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ABSTRACT

In this paper the terms, completely prime ideal, prime ideal, completely semiprime ideal, semiprime ideal, prime
radical and complete prime radical in a po ternary semigroup are introduced. It is proved that in a po ternary
semigroup (i) A is a prime ideal of T, (ii) Fora,b,c €T; <a><b><c>cAimpliesa €Aorb €Aorc €A,
(iii) For a; b; ¢ € T; T*T!aT T T'T'c T'T* €A impliesa €A orb €A or c €A are equivalent. It is proved that A A
po ternary ideal P of a po ternary semigroup T is (1) completely prime iff T\P is either a po ternary subsemigroup of T
or empty (2) prime iff T\P is either an m-system or empty. It is also proved that every completely prime ideal of a po
ternary semigroup is prime. In a globally idempotent po ternary semigroup, it is proved that every maximal ideal is
prime. It is also proved that a globally idempotent po ternary semigroup having a maximal ideal contains semisimple
elements. It is proved that a po ternary ideal A of a po ternary semigroup T is completely semiprime if and only if
x €T, x® €A implies x €A. It is proved that if A is a completely semiprime ideal of a po ternary semigroup T, then
X, Y, Z €T, xyz € A implies that xyTTz € A, xTTyz € A and xTyTz <€ A. It is also proved that every completely
semiprime ideal of a po ternary semigroup is semiprime. It is proved that a po ternary ideal A of a po ternary
semigroup T is completely semiprime if and only if T\A is a d-system of T or empty. It is also proved that the nonempty
intersection of a family of (1) completely prime ideals of a po ternary semigroup is completely semiprime (2) prime
ideals of a po ternary semigroup is semiprime. And also proved that a po ternary ideal Q of a semigroup T is
(1) semiprime iff T\Q is either an n-system or empty. It is proved that if N is an n-system in a po ternary semigroup T
and a €N, then there exist an m-system M in T such thata € M and M CN. It is proved that to each ideal A of a

semigroup T, we associate four types of sets namely A;, Ay, As, A, and we proved that Ac A, c A, c A, C A.
In a commutative po ternary semigroup, it is proved that A; = A, = A; = A, and in general po ternary semigroups, it is
proved that A # A, # A, # A, by means of examples. It is proved that in a po ternary semigroup T if A, B and C

are ideals of T, then i) AcB= /A = /B , ii) if AnBAC # gthen~/ABC = JANBNC =JANVBN~C

and iii) \/\/K = \/Z In a po ternary semigroup T if A is a po ternary ideal, then \/Z is a semiprime ideal of T.
It is proved that a po ternary ideal Q of a po ternary semigroup T is semiprime iff \/6 =Q. Itis proved that in a po

ternary semigroup T with identity there is a unique maximal ideal M such that YM" =M for all odd natural
numbers n. Further it is proved that if A is a po ideal of a po ternary semigroup T then \/K= {x €T: every
m-system of T containing x meets A} i.e., JA = {(xeT:-M(X)NA=J}
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Key Words: completely prime ideal, prime ideal, completely semiprime ideal, semiprime ideal, prime radical and
complete prime radical.
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1. INTRODUCTION

The algebraic theory of semigroups was widely studied by CLIFFORD [2], [3], PETRICH [11] and LYAPIN [10]. The
ideal theory in general semigroups was developed by ANJANEYULU [1]. The theory of ternary algebraic systems was
introduced by LEHMER [8] in 1932. LEHMER investigated certain algebraic systems called triplexes which turn out to
be commutative ternary groups. Ternary semigroups are universal algebras with one associative ternary operation. The
notion of ternary semigroup was known to BANACH who is credited with example of a ternary semigroup which can
not reduce to a semigroup. SANTIAGO [12] developed the theory of ternary semigroups. SIOSON [15] introduced the
ideal theory in ternary semigroups. He also introduced the notion of regular ternary. In this paper we introduce the
notions of completely prime ideal, prime ideal, completely semiprime ideal, semiprime ideal, prime radical and
complete prime radical and characterize completely prime ideals, completely semiprime ideals, prime radicals and
completely prime radicals in po ternary semigroups.

2. PRELIMINARIES

Definition: 2.1 A ternary semigroup T is said to be a partially ordered ternary semigroup if T is a partially ordered set

suchthata <b = [aa,a,] <[ba,a,], [a,aa,]<[a,ba,], [a,a,a]< [a,a,b] forall &,b,a,,8, T .

Definition: 2.2 A nonempty subset A of a po-ternary semigroup T is said to be po left ternary ideal or po left ideal of
Tifi)b,ceT,acAimpliesbcac Aii) Ifac Aandte T suchthat t <athenteA.

Definition: 2.3 A nonempty subset A of a po-ternary semigroup T is said to be po lateral ternary ideal or po lateral
ideal of Tifi) b, ceT,acAimpliesbace A. i) Ifac Aandte T such that t < athenteA.

Definition: 2.4 A nonempty subset A of a po-ternary semigroup T is said to be po right ternary ideal or po right ideal
of Tifi)b,ceT,ac Aimpliesabce A.ii) Ifac Aandte T suchthat t <athenteA.

Definition: 2.5 A nonempty subset A of a po-ternary semigroup T is said to be po two sided ternary ideal or po two
sided ideal of Tifi) b,ce T, ac A impliesbcae A, abce A, ii) Ifac Aand te T such that t <athente A.

Definition: 2.6 A nonempty subset A of a po-ternary semigroup T is said to be po ternary ideal or po ideal of T if

i) b,ceT,aeAimpliesbcae A, bace A, abce A,
i) IfacAandteTsuchthat t <athenteA.

Theorem: 2.7 Let T be a po ternary semigroup and AST, BST. Then

(i) AS(A],

(i) ((All = (A],

(iii) (A](BI(C] < (ABC] and

(v yVAcB=Ac(B],

(v) Ac B= (A] < (B].

Theorem: 2.8 The nonempty intersection of any family of po left ideals (or po lateral ideals or po right ideals or po two
sided ideals or po ideals ) of a po ternary semigroup T is a po left ideal (or po lateral ideal or po right ideal or po two
sided ideal or po ideal ) of T.

3. COMPLETELY PRIME PO IDEALS AND PRIME PO IDEALS

Definition: 3.1 A po (left/lateral/right) ideal A of a po ternary semigroup T is said to be a completely prime
(left/lateral/right) ideal of T provided x, y, z€ T and xyz € A implies either xe Aorye Aorze A.

Theorem: 3.2 A po ideal A of a po ternary semigroup T is completely prime if and only if X3, X5, ....., X.€T,
n is an odd natural number, X; X, ..... X, EA=>x;€Aforsomei=1,23, ... n.

Proof: Suppose that A is a completely prime po ideal of T.
Let X1, X9, ..... , Xn € T where n is an odd natural number and X; X; ..... X,€A.
If n = 1 then clearly x;€A.

If n = 3 then X XX3EA = X,EA Or X,€A or X3EA.
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If n = 5 then X XoXsXaXsEA = X1XoX3EA Or X4€A or XsEA.

= X1EA Or X,EA or X3€A 0r X4€A or xseA.

Therefore by inductionon n, X; X, ..... X,€A = x; EAforsomei=1,2, 3, ..... n.
The converse part is trivial.

Theorem: 3.3 A po ideal A of a po ternary semigroup T is completely prime if and only if T\A is either a
subsemigroup of T or empty.

Proof: Suppose that A is a completely prime po ideal of T and T\A= .

Leta,b,ceT\A. Thenag A, bg A, c& A. Suppose if possible abc ¢ T\A.

Then abc € A. Since A is completely prime, eitherac Aorbe AorceA.

It is a contradiction. Therefore abc e T\A. Hence T\A is a subsemigroup of T.

Conversely suppose that T\A is a subsemigroup of T or T\A is empty.

If T\A is empty then A = T and hence A is completely prime.

Assume that T\A is a subsemigroup of T. Leta, b,ceT and abce A.

Suppose if possiblea ¢ A,bg A, and cg A.

Thenae T\A, be T\A and c € T\A. Since T\A is a subsemigroup, abc € T\A and hence abcg A. It is a contradiction.
Hence eitherae A or be A or c € A. Therefore A is a completely prime po ideal of T.

Definition: 3.4 A po ideal A of a po ternary semigroup T is said to be a prime ideal of T provided X, Y, Z are ideals of
Tand XYZCA = XCAorYCAorZCA.

Theorem: 3.5 In a po ternary semigroup T, the following conditions are equivalent:

(i) Ais a prime po ideal of T.
(ia,b,ceT;<a><b><c>cAimpliesa €A or beAorc eA.

(iii)a, b, c e T; T'T'aT T T*T'c T*T'CA implies a €A or b €A or ceA.

Proof: (i) = (ii): Suppose that A is a prime po ideal of T. Then (i) = (ii) is obvious.
(i) = (iii): Let a, b, ¢ €T such that T*T*aT'T'b T'T'c T'T'c A.

Now <a> <b> <c> = (T T aT T T T T (T e T T € T TaT T T T e T'T'cA = a €Aorb €A or ¢ €A.
(iii) = (i): Suppose that a, b, ¢ €T; T'T'aT* T T'T'cT'T'cCA = a€Aorb €Aorc EA.
Let X, Y, Z be the three ideals of T and XYZ c A.

Suppose if possible XZA, YZA, ZZA.

Since XZA, YZA, ZZA, there exists a, b, CET such that

aeXanda¢ A beYandbg AandceZandc ¢ A.

Now TT aT T T T T T!IEXYZSA = a€Aor b €A or c EA. Itis a contradiction.

Therefore X €A or YSA or Z<A and hence A is a prime po ideal of T.

Theorem: 3.6 A po ternary ideal A of a po ternary semigroup T is prime if and only if X;, X,, ....., X, are ideals of T, n
is an odd natural number, X; X ..... X, € A= X;cAforsomei=1,2, 3...n.
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Proof: Suppose that A is a prime ideal of T.

Let X4, Xy, ..... , Xp are ideals of T, n is an odd natural number and X; X, ..... X, €A

If n = 1 then clearly X; CA.

If n = 3 then X;X,X3 €A = X; € Aor X, SA or X3 CA.

If n = 5 then X XoX3X X5 €A = X XoX3 SA or X4 € A or X5 €A

= X; CAor X, CAor X3 CA or X, CA or X5 CA.

Therefore by induction on n, X; X5 ..... X,€A = XA forsomei=1,2,3, ..... n.

The converse part is trivial.

Theorem: 3.7 Every completely prime po ideal of a po ternary semigroup T is a prime po ideal of T.
Proof: Suppose that A is a completely prime po ideal of a po ternary semigroup T.

Leta,b,ceTand<a><b><c>CcA. ThenabceA. Since A is a completely prime po ideal of T, either ac A or
beAorceA. Therefore Ais a prime po ideal of T.

Theorem: 3.8 Let T be a commutative po ternary semigroup. A po ideal A of T is a prime po ideal if and only if A'is a
completely prime po ideal.

Definition: 3.9 A nonempty subset A of a po ternary semigroup T is said to be an m-system provided for any
a, b, ce A implies that (T'T'aT'T*bT*T'c T'THNA=Q.

Theorem: 3.10 A po ideal A of a po ternary semigroup T is a prime po ideal of T if and only if T\A is an m-system of
T or empty.

Proof: Suppose that A is a prime po ideal of a po ternary semigroup T and T\A# & .
Leta,b,c €eT\A. Thena ¢ A,b ¢Aandc gA.

Suppose if possible (T*T!aT*T*bT' Tl T'TH N T\A = 9.

(TTar' THhT T T'TH N TA = ¢ = (T Tl aT T T Tl T THCA.

Since A is prime, eitherae AorbeAorceA.

It is a contradiction. Therefore (T*T'aT T'bT T c T'THNT\A=0.

Hence T\A is an m-system.

Conversely suppose that T\A is either an m-system of Tor VA=,

If \A=(J, then T = A and hence A is a prime po ideal of T.

Assume that T\A is an m-system of T. Leta,b,ceTand<a><b><c>Cc A
Suppose if possible ag¢ A, b Aand c A. Then a, b, c € T\A. Sine T\A is an m-system,
= (TTar' ThT' Te T'TH N TA = 9= (T TiaT' THhT T T'TH2ZA

= <a><b><c> ZA. Itis a contradiction.

Therefore ac Aorbe A or ce A. Hence A is a prime po ideal of T.
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Theorem: 3.11 If T is a po ternary semigroup such that T = T° then every maximal po ideal of T is a prime po ideal of
T.

Proof: Let M be a maximal ideal of T. Let A, B, C be three ideals of T such that

ABC C M. Suppose if possible A €M, B M, CZM.

Now A ¢ M =M Aisapo ternary ideal of TandM c MUACT.

Since M is a maximal, MUA=T.

SimilaryB¢M =>MUB=TandC¢g M= MUC=T.

Now T=TTT=MUA (MUB)(MUC) cM =TcM. ThusM =T.

It is a contradiction. Therefore either AC M or B M or CZ M. Hence M is a prime po ideal of T.

Theorem: 3.12 If T is a po ternary semigroup having maximal ideals and T = T2 then T contains semisimple elements.

Proof: Suppose that T is a globally idempotent po ternary semigroup having maximal ideals. Let M be a maximal ideal
of T. Then by theorem 3.11., M is prime.

Nowifae TWthen<a>¢Z Mand<a>*¢ M. NowT=Mu<a>=Mu<a>’.
Therefore a € < a > and hence < a > = <a>* Thus a is a semisimple element.
Therefore T contains semisimple elements.

4. COMPLETELY SEMIPRIME PO IDEALS AND SEMIPRIME PO IDEALS

Definition: 4.1 A po ideal A of a po ternary semigroup T is said to be a completely semiprime po ideal provided xe T,
X" € A for some odd natural number n >1 implies x € A.

Theorem: 4.2 A po ideal A of a po ternary semigroup T is completely semiprime if and only if x € T, X’€A implies
X€E A.

Proof: Suppose that A is a completely semiprime po ideal of T.
Then clearly x €T, x* €A = x €A.
Conversely suppose that x€T, x°* € A = x€A.

We prove that x €T, x" €A, for some odd natural number n > 1= xeA— (1), by induction on n. Clearly (1) is true for
n=3.

Assume that (1) is true for n = k. i.e., XA = x€A for some odd natural number k > 3.

Suppose that x“*?e A. Then X2 A = x*2 X2 X eA = x* e A=(x")’ e A = x*eA = x €A.
Therefore XeA = x € A.

By induction, X" € A for some natural number n, n > 1 implies x € A.

Therefore A is completely semiprime.

Theorem: 4.3 If A is a completely semiprime po ideal of a po ternary semigroup T, then X, y, z€ET, xyz € A implies that
xyTTz €A, xTTyz €A and xTyTz CA.

Proof: Let A be a completely semiprime po ideal of a semigroup T. Let X, y, zET, xyz € A.
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Now xyz € A= (zxy)* = (zxy)( zxy)(2xy) = z(xyz)(xyz) Xy€EA.

(zxy)® €A, A is completely semiprime implies zxy € A.

Lets, t € T. Consider (xystz)® = (xystz)(xystz) (xystz) = xyst(zxy)st(zxy)sty€ A.
(xystz)* € A, A is completely semiprime implies xystz €A.

Thereforex,y,z€ T,xyze A= xystze Aforalls,te T =xyTTzc A.
Now xyz € A= (yzx)* = (yzx)(yzx)(yzx) = yz(xyz)(xyz)x € A.

(y2x)* € A, A is completely semiprime = yzx € A.

Lets, teT. Consider (xstyz)® = (xstyz)( xstyz)( xstyz) = xst(yzx)st(yzx)styzEA.
(xstyz)’eA, A is completely semiprime implies xstyz€A.

Therefore X, y, z €T, xstyz € Aforall s, t e T = xTTyz CA.

If s, t €T, then (xsytz)® = (xsytz)(xsytz) (xsytz) = xsyt[zx(syt)(zxs)y]tz € A.
(xsytz)* € A, A is completely semiprime = xsytz € A.

Therefore X, y, z €T, xsytz € Aforall s, t €T = xTyTz CA.

Corollary: 4.4 If a po ideal A of a po ternary semigroup T is completely semiprime then x,y, z € T, xyze A
= <X><Yy><z>CA

Theorem: 4.5 Every completely prime po ideal of a po ternary semigroup T is a completely semiprime po ideal of T.

Proof: Let A be a completely prime po ideal of a po ternary semigroup T. Suppose that xe T and x* €A. Since Aisa
completely prime po ideal of T, x€ A.

Therefore A is a completely semiprime po ideal.

Theorem: 4.6 Let A be a prime po ideal of a po ternary semigroup T. If A is completely semiprime po ideal of T then
A is completely prime.

Proof: Let x, y, z€T and xyz €A. Since A is completely semiprime, by corollary 4.4., xyz €A = <x><y><z> CA
= X EAory eAorz €A and hence A is completely prime.

Theorem: 4.7 The nonempty intersection of any family of a completely prime po ideal of a po ternary semigroup T is a
completely semiprime po ideal of T.

Proof: Let {Aa }aeA be a family of a completely prime po ideals of T such that ﬂ A, # .

aeA

It is clear that ﬂ A, isapoideal. Leta e Tand a’e ﬂ A, . Then a’e A, foralla e A.

aeA aeA

Since A, is completely prime,a € A, forall & € Aand hence a € ﬂ A, .

aecA

Therefore ﬂ A, is a completely semiprime po ideal of T.

aeA

Definition: 4.8 Let T be a po ternary semigroup. A non-empty subset A of T is said to be a d-system of T ifa € A
= a" e A for all odd natural number n.
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Theorem: 4.9 A po ternary ideal A of a po ternary semigroup T is completely semiprime if and only if T\A is a
d-system of T or empty.

Proof: Suppose that A is a completely semiprime po ideal of T and T\VA#= & .
Leta e T\A. Thena ¢ A. Suppose if possible @" ¢ T\A for some odd natural number n.
Then a" € A. Since A is a completely semiprime po ideal then a € A.

It is a contradiction. Therefore a" € T\A and hence T\A is a d-system.
Conversely suppose that T\A is a d-system of T or T\A is empty.

If T\A is empty then T = A and hence A is completely semiprime.

Assume that T\A is a d-system of T. Leta e Tand a" € A.

Suppose if possible a ¢ A. Thena € T\A.

Since T\A is a d-system, &" € T\A. It is a contradiction. Hence a € A.
Thus A is a completely semiprime po ideal of T.

Definition: 4.10 A po ideal A of a po ternary semigroup T is said to be semiprime po ideal provided X is po ideal of T
and X" A for some odd natural number n implies X € A.

Theorem: 4.11 A po ideal A of a po ternary semigroup T is semiprime if and only if X is po ideal of T, X* CA implies
X cA.

Proof: Suppose that A is a semiprime po ideal. Then clearly X® €A = X cA.
Conversely suppose that X is a po ideal of T, X3 €A = X CA.

We prove that X" € A, for some odd natural number n = X € A— (1), by induction on n. Since X3 CA = X CA, (1)
is true forn = 3.

Assume that X €A for some odd natural number k, 1 < k <n = X CA.

Now X¥"2CA = XK "2 XK*2 x5~ cA = X* cA = (X9)® cA = XK CA = X CA by assumption. By induction X" CA
for some odd natural number n = X € A.

Therefore A is semiprime.
Theorem: 4.12 Every prime po ideal of a po ternary semigroup T is semiprime.
Proof: Suppose that A is a prime po ideal of a po ternary semigroup T. Let X be a po ideal of T such that X3 CA.
Since Ais prime, X €A. Hence A is semiprime.
Theorem: 4.14 If A'is a po ideal of a po ternary semigroup T then the following are equivalent.
1. A’isasemiprime ideal.
2. Fora€eT;<a>®cAimpliesa€A.

3. Fora€eT; T aT'T'aT'T'aT T C A implies a €A.

Proof:
(i) = (ii): Suppose that A is a semiprime ideal of T. Then (i) = (ii) is obvious.

11) = (111): Let a €T such that a a a CA.
i iii): L T such that T*T!aT!T!a T'T!a T'T  cA
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Now < a>* = (T aT'T)( T aT' T)( T ar' TH T TlaT! T'aT ' T!aT' T'cA

= a €eA.

(iii) = (i): Suppose thata € T; T'T'aT'T'aT'T'aT'T'cCA = a €A.

Let X be a po ideal of T and X* CA.

Suppose if possible X ZA.

Suppose X & A there exists a such thata €X and a ¢A. a €X = a® € X} cA.

Now T'T'aT'T'aT'T'aT'T'cX’cA = a €A. It is a contradiction.

Therefore X €A and hence A is a semiprime po ideal of T.

Theorem: 4.14 Every completely semiprime po ideal of a po ternary semigroup T is a semiprime po ideal of T.
Proof: Suppose that A is a completely semiprime po ideal of a po ternary semigroup T.
Leta €T and <a>"c A for some odd natural number n.

Now aaa.....a(nodd terms) e<a">c <a>"CA=>a"EA=>a €A =><a>CA.

Therefore A is a semiprime po ideal of T.

Theorem: 4.15 Let T be a commutative po ternary semigroup. A po ideal A of T is completely semiprime if and only if
it is semiprime.

Proof: Suppose that A is a completely semiprime po ideal of T. By theorem 4.14, A is a semiprime po ideal of T.

Conversely suppose that A is a semiprime po ideal of T.
Letxe T and X" € A for some odd natural number n.

Now X" € A = <x>"CA=> <x>CA = x €A. Since A is semiprime.
Therefore A is a completely semiprime po ideal of T.
Theorem: 4.16 The nonempty intersection of any family of prime po ideals of a po ternary semigroup T is a semiprime

po ideal of T.

Proof: Let {Aa}aeA be a family of prime ideals of T such that ﬂ A, # . Itis clear that ﬂ A, isapo ideal. Let

ael aeA
aeT,<a>cC ﬂAa then<a>* c A forall @ €A,

aecA

Since A isaprime,<a>c A forall ¢ €A. So<a>e ﬂAa.

aeA

Therefore ﬂ A is a semiprime po ideal of T.

aecA

Definition: 4.17 A non-empty subset A of a po ternary semigroup T is said to be an n-system provided a € A implies
that (T*T'aT T aT'T'aT'T) N A = 0.
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Theorem: 4.18 Every m-system in a po ternary semigroup T is an n-system.
Proof: Let A be an m-system of a po ternary semigroup T. Letac A.

Since A is an m-system, a € A, (T'T*aT'T'aT'T*aT'T) n A # 0.
Therefore A is an n-system of T.

Theorem: 4.19 A po ideal Q of a po ternary semigroup T is a semiprime po ideal if and only if T\Q is an n-system of T
(or) empty.

Proof: Suppose that A is a semiprime po ideal of a po ternary semigroup T and T\A# .
Leta € T\A. Thena ¢ A.

Suppose if possible ( T*T!aT*T!aT'T!aT!TH)NT\A = 0.

(TTaT T ar' T'aT T) N T\A = ¢ = (T T aT' T'aT TlaT' THCA.

Since A is semiprime, either a € A.

It is a contradiction. Therefore (T*T'aT'T'aT'T'aT'T) N T\A % 0.

Hence T\A is an n-system.

Conversely suppose that T\A is either an n-system or T\A =(J..

If VA= O then T = A and hence A is a semiprime ideal.

Assume that T\A is an n-system of T. Leta € T and <a > CA.

Leta € T\A, T\Ais an n-system of T = (T'T!aT'T'aT'TaT*T}) n T\A #0.
Suppose if possible a ¢ A. Then ae T\A. Since T\A is an m-system.

Then (T'T'aT T'aT ' T!aT'T!) c A= (T'T!aT! T aT ' T'aT'T!) €A = <a > ¢A.
It is a contradiction. Therefore a€ A. Hence A is a semiprime po ideal of T.

Theorem: 4.20 If N is an n-system in a po ternary semigroup T and a€ N, then there exist an m-system M in T such
thatae M and MCN.

Proof: We construct a subset M of N as follows:

Define & = a, Since @, € N and N is an n-system, (T'T'a,T'T'a; T'T'a; T'T")NN=0.
Let a, € (T'T'a,T'T'a, T'T'a, T'THNN.

Since @, € N and N is an n-system, (T'T"a,T'T"a,T'T"a,T'T)nN = & and so on.

In general, if &, has been defined with &, €N, choose &,,, as an element of

We now show that M is an m-system.

Let &, &;, a€ M (fori< j<Kk).

© 2014, RIPA. All Rights Reserved 465



V. Siva Rami Reddyl, V. Sambasiva Raoz, A. Anjaneyulu3 and A. Gangadhara Rao* / Completely Prime Po Ideals and Prime
Po Ideals In Po Ternary Semigroups / IRJIPA- 4(3), March-2014.

Then @, € (T'TaT'T'aT' T T'T) C (T Ty T T T T'aT'T)
c (T'TaT' T'aT' TaT'T)

= a,, =T'TaT' TaT' TaT'T" But &, €M, so0 8, ,€ (T'TaT' T'aT' T'aT'T)NM,
Therefore M is an m-system.

5. PRIME PO RADICAL AND COMPLETELY PRIME PO RADICAL

Notation: 5.1 If A is a po ideal of a po ternary semigroup T, then we associate the following four types of sets.
A = The intersection of all completely prime po ideals of T containing A.

A, ={xeT:x" €A for some odd natural numbers n}
A, = The intersection of all prime po ideals of T containing A.

A, ={xeT:<X >" < A for some odd natural number n}

Theorem: 5.2 If A'is a po ideal of a po ternary semigroup T, then Ac A, c A, A, C A.

Proof:
i)AcC Aj:Letx eA.Then<x>cAandhencex € A,

Therefore AC A,

i) A, € A Letx € A,. Then < X >" C A for some odd natural number n.
Let P be any prime po ideal of T containing A.
Then < X >" < A for some odd natural numbern = < X >" < P.

Since P is prime, < x> < P and hence x e P.

Since this is true for all prime ideals of P containing A, xe A,. Therefore A, — A,
iii) Ay A, :Letxe A,.Suppose if possible X ¢ A, .

Then X" ¢ A for all odd natural number n.
Consider Q= U X" for all odd natural number n, and x e T.
Leta,b,c €Q.Thena=(X)",b=(x)*,c= (X)" for some odd natural numbersr, s, t.

Therefore abc = (X)" (X)° (X)' = X""**" € Q and hence Q is a subsemigroup of T.
By theorem 3.3, P = T\Q is a completely prime po ideal of Tand X ¢ P.

By theorem 3.8, P is a prime po ideal of T and X & P . Therefore X ¢ A,.

It is a contradiction. Therefore x € A, and hence A, A, .

iv) A, A :Letx € A,. Nowx € A, = X" € A for some odd natural number n.
Let P be any completely prime po ideal of T containing A.

Then X"€ A P = X"€P =xeP. Therefore xe A . Therefore A, C A .

HenceAc A, c AcCc A cCA.
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Theorem: 5.3 If A'is a po ideal of a commutative po ternary semigroup T, then A=A, =A,= A,

Proof: By theorem 5.2, Ac A, < A, A, < A . By theorem 3.8, in a commutative po ternary semigroup T, A
po ideal A isa prime po ideal if A is completely prime po ideal.

So A =A,. By theorem 4.15, in a commutative po ternary semigroup T A po ideal A is semiprime if and only if A is
completely semiprime po ideal.

So A,= Ajandhence A=A =A=A,.
Note: 5.4 In an arbitrary po ternary semigroup A # A, # A, # A,.

Definition: 5.5 If A is a po ideal of a po ternary semigroup T, then the intersection of all prime po ideals of T
containing A is called prime po radical or simply po radical of A and it is denoted by\/x or rad A.
Definition: 5.6 If A is a po ideal of a po ternary semigroup T , then the intersection of all completely prime po ideals

of T containing A is called completely prime po radical or simply complete po radical of A and it is denoted by c.rad
A.

Note: 5.7 If Ais a po ideal of a po ternary semigroup T, then rad A= A;, c.rad A= A and rad A Cc.rad A.

Corollary: 5.8 Ifae \/K , then there exist a positive integer n such that a" € A for some odd natural number n € N.

Proof: By theorem 5.2, A, = A, and hence ae JA= AcCcA.

Therefore a" € A for some odd natural number ne N.

Corollary: 5.9 If A'is a po ideal of a commutative po ternary semigroup T, then rad A = c.rad A.

Proof: By theorem 5.3, rad A = c.rad A.

Corollary: 5.10 If A is a po ideal of a po ternary semigroup T then c.rad A is a completely semiprime po ideal of T.
Proof: By theorem 4.5, c.rad A is a completely semiprime po ideal of T.

Theorem: 5.11 If A, B and C are any three ideals of a po ternary semigroup T, then

h AcB=+VAc+B
ii) if AnBn C =@ then /ABC = -/ANBNC =vANVBN/C

iiiy VWA = VA.

Proof:
i) Suppose that AC B. If P is a prime po ideal containing B then P is a prime po ideal containing A. Therefore

JAc+/B.

i) Let P be a prime po ideal containing ABC. Then ABC € P = AcP or BcP or CcP = A(B[1C cP.

Therefore P is a prime po ideal containing A1 B[ C.
Therefore rad( A(1B[1C ) < rad(ABC).
Now let P be a prime po ideal containing A(1B()C .

Then ANBNCcP =ABCc A(NB(1C cP= ABCCP.
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Hence P is a prime po ideal containing ABC. Therefore rad (ABC) < rad( A(1B[1C).

Therefore rad(ABC) = rad( A(1B1C).

Since A(1B(1C # ¢, itisclearthat ANB N CisapoidealinT. Letx e~ /A(1BC .

Then there exists an odd natural number n €N such that x" € A[1B[)C .

Therefore X" € A, X" €B and x" €C. It follows that x € \/K , XE \/§ and X € \/E
Therefore x e\/ﬂm\/ﬁﬂ\/é .

Consequently, x € \/Kﬂ\/Eﬂ\/E implies that there exists odd natural numbers n, m, p €N such that x" € A, X" €B
and x” € C. Clearly, x™ e AnBNC.

Thusx € \/A(1BC . Thereforeif AnNB N C = @then /A(BC -JANVBNC.

iii) \/K = The intersection of all prime po ideals of T containing A.

Now \/\/K = The intersection of all prime po ideals of T containing \/Z .
= The intersection of all prime po ideals of T containing A = \/K

Therefore +/ \/K = JK .

Theorem: 5.12 If A'is a po ideal of a po ternary semigroup T then JK is a semiprime po ideal of T.
Proof: By theorem 4.16, \/K is a semiprime po ideal of T.

Theorem: 5.13 A po ideal Q of po ternary semigroup T is a semiprime po ideal of T if and only if \/6 =Q.

Proof: Suppose that Q is a semiprime po ideal. Clearly QSVQ.

Suppose if possible VQ ¢ Q.

LetaeVQanda ¢ Q. Nowa & Q = a €T\Q and Q is semiprime. By theorem 4.19,
T\Q is an n-system. By theorem 4.20, there exists an m-system M such that aeM cT\Q.
Q < T\M and now T\M is a prime po ideal of T, a¢ T\M. It is a contradiction.
Therefore VQ Q. Hence VQ = Q.

Conversely suppose that Q is a po ideal of T such that VQ = Q.

By corollary 5.12, \VQ is a semiprime po ideal of T. Therefore Q is semiprime.

Corollary: 5.14 A po ideal Q of a po ternary semigroup T is a semiprime po ideal if and only if Q is the intersection of
all prime po ideal of T contains Q.

Proof: By theorem 5.13, Q is semiprime iff Q is the intersection of all prime po ideals of T contains Q.

Corollary: 5.15 If A is a po ideal of a po ternary semigroup T, then VA is the smallest semiprime po ideal of T
containing A.
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Proof: We have that VA is the intersection of all prime po ideals containing A in T.
Since intersection of prime po ideals is semiprime, we have VA is semiprime.
Further, let Q be any semiprime po ideal containing A, i.e. A €Q. So VA SVQ.
Since Q is semiprime, By theorem 5.13, YQ = Q. Therefore VA Q.

Hence VA is the smallest semiprime po ideal of T containing A.

Theorem: 5.16 If P is a prime ideal of a po ternary semigroup T, then (P)n = P for all odd natural numbers ne N.

Proof: We use induction on n to prove v/ P" = P.

First we prove that\/E: P . Since P is a prime ideal, P < \/Eg P= \/E: P.
Assume that+/ P* = P for odd natural number k such that 1< K <n.
Now vP*? =y/P*P.P =/P* NVP NP =/PNVPNVP =P =P.

Therefore P**? = P . By induction +/P" = P for all odd natural number n e N.

Theorem: 5.17 In a po ternary semigroup T with identity there is a unique maximal ideal M such that /(M )n = M for
all odd natural numbersn € N.

Proof: Since T contains identity, T is a globally idempotent po ternary semigroup.

Since M is a maximal ideal of T, by theorem 3.11, M is prime.
By theorem 5.16, /(M )" = M for all odd natural numbers n.

Theorem: 5.18 If A is a po ideal of a po ternary semigroup T then \/K = {x €T: every m-system of T containing x
meets A} ie, VA ={xeT:M (X)NA=T}.

Proof: Suppose that x € \/K . Let M be an m-system containing x.
Then T\M is a prime po ideal of T and x ¢ TW. If M[) A = then AC T\M.
Since T\M is a prime po ideal containing A, \/K C T\M and hence x € T\M.

It is a contradiction. Therefore M(x)[1A# . Hence xe {X eT:-M(X)NA= @} . Conversely suppose that
xe {xeT:M(X)NA=D}.

Suppose if possible x ¢ \/Z Then there exists a prime po ideal P containing A such that xP. Now T\P is an
m-system and xe T\P.

AcP = TPNA= D= xg {(xeT:M(X)NA=DT}.

It is a contradiction. Therefore xe /A . Thus +/A = {X eT-M(X)NA= @} .
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