¢)(m-n)times
>(1-¢)

and hence {y,} is a Cauchy sequence in X. Since X is complete {y,} converges to some point z € X. And also
subsequences of {y,}, they also converges to the same point z i.e.,

{Pxon+1}— z and {QXyn}— 2 ash — .

{ABx,}— z and {STXop41}— 2
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As (AB, Q) is compatible of type (o), we have M(ABABXz,, QQXon, t) =1 V t>0.
ABz =Qz.
Step - 2. Put X = QX,, and y = Xon41 in (3.1.4) we have

E(v)dv

> J‘F(M(ABQXZH'QQXant)'M(STX2n+1rPX2n+lrt)‘M(QQXZH'PX2n+1‘t)nM(QQXanSTX2n+1rt)'M(ABQX2anX2n+1't)} E(v)dv
—J0

J-M (ABQ x21,STx2p +1,kt)
0

Taking n — o, we get

fM(ABZ ,z,kt) F(M(ABz ,ABz t),M(z,z,t),M (ABz ,z,t),M (ABz ,z,t),M (ABz ,z,t)

E(v)dv >f E(v)dv

fM(ABz ,z2,kt) M(ABz ,z,t)

EW)dv= [y EV)dv

Since &(v)dv is a lebesgue integrable function this implies
M(ABz, z, kt) > M(ABz, z, t)
So by lemma 2.10, we have ABz = z. Therefore ABz = Qz = z.

Step - 3. Put x = Bz and y = X,n41 in (3.1.4) we have

fM(ABBz ,STX2n +1,kt) F(M (Px2141,QBz,t),M(ABBz ,Px 2y, +1,t),M (STx 2 +1,QBz,t),M (ABBz ,QBz ,t),M (STx 2 +1,PX2n 11,0),

; EWdv=> [ E(v)dv

Taking n — o, we get

fM(ABBz z,kt) F(M(z,QBz ,t),M (ABBz ,z,t),M (z,QBz ,t),M (ABBz ,QBz ,t),M (z,z,t),

0 TEWdv [y

Since AB =BA and QB = BQ

E(W)dv

So AB(Bz) = BA(Bz) = B(ABz) =Bz
And QBz = BQz = Bz.

fM(BZ ,z,kt) F(M(z,Bz,t),M (Bz,z,t),M (z,Bz,t), M (Bz,Bz ,t),M(z,z,t),

E(v)dv >f E(w)dv

fM(BZ ,z,kt) M (Bz,z,t)

Ew)dv= [ E(v)dv

Since &(v)dv is a lebesgue integrable function this implies

M(Bz, z, kt) > M(Bz, z, 1)

Then by lemma 2.10, we have Bz = z.

So ABz =z which implies that Az = z.

Hence ABz=Az=Bz=Qz=z

Step - 4. AB(X) c P(X), then their exists u € X such that ABz = Pu = z.

Putx=zandy=uin (3.1.4) we have

fM(ABz STu ,kt) F(M(Pu,Qz,t),M (ABz ,Pu,t),M(STu ,Qz,t),M (ABz,Qz,t),M (STu ,Pu,t),

o EWdv= [y

fM (z,STu kt)

E(v)dv

F(M(z,z,t),M(z,z,t), M (STu ,z,t),M (z,2,t), M(STu ,z,t),

E(v)dv >f E(v)dv
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fM(Z ,STu kt) M (z,STu,t)

EW)dv= [y E(v)dv

Since &(v)dv is a lebesgue integrable function this implies

M(STu, z, kt) > M(STu, z, t)

So by lemma 2.10, we have STu = z. Therefore Pu=STu =z.

Step - 5. (ST, P) is weakly compatible, STPu = PSTu which implies STz = Pz.
Putx=zandy=zin (3.1.4) we have

fM(ABZ ,STz kt) F(M(Pz,Qz,t),M(ABz ,Pz,t),M (STz,Qz,t),M (ABz ,Qz,t), M (STz ,Pz,t),

0 EW)dv= [ E(V)dv

fM(Z Pz, kt)i( )d >fF(M(Pz ,2,t),M (z,Pz,t),M (Pz,z,t), M (z,z,t),M (Pz,Pz,t), E_,(V)dV

fM(Z Pz kt) M(z,Pz,t)

EW)dv> f) E(v)dv

Since &(v)dv is a lebesgue integrable function this implies
M(Pz, z, kt) > M(Pz, z, t)

So by lemma 2.10, we have Pz=z. So STz=Pz =z

Step - 6. Putx=zandy = Tzin (3.1.4) we have

F(M(PTz,Qz,t),M (ABz ,PTz,t), M (STTz ,Qz,t),M (ABz ,Qz,t),M (STTz ,PTz t),

M(ABz STTz kt)
[T ey ] Wy
fOM (z,STTz kt) é( Ydv > fF(M (PTz,z,t),M (z,PTz,t) M(STTz ,z,t) M (z,2,t), M(STTz ,PTz t), &(V)dv

Since ST =TS, PT = TP, so we have
PTz=TPz=Tz
And ST(Tz) =TS(T2) =T(STz) =Tz.

fM(Z ,Tz kt) F(M(Tz,z,t),M(z,Tz,t), M (Tz,z,t), M (z,z,t),M (Tz,Tz,t),

EWdvz [ §(v)dv

M(z,Tz,t)

E(v)dv

fM(Z ,Tz,kt)

Ew)dv= f;
Since &(v)dv is a lebesgue integrable function this implies M(Tz, z, kt) > M(Tz, z, t)
So by lemma 2.10, we have Tz=z. S0 STz=Sz=z.

Hence STz=Sz=Tz=Pz=1z.

On combining we get ABz = Az =Bz = Qz = STz =Sz = Tz = Pz = z. Hence z, is the common fixed point of A, B, S,
T,Pand Q.

Uniqueness: Let w be the another common fixed point of A, B, S, T, P and Q, then

Step 7. Put x =z and y = win (3.1.4) we have

fM(ABZ ,STwkt ) F(M(Pw,Qz,t),M (ABz ,Pw,t),M(STw ,Qz,t),M(ABz,Qz,t), M (STw ,Pw ,t),

0 EW)dv= [ E(W)dv

fM(ZWkt)é( )d > fF(M(wzt)M(zwt)M(wzt)M(zzt)M(wwt) &(V)dv

fM(zwkt)a( )d >fM(ZWt)§(V)dV
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Since &(v)dv is a lebesgue integrable function this implies

M(w, z, kt) > M(w, z, t)

So by lemma 2.10, we have w = z.

Hence z, is unique common fixed point of A, B, S, T, P and Q.

If we take B = T = | (Identity mapping) in Theorem 2.1 then we get the following result.

Corollary: Let P, Q, A and S be self maps of a complete fuzzy metric space from X into itself such that
(@ A(X) < P(X), S(X) = Q(X),
(b) (A, Q) is compatible of type (B) and (S, P) is weakly compatible

M (Bx,Sy kt) F(M(Py,Qx,t),M (Ax,Py,t),M (Sy,Qx,t),M (Ax,Qx,t),M (Sy Py t),

(2.14) EWdv> [ gw)dvforallx,y € X,k € (0,1),t>0.

where & : [0, +o0] — [0, 4+] is a lebgesgue integrable mapping which is summable on each compact subset of [0, +oo]
non negative and such that for all € > 0, fog E(v)dv > 0. Then A, S, P and Q have a unique common fixed point in X.
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