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ABSTRACT
In this present paper, we study some fuzzy topological concepts and introduce fuzzy open, fuzzy semi-open sets and
related notions in a different manner by assigning a topological structure to the universe set X .We construct a fuzzy
topology and a fuzzy semi topology over X. Also we investigate some interesting results in this context.
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INTRODUCTION

The problem of imperfect knowledge has been tackled for a long time by philosophers, logicians and mathematicians.
Recently it became also a crucial issue for computer scientists, particularly in the area of artificial Intelligence. There
are many approaches to the problem of how to understand and manipulate imperfect knowledge. One of the most
successful approaches to tackle this problem is the Fuzzy set theory.

In order to study the control problems of complicate systems and dealing with fuzzy information, American
cyberneticist L. A. Zadeh introduced fuzzy set theory in his classical paper [8] of 1965. The idea and the concept of
fuzzy set were introduced by Zadeh used the unit interval [0, 1] to describe and deal with fuzzy phenomena. In 1967,

J. A. Goguen [3] generalized this concept with L — fuzzy sets. After one year, C. L. Chang [1] introduced the definition
of fuzzy topology in 1968. Since Chang applied fuzzy set theory into topology, many topological notions were
introduced by various mathematicians in a fuzzy setting.

In 1976, R. Lowen [7] introduced a more natural definition of fuzzy topology which was different from Chang’s
definition. On the other hand, Norman Levine [5] introduced the concepts of semi-open sets and semi continuity in
1963. Many mathematicians like Crossley [2] were attracted to Levine’s theory and contributed many interesting
topological notions.

In this present work, we introduce some fuzzy topological concepts in a different way by assigning a topological
structure to the universe set. The present paper is divided into various sections. We begin each section with some basic
notions which are needed in the present study for convenience and we proceed to present our results.

In what follows @ and X stand for the empty set and universe set respectively. Let ZZ(X) be the collection of all
subsets of X (i.e the power set of X ).
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1. LATTICES

Definition: 1.1 A relation R on a non-empty set S is said to be a partially ordered relation on S if
(@) XRx forall Xxe S (reflexivity)

(b) XRy and yRX = X=Y (anti-symmetry)

() XRy and yRz = XRz (transitivity)

The pair (S, R) is called a partially ordered set.

Definition: 1.2 Let (S, R) be a partially ordered setand A  S.

(@) Anelement U € S is called an upper bound of A if aRu V ae A
(b) Anelement U € S is called a lower bound of Aif uURa V aeA.

(c) Anelement U € S is called the least upper bound (lub) of Aiif U is an upper bound of Aand URV for any upper
bound V of A.We denote the lub of A by the symbol v A.

(d) An elementU € S s called the greatest lower bound (glb) of Aif U is a lower bound of Aand VRU for any
lower bound V of A We denote the glb of A by the symbol AA.

Definition: 1.3 A partially ordered set (S, R) is said to be a lattice if each pair of elements a,b € S has both lub
and glb in S. We denote the lub and glb of @ and b by the symbols av b and @ AD respectively.

Definition: 1.4 A lattice (S, R) is said to be a complete lattice if every infinite subset of S has both lub and glb in

S . We denote the lub and glb of a complete lattice S by the symbols 0 and 1 respectively. They are called the zero
element and all element of S .

Remark: 1.5 A partially ordered set with an all element such that every non-vacuous subset has a greatest lower
bound is a complete lattice.

Definition: 1.6 A lattice (S, R) is said to be distributive if
a/\(bvc)z(a/\b)v(a/\c) or dually
av(bac)=(avb)a(avc) V ab,ceS.

Definition: 1.7 A lattice (S, R) with 0 and 1 is said to be complemented if for every a € S there exists an element
a'eS suchthat ava'=land ana'=0.

Remark: 1.8 Define a relation > on ZZ(X) as follows.
A>B< Bc A for A BeZ(X).

Then (?(X),Z) is a complemented distributive lattice. Also it is a complete lattice with zero element 0 =@ and

all element 1= X .
ForA,B € Z(X), AvB=AUB, AAB=A[(Band Al=X-A.
2. FUZZY SETS

In what follows L stands for a complete lattice.

Definition: 2.1 An L — fuzzy subset on X is a mapping zz: X — L. The collection of all L — fuzzy subsets on X is

denoted by L and it is called the L — fuzzy space.
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Definition: 2.2 An L —fuzzy subset 1z € L* is called a crisp subset on X , if there exists a subset A X such that
u==E,, where &, 0 X — L is defined by

fA(X)={1 if xeA

0if xgA

Definition: 2.3 Let i,V € L* , Where (L,S) is a complete lattice. Then we say that
@ usv & u(x)<v(x) v xeX.
b) u=v < pu<v and v<pu.

Definition: 2.4 Let 1,V € L* we define the union z£{Jv : X — L and the intersection z[1v: X — L of u and
v as follows:

(LUv)(x) = pu(x)vv(x) V xeX
(LNv)(X) = u(x) Av(x) V xeX

Definition: 2.5 Let 1 € L and suppose that L is complemented. Then we define the complement of 4, denoted by
1" asamapping ' X > L by
1 1
#(x) = (u(x))" ¥ xeX

Definition: 2.6 A null L —fuzzy subset g, : X — L is defined by £4,(X) =0 V Xe€ X . Anabsolute L —fuzzy
subset 4 : X — L defined by
H(X)=1V xeX.

Definition: 2.7 Let £ €L and aeL. A a—layer of u isan L—fuzzy subset s, : X —> Lis defined by
w(X)=aru(x) v xeX.

Definition: 2.8 Let a € L . A constant L — fuzzy subset ,u; : X = L is defined by ,u;(x) =a V Xe X. Clearly,
Ho =t and 14 = 4.
Definition: 2.9 LetL.*and L' be L— fuzzy spaces, f : X — Y an ordinary mapping. Then we define L — fuzzy
mappings T~ L > L and f:L" — L* asfollows.

f2(u)(y)=v{u(x)/xeX, f(x)=y}

f(u)(x)=p(f(x)) V xeX

3. SEMI-OPEN SETS AND SEMI-TOPOLOGY

Definition: 3.1 A collection 7~ < Z2(X) is called a topology on X if
(@) peZ and X €7 .

(b) the union of any collection of sets in 7 isasetin 7 .
(c) any intersection of a finite collection of sets in 7 isasetin 7 .

The pair (X ) T) is called a topological space.
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Definition: 3.2 A subset G of X is said to be

(a) openin (X,T), if GeZ .

(b) closedin(X,7"), if X-GeZ .

(c) aneighborhood of a point Xe X , if XeG and Ge 7 .

Definition: 3.3 Let A€ Z2(X). Then
() the interior of A is the largest open subset of A and it is denoted by Int (A).
(b) the closure of A is the smallest closed superset of A and it is denoted by CI (A).

Definition: 3.4 Let A be asubsetof X . A is said to be
(i) semi-open in (X ,T) if there exists an open set O € 7 such that O = A < CI(O)or equivalently,

Ac CI(Int(A)).
(i) semi-closed if X - A is semi-open in(X ,T).

(iii) semi-neighborhood of a pointx € X if x € A and A is semi-open in (X ,T).

Definition: 3.5 The semi-closure of a set A in (X,T)denoted by scl(A), is the intersection of all semi-closed

supersets of A.

Proposition: 3.6 Let (X ,T) be a topological space. In (X,T),
(@) every open set is semi-open.
(b) if {Ga lae A} is any collection of semi-open sets, then J G, is semi-open.

ael
(c) if A isopenand B issemi-openthen A()B issemi-open.
(d) if A issemi-openand A< B < CI(A) then B is semi-open.
(e) if Aand B are semi-open then it is not necessary that A[) B is semi-open.

Proposition: 3.7 Let S (T) be the collection of all semi-open sets in(X,T). Then (S (T),S) is a complete

lattice, where < is defined on S (T ) by

A<B< BcCA.
Proof: Clearly, (S (T),S) is a partially ordered set. For A,B € S (7) put Av B = Union of all semi-open sets
contained in A(1B and AA B=AlB. It can be easily verified that AV B and A A B are the lub and glb of Aand
B in (S(T),S) respectively. Hence (S(T),S) is a lattice. Clearly @ is the all element and X is the zero

eIementin(S(T),S). Let{ A,/ €A }be anon-vacuous set in S(T).Then A A =UA, istheglbof{
aeA aeA

Aa laeA} in(S (T),S). Thus (S (T),S) is a partially ordered set that has an all element in which every

non-vacuous subset has a glb. Hence (S (7) , S) is a complete lattice.

Remark: 3.8 The set S (7) clearly contains 7 and is closed under arbitrary unions. However, being not closed

under finite intersections, S (T)is not a topology on X . However, if A€ 7 and Be$S (T)then ANBeS (7) .
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Definition: 3.9 We define S, (7" )={AeS(7 )/ ANBeS(Z)vBeS(Z )} and
Se(Z7)={AeS(S,)/ ANBeS(S,) V BeS(S,)} where S(S,) is the collection of all semi-open sets in
the topological space (X ' So (T))

Proposition: 3.10

(8) So(Z7) and Sy (7" )are topologies on X

) T<S,(7)=s(7).

© S(S,)=S(7)

@ So(77)=Se(7)

Wecall S, (7 ), the semi-topology on X .
0

4. FUZZY TOPOLOGY AND RELATED CONCEPTS

Definition: 4.1 Let L be a complemented, distributive and complete lattice. A collection 0 of L — fuzzy subsets on
X is said to be an L — fuzzy topology on X and (LX ,5) is called an L — fuzzy topological space, if O satisfies

the following conditions.

@ o and weo
(b) if {,ui lie A} is any subcollection of & then U g, € &

ieA
(c) if u,ved then u(\v €. The members of O are called open sets in L* and the complements of members

of O are called closed sets in L* .

Now we construct an L — fuzzy topology and introduce some related concepts in a different manner. Henceforth, we
take L = (?(X ), Z), the lattice which is described in the Remark 1.8.

Definition: 4.2 Let (X,T) be a topological space. We say that, z: X — L isan L — fuzzy open subset on X
if u(X)eZ V xeXand v:X — L isan L—fuzzyclosed subseton X if X —v(X)eZ V xe X.

Definition: 4.3 Let (X ) 7) be a topological space. Let 57 c L* be the collection of all L — fuzzy open subsets

on X and 517, be the collection of all L — fuzzy closed subsets on X .
Proposition: 4.4 The collection 0, formsan L — fuzzy topology on X .

Proof: Since 14, (X) =& and 4 (X) = X forallXe X p, €0, and 1y €5, Let {ya lae A} be any collection

ofsetsind, ,ie,u, €0, V aeA.
Putg=U p, Thenu(xX)=U u,(x) V xeX.
ael ael
Since each £, (X) is open in(X,T), u(x)eZ V xeX.
Hence 12 € 0, . Thus J,, is closed under arbitrary unions.
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Let v, €8, Then (V) (X) =v(X)N7(x) ¥V xe X.

Since v(X) € Z and n(X) e 7, (vn)(x)eZ ¥V xeX = vned,. Thus 6, formsan L—fuzzy
topology on X and (LX ,57) isan L — Fuzzy topological space.

Example: 4.5 If é':{yo,,ul} then O isan L —fuzzy topology on X and this O is called the L — fuzzy indiscrete
topology on X .

Example: 4.6 Let 7 ={@,X}. Then 57 contains 4, 44 and some crisp sets of the form

£(X) = 0 if xeA d &)= 1 if xeB
AYT 0 xe A T BT 0 xeB

where A, B e ]’(X). Here 0 =@ andl= X .In this example, it can be observed that &, is not an L —fuzzy

indiscrete topology, eventhough 7 is indiscrete.

Example: 4.7 Let 7:7)(X), the discrete topology on X . Thend,, = L*, which we call, the L —fuzzy
discrete topology.

Definition: 4.8 Let (X ,T) be a topological space. We say that z: X — L isan L — fuzzy semi-open subset on
X, if u(x)eS (T) V X e X . The collection of all L — fuzzy semi-open subsets on X in (LX ,57) is
denoted by the symbol S (é‘f ) .

Proposition: 4.9

@ If €0, then ue 8(57).

(b) If ued,andve 8(57,)then,uﬂv € 8(57).

(c) If{,ui /i eA} C S(5T)then iEJA,ui € S(é'f).

d ¥GeZ and ueS (57,) then the G — layer g4 of u is L — fuzzy semi-open.

(e) If Ae S(T) and p €0, thenthe A—layer 1, of u is L —fuzzy semi-open.

Definition: 4.10 Let (X ,T)be a topological space. We say that zz: X — L is an L — fuzzy semi-closed subset

on X, if X—u(x)e S(T) V Xe X . Wesaythatan L —fuzzy subset 0 on X isan L — fuzzy semi-closure
of i, if

(@) vis L —fuzzy semi-closed
by v=zu
(c) A >wv forevery L —fuzzy semi-closed setA > u .

Proposition: 4.11 Let S, (57) = {y €S(0,)uNvesS(d,) VYve 8(57)} . Then
@ S, (57 ) isan L — fuzzy topology.
b) 6, =5,(5,)=S(0,).

Remark: 4.12 We call the L — fuzzy topology SO (57) by the name, L — fuzzy semi-topology.
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5. FUZZY COMPACTNESS AND FUZZY CONNECTEDNESS

Definition: 5.1 A topological space (X ,T)is said to be compact if for every collection {Ga la e A} of open
subsets of X with X = U G, there exists a finite subcollection{Ga1 ,GO[2 v G, }of {Ga lae A} such that

aeA
X =G, UG, U..UG, .

Definition: 5.2 A topological space (X ,T)is said to be semi-compact if for every coIIection{Ga lae A} of

semi-open subsets of X with X = U G, there exists a finite subcollection {G%,Gm2 v Gy } of {G,/aeA}

aeA

such that
X =G, UG, U..UG, .

Definition: 5.3 A topological space (X ,T) is said to be disconnected if there exist two non-empty disjoint open
subsets G and H of X such that

X=GUH.
Definition: 5.4 An L — fuzzy topological space (LX ,57) is said to be L —fuzzy compact if for every collection

{1, o € A} of L—fuzzy open subsets on X with g = U 4, there exists a finite subcollection {yal, By reen yan}

ael

of {u, /aeA} suchthat g =p, Up, U..Up, .
Proposition: 5.5 (X ,7) is compact <> (LX 0, ) is L — fuzzy compact.

Proof: Let (X,T) be a compact space. Let {,ua lae A} C 57 be a collection of L — fuzzy open subsets on
X suchthat 24=U p, =>u(x)=U u,(X) VxeX.
aeA aeA

LetX, € X Then z4(X,) = QLEJA 1, (%)
=X =aLeJA (%)
Since X is compact, there exist finitely many indices &, @, ,..., @, in A such that
X = p, (%) U i, (%) U. U, (%)
= (%) =, (%) U 1, (%) U U g, (%))

Since X, € X is arbitrary, we have

(X)) =, XU g, (QU. U, (x) V xeX
= =p, Up, U..Up,

Hence (LX 0, ) is L — fuzzy compact.

Conversely, suppose that (LX ,57) is L — fuzzy compact. Let {Ga lae A} be a collection of open sets in

(X,T)suchthat X=UG,.

aeA

Define 4, : X — Lsuchthat 2, (X) =G, V Xe X .
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Since X =U G, = u,(X)=U n,(X) VxeX
aecA

ach
=m=U u,

= there exist finitely many indices &, @, ,..., @, in A suchthat g, = ,u; U,u;2 U...U ,u;n
= 4,() =1, YU, U, Ug, () ¥V xeX

= X =G, UG, UG,

= (X,T) is compact.

Definition: 5.6 An L — fuzzy topological space ( L , é‘f ) is said to be L — fuzzy semi-compact if for every collection

{s, e A} of L—fuzzy semi-open subsets on X with s = U g, there exists a finite subcollection

aelA

{,ual, J7— ,uan}of{,ua laeA}suchthat g = g1, Up, U..Up, .
Proposition: 5.7 (X ,T) is semi-compact <> (LX 0, ) is L — fuzzy semi-compact.

Definition: 5.8 An L — fuzzy topological space (LX 0, ) is said to be L — fuzzy disconnected if there exist two L —

fuzzy open subsets £ and v such that

@ u#py and v£ L, b)) =pUv (© u#upNov
Proposition: 5.9 (X ,T) is disconnected <> (LX ,57) is L — fuzzy disconnected.
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