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ABSTRACT

In the present paper we will establish some fixed point and common fixed point theorem in Banach space taking
rational expression for 1,2,3 mappings. Our result is extended form of many known results taking particular inequality.
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1. INTRODUCTION:

In recent years, nonlinear analysis have attracted much attention .The study of non contraction mapping concerning the
existence of fixed points draw attention of various authors in non linear analysis. It is well known that the differential
and integral equations that arise in physical problems are generally nonlinear, therefore fixed point methods especially
Banach contraction principle provide powerful tool for obtaining the solution of these equations which are very difficult
to solve by other method. Recently Verma [24] described about the application of Banach contraction principle [2].

Browder [4] was the first mathematician to study non expansive mappings. Mean while Browder [4] and Ghode [6] have
independently proved a fixed point theorem for non expansive mapping.

Many other Mathematicians have done the generalization of non-expansive mappings as well as noncontract ion
mappings Kirk [15, 16 & 17] gives the comprehensive survey concerning fixed point theorems for non expansive
mappings.

Recently Rajesh Shrivastava, sabha Kant Dwivedi and S.S. Rajput [29] generalizes non contraction mappings.
Before start the main result we write some definitions.

2. PRELIMINARIES:

Definition 2.1: Let L be a linear space and ”,” is nonnegative, real valued function define on L such that for all
x,y€ Land &€ Ror C

) ||x||=0<:)x=0

Gi e+ 5| < ] + ]

Gib v = et ]

Then

is called norm and ( L, ”,” ) is called nor med linear space.

2

Definition 2.2: A sequence {x" }in a normed linear space L is called Cauchy sequence if lim ||xn — x|| =0
xX—>00
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Definition 2.3: A sequence {x, }in a normed linear space L, is called sequence if lim ”xn - X, ” =0

X—>00
Definition 2.4: A normed linear space in which every Cauchy sequence is convergent is called Banach space.
3. MAIN RESULT:

Theorem 3.1:-Let F be a mapping of a Banach space X into it self. If F satisfies the following conditions;

F? = I, where I is identity mapping. 3.1.1)

|F(x)-F(x)| (3.12)

s | X —F(X)||x =¥ +|r - F )|y -F (X)]+]|x -7
[x - F (O +x -]

|1 F O Y F P () -1
ly—F)||+lx -YI

A lx = FOOl+ly = FOOI+ 8{lx = F O+l = F Ol 47| x -]

For every x,ye X, where a, B, ¥, 8,1 >0 and 50 + 5p + 4y + 28 + M < 2, then F has a fixed point.
If o + B + 28 + 1 < 1. Then F has a unique fixed point.

Proof: Suppose X is a point in the Banach space X,

Taking Y :%(F+I)(X), Z=F(Y) and u=2Y —Z we have
|z-x|=|F (r)-F* (x)|=[F ()~ F (F (x))]

= F O = F O ()= 7 00l ()= F 0y = F (00
: [y r 0= F (]

I [[ESRaTes oty Aty Aty |
HF(X)—F2(X)H+||Y—F(X)||

Ay =r ] ()= ol 8l = (O ()= el - ()]

= r Ol =P GO - Xl () F Ol P00
F Oy - (]

]

F(X)=X||[y = F (x)|+|r - F (v)||ly - x|+ - F (x)[
|7 (x)-x]+[y-F (x)]

ool =F O () X[l X1l ()= F ] enfly - ()]

I r 0l =l e ) X On)- Ff - O0f
PG

o IF ) =X = F )y = F () = x|+ - F (x)f
[r-x]
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|y -rF(v || ||F )= X[ ]+ lly =X +[F ()= F ()] ][l = F (x)]] )
TRl )00 - ()] o)) (0
|F(x)-FLi(F+1)(X)] |
00 H D00 Py - PO 100 Xt ) P
[s(F+1)(x)-X]|
]y -rF(r || ||F X)=X[] +8[ 5 (F +1)(X) = x|+ |F (x) = F[4(F +1)(x)]]]
+7[(

(F+I1)(X)-F(x)|

I F 00X - X () X s 00 - X
TP

3|F(x)-x]

d

+,3[||F<X>—Xna||F<x>—X||+||Y—F<Y>||a||F<x>—Xn+:llF(X)—XMz]

[y =F )+ ()= X[+ [ ()= x4 ()= X[ 4] (x) =]
=al [y =F )7 (x)=X[+4]F ()= x]| J+A[ | (X) =X [+ |y = F ()] +4]}F (x) - x]]
+ [y = F )+ F ()= X[J+ 8 () X[+ | (x)- X

=al [y - F(D)+3]F (x)= X[ |+ B[3|F (xX)- x]|+r - F (¥)]

o[y = F@)+]F (0= X[J+ 8 (x) = X[+ 7| (x)-X]
Bm peyro+l }”F X[+t A -F(¥)|

1z-x|< [ a+> ,B+;/+5+ }”F ~X|+[a+B+7]|r-F(v)| (3.13)

Also
lu-x|=[2y-z-X|=|(F+I)(X)-Z-X|=|F(X)+X -Z-X|

=|F (x)-2z|=[F (x)-F(¥)]

<y | X —F(X)||x =¥ +|r - F )|y -F (x)]+]|x -7
[x - F (O +x -]

]l et it
-]

A%~y -F ][l -P el O] ol -1

., |X —F(X)||x =Y|+|r - F )|y - F (x)|+]|x =¥
¥ =F (X))
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At et e (s |
)

71X =F )]+ =F ()] J+ 8[x - F @)+ - F (x)]] +llx -]

_Q{IIX—NX)IIHX—D(FH lr-rm) F+1>(X) FOx -0 |
i [+ (F+1)(x)-F (X))

+

Pty A teIts) Bty N N et
[x = F[3(F+1)(x)]|

+r]|x - F(x)|+|r-F(¥)[] +5[HX—F|}(F+I V|3 (F+1)( ||]
al|x-[3(F+ (0]

PIX FOx - F ()] = F ()3 x - F (0] + 4] X —F(X)||2]

+

Hx-F(x)]
+ﬂlllY F)]3x -F( )||+||X—F(X)IIéIIX—F(X)||+i||X—F(X)||2]

sx-F(x)]
#7[[X = F Oy = F )] J+ o 1x - F (0] +4x - F(X>||] [ 4]x - F (x)]]
=al[|x - F ()4 -F(v)]+4]x - F (X)| ][y - F (1) +]x - F (x)]+4]x - F (x)]
+r[x=F O+ = F )+ ofx - F (x)[ ]+ S x - F (x)]

=al3|x - F Oy -F )]+ Al - F (1)]+3]x - F (x)]]

w7 =F O+ - F )]+ olx - F ()4 x - F (x)]
Bm peyro+Tl }”x F(X)|+[a+ gy -F ()]
.-.||u_x||g[ Jpryrorll }”x F(X)|+[a+ B+ -F (V)| 614

Now,

|2 ~ul <]z =X+ X ~u|

Bm pryror] }”x F(X)|+[a+ B+ -F (V)|

+Ba+;ﬁ+y+5+ }”X F(X)|+[a+B+7]|r-F(¥)|
2Ba+ B+ }”x F(X)|+2[a+B+7y -F(v)|
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=[Ba+3B+2y+26+7]|X - F (X )|+[2a+28+27]|Yy - F (Y)|

|z —ul|=[3a+3B+2y+25+7]|X - F(X)|+[2a+28+27]|y - F (7)) (3.1.5)
Also
|2 -ul=]F (¥)-(2r-2)]
=|F(r)-2vr+Z]
=2l (1)-1]
. from (1.5)

w2y =F(Y)|=[Ba+38+2y+25+n]|X - F (X)|+[2a+28+2y]|y - F (Y)|

Jr-r ] <glx-rF(x)]

where g = 3a+3B+2y+20+n
2—(2a+28+2y)
since Sa+5B+4y+20+n<2

Let G:%(F+I) then for every xe X

By the definition of q, we claim that {G"(X)} is a Cauchy sequence in X.

By the completeness, { G"(X)} converges to some element X in X.

ie. imG"(X)=X,

o0
Which implies that G(Xy) = X,.
Hence F(X,) = X,

i.e. Xy is a fixed point of F.

For the uniqueness, if possible let Yy(# Xo) be another fixed point of F then

|x, -%|=|F (X,)-F (%)

”XO _F(XO)””XO _Yo||+||Y0 _F(Yo)””Yo _F(X0)||+||X0 _YO||2
[%o = F (x)|+1%, - %]

<o

+ﬁ_”Yo_F(YO)””X0_Y0||+||X0_F(Xo)”||xo_F(Y())”"'”XO_YOHZ_
i [v, = F ()] +1%, - %]
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{1~ POl F O] #3T1%, - F O F o)1, -]
_xowl %o 4
“on P T,y

=af X, =Y [+ B X, ¥, [+ 26| X, - ¥, | + 7| X, - ¥

=[a+B+25+7]|X, Y|

+26]X, =i+ x, =¥

~| X, Y| <[a+ B+26+7]|X, Y|
since a+ f+20+n<1

%, =0

X, =Y,

This completes the proof.

Theorem 3.2: Let K be closed and convex subject of a Banach space X. Let F : K —» K, G : K — K satisfy the
following conditions :

F and G commute 3.2.1)
F? =1and G* = I, where I denotes identify mapping (32.2)
”F a (3.2.3)

< |6 (x G(Y)|+|c(r)-F(¥)||c(¥)-F(x)|+|c(x)-G(x)

B ||G (X)-F(x)|+|c(x)-G(7)|

+[,,[HG (1)]le(x || IIG (X)-F(X ||||G (Y)||+||G(X)G(Y)IIZ}
IIG F(¥)|+|c(x ||

|6 (X)-F(X)|+|a(v)-F ()] J+olJo(x)-F (¥ ||+||G )| J+nle(x)-6(v)

Forevery X,Y,€ X,0< @, 8,7,0,1 and 5a+5L+4y+25+1 < 2. Then there exist at least one fixed point,

X,€ X suchthat F(X,)=G(X,)=X,. further if &+ f+25+17 <1 then X is the unique fixed point of F
and G.

Proof:

from (3.2.1) and (3.2.2) it follows that (FG) =Tland (3.2.2) and (3.2.3) imply.
|FGG(x)-FGG(x)|=|FG* (X)-FG*(v)|

< |6G* (x)-FG* (x)||66* (x)-GG* (v)|+|6G* ()~ FG* (v )||GG* (v) - FG* (x)|+|GG* (x)-GG* (v)||
B lea* (x)-FG* (x)|+|cG’ (x)-66> (v))

i leG* (v)-Fa* (v)||cG (x)-GG* (v)|+|6G* (x)-FG* (X ||||GG2(X)—FGZ(Y)||+||GG2(X)—GG2(Y)||2
leG* (v)-Fa* (v) ||+||GG2 )-GG* ()|

+y[HGG2 (X)-FG*(X)|+|GG* (v)- FG*( Y)H]
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+8[|66* (x)-FG* (v)|+|6G* (¥)-FG* (x)| ]+n|cG* (x)-GG* (v)|

. l6(x)-FG-G(X)||G(x)-G(x)|+|G(Y)-FG-G(¥ ||||G )-FG-G(X)|+|G(x)-G(v)|
l6(x)-F6-6(x)|+]e(x)-c(v)]

5 lo(v)-FG-G(v)||c(x)-G(v)|+|c(x)-FG-G(Xx ||||G )-FG-G(¥)|+|c(x)-G(¥)[
lc(r)-FG-G(v)|+|G(x)-G(¥)|
o

+6[|

+

G(X) (x)|+|c(r)-FG-G(v)|]

G(x) W) +[6(r)-FG-G(x)|J+n[|6(x)-G ()]
Now that G(X) =7 and G(Y) =W, then we get

|FG(z)-FG(w)|

SOK[IIZ—FG(Z)IIIIZ Wi+ W - Fe(w)jw - FG(Z)||+IIZ—W||2}
|z-Fo(z ||+||Z Wl

| W =rellz Wiz Fo(@)lz - Fe ) lz-wl
EEOEET

- 6@ - F )+ ol - Fa W )+ - FG ()] +nlz W]

2 . . . .
We have (F G) =1 and so by theorem I, FG has at least one fixed point say X, in K, i.e.

FG(X,)=X, (3:2.4)
FFG(X,)=F(X,)
G(X,)=F(X,)

Now,

”F(Xo)_Xo”:HF(XU)_FZ(XO)H:”F(Xo)_FF(Xo)”

<a "G(Xo)_F(Xo)""G(Xo)_GF(X0)||+"GF(X0)_FF(XU)""GF(XU)_F(Xo)||+||G(X0)_GF(X0)"2_

"G(Xo)_F(X0)||+||G(Xo)_GF(X0)”

"GF(Xo)_FF(XO)""G(XO)_GF(XO)""'"G(XO)_F(Xo)”"G(Xo)_FF(XO)""'"G(Xo)_GF(Xo)"2_

||GF(X0)—FF(X0)||+||G(X0)—GF(XO)"

|G(Xo)_F(X0)||+||GF(X0)_FF(XO)M
"G(Xo)_FF(X0)||+||GF(Xo)_F(Xo)”]"'U”G(XO)_GF(XO)”

_  FG) = F |7 (%)= X +1%, = XX = F (%) +[F (%) - X[
[F(x0)=F (Xo)|+[F (xo) - X,

+,B ”Xo_X0||||F(X0)_Xo”"'”F(Xo)_F(Xo)””F(Xo)_Xon'*'”F(Xo)_Xo”2
[0 = Xall+F (Xo) = X,
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77 (X0) = F (X +1X0= X0l J+ S (Xo) = Xo | #1X0 = F (o) ]+ {17 (X0) = (X,)]
:a”F(Xo)_Xo”"'ﬁ”F(Xo)_Xo||+25||F(X0)_Xo”""]”F(Xo)_Xo”

:(a+ﬁ+2§+77)||F(XO)—XO||

There fore

||F(X0)—X0|| < (a+,B+25+77)||F(X0)—X0||
This is contradiction

Since ¢+ f+0+n<1

~F(X,)=X,

Le. X, is fixed point of F, but F (Xo) = G(XO) therefore we have G(XO) =X,
Le. X, is the common fixed point of F and G.

Now, we shall prove that X, is the unique common fixed point of F and G. If possible let Y, be another fixed point of F
and G.

Now by (3.2.1), (3.2.2), (3.2.3), (3.2.4) and (3.2.5) we have

”Xo ”_HFZ ())_F2(YO)H=||FF(X0)_FF(Y0)” _
Tlor(x)-rrexller (x,)-cr ol slor )~ Frouler 04) - pr (x| e () -6F )]
||GF(XO)—FF(X0)||+||GF(X0)—GF( ||
+/3[||GF FF (3,)||oF (X,)-GF (1,)] ||GF ||||GF FF (1,)|+6F (xX,)-GF (1)]'|
G ()= F || IIGF ||

+7[|GF (X,) = FF (X,)| +|GF (%) - FF (v, )]
+3[|GF (x,)-FF (¥, || [GF (%)= FF (x,)| [+nGF (X,)-GF ()

=a|| X, =Y [+ B[ X, ¥, [+ 28] X, — ¥, |+ 7| X, =¥
=(a+p+25+n)|X,-Y|
”Xo _Yo” < (0(+,B+2§+7])||X0 _Yo”

Since @+ B +20 +1n <1, it follows
X, =Y,
Proving the uniqueness of Xy, the proof of theorem 2 is complete.

Theorem 3.3:
Let K be a closed and convex subset of a Banach space X. Let F, G and H be three mappings of X into itself such that

FG=GF, GH = HG and FH = HF (3.3.1)
F?*=1, G* =1, H* =1, where I denotes the identify mapping (3.3.2)
|F(x)-F(r)| (333)
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. |loH (x)-F (X)||GH (X )-GH (Y)|+|GH (¥) ||||GH Y)—F(X)||+||GH(X)—GH(Y)”Z_
|lGH (x)-F(x)|+ ||GH GH (Y|

||GH (Y)-F (Y)||+||GH (X)-GH (Y)"

+,8[||GH(Y)—F(Y)||||GH(X)—GH(Y)||+||GH(X)—F(X)||||GH(X)—F(Y)||+||GH(X)—GH(Y)||2 ]

+y]|6H (x)-F (X)|+|GH (v)-F (v)|]+8[|GH (x) - F (¥)|+|GH (¥) - F (x)] ]
+7|GH (X )-GH (v )|

Forevery X,Y€ K and 0< a, [, ¥, 0, 1 suchthat Sa&+58+4y+20+17 <2 then there exist at least one
fixed point X, € X such that

F(X,)=GH(X,) and FG(X,)=H (X,)
Further if &+ f+20+17 <1 then F has a unique fixed point.

. 2 . . . .
Proof: From (3.3.1) and (3.3.2) it follows that (FGH) = I, where I is the identify mapping, from (3.3.2) and (3.3.3)
we have

|FGH -G(X)- FGH -G(Y)| =||F -GHG(X)-F -GHG(Y)|

H(GH) 6(x) - reHG X)|(GH) 6(x) = (6H) ¢ +|(GrY 6 (¥) = FerG W|l(GHY 6 (¥) - Fere (x| +(Gr) 6 (x) - (GH)Y ¢ (v
liGr Y 6(x) - FerG ()| +|(GH) 6 (X) - (GH)* G(¥)|

{(cm 6 ) - FeHGW||(GH) 6 (x) = (GHY 6 V)| +|(GH) 6(x) - Ferc (x)|(GH)? 6 (%) - FeHG ()| + |(GH)* 6 (X) - (GH)* G(Y)}
licr)? 6(v) - FerG (V)| +|(GH) 6 (X) - (GH)* 6 (¥))

wllGH) 6(x) - FerG (x| +|(GH)* G (v) - FGHG (V)| ]
+slcrY 6 (x)-FerG ()| +(GHY 6 (¥) - FerG (x)|]
wllGH)Y 6(x)-(GH) 6 (v)|]

{IIG(X) FGHG (X)||G(X) -G )| +|G ()= FGHG(Y)||G (V) - FGHG (X)|+ |G (X) - G(Y)||}
lG(x)-FGHG (X)||+|G(X)-G(Y)|

’B[”G(Y) FGHGY)|||G(X) -G W) +]|G (x) = FGHG (X)|||G(X) - FGHG (¥)|+]|G (X) - G(Y)||}
IG(Y)= FGHG (Y)||+|G(x) -G (V)|

+7ll6 (x) - FGHG (X)|+|G(Y) - FGHG (Y)|] + 8[|G (X) - FGHG (Y)||+]|G (Y) - FGHG (X )||]
+n[lc(x)-G ()]

Now, if we put G(X)=Z and G(Y) =W, we get,

|FGH (z)- FGH (W )|

||z FGH (Z2)||z-w+|w = FGH W)||W - FGH (2)|+1Z -WIf
|z-FGH (2)|+]|Z -W]
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ﬁ,[IIW FGH W)||Z =Wl +||Z - FGH (2)||Z - FGH W) +]Z - Wll}

lw - FGH W)||+|Zz-W|
+/l1z - FGH (2)|+|W - FGH W)|]+ 6|z - FGH (W)|+|W - FGH (2)]]
+nllz-wl]

Put FGH = N then
[V ()= N (w)]

gapk—Numk—wwww—Nowww—Nwm+k—wr}

e =N () +lz v

+ﬁ”w—Nwwk—th—wumk—Nww+k—w1

[w=n (w)]|+z—w]
7 Je=N (@) #w=N ()] J+ 8] o= N (w)+ |w=N ()] [+ 2l = w]
Putw=%(N+I)(z)
N(w)=sandt=2w-s (A)

Now from (A) we have

b=V )= =[N ()8 =V )N (v )
[nw Vil iaf 49 <z>u||N<z>—N<w>||+||w—zv<z>|r}
e G- )
+ﬁ[HN ool ||uw—N2<z>u+||w—zv<z>||2]
V- N
el O ()= o A (| ()= (] e = )]
[|w Nl N - znnN(z)—N<w>||+||w—zv<z>|r}
V-5 (o]
[nN et ||nw—zn+||w—zv<z>|r]

#7[b=N OV (@)= J+ 8 w—el |V (2) = ¥ ()] 4= N ()

_O{MW N(w)|[£(NV +1)(2) =N (2)]|+|N (2) z,||HN N(%(N+I)(z))”+||§(N+I)(z)—N(z)||2
[V (2)-N(3(N+1)(2))|
[V (2) =l (N + 1) (2) =N ()] +w =N ()] L (N + 1) (2) =] 5 (N + 1) (2) =N (o)
+h ! =1+ 1))
+7[[w- N (w)]+|N (=) z||]+5[|| (N+1)(2) =2 +|N (2)-N(E(N+1)(z \H
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+77|| (N+1)( ||

Sa[llw—N(w)lla||N<z>—z||+||N<z z||;||N(Z)_Z||+;"N(z)_ﬂ
4N (2)-4]

o IV =3 N (@)=l e po= N RV ()= 2] eV ()=
5N (z)-z
ol WOl 8 )~ ] oA - @)=L )4
<afw=N (W) +[¥ (2)=2+¥ ()]
+B [N (2) =2+ |w=n (w)+4|N () =]
7 po=N () +[¥ (2) Z||]+5[”1"(1)—Z||]+’7%||N(Z)—Z||
<(3a+iB+y+6+4n)|N(2)—2|+(a+B+y)|w—N(w) (B)

Similarly it can be shown that

l-z|<(Za+3iB+y+ 5+%7])”N(z)—z”+(a’+ﬁ+ 7)||W—N(w)|| ©)
Now
s =t <[ls—z]+]z—|

<(3a+38+2y+25+n)|N(2)-z|+2(a+B+y)|w—N(w)| (D)
Also

s =2l =¥ (w)=(2v=5)
=[N (w)—2v+ N (w))
= 2|V (w)-w]
Putting the above value in equality (D), we have
2| N (w)-w|< (Ba+38+2y+26+7)|N(z) -2 +2(a+B+7)|w—N(w)
)<l 2)-

3a+3B+2y+20+nm

here g =
e d 2—(2a+2p+2y)

since 5 +50+4y+20+n<2
e |[N(w)-w|<q|N(z)-] )
Put G=1(N+1) thenforze X,
6*(2)-G(2)] =[G (w) -]
:||%(N+I)(w)—w||
=3[N () -]
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q
< 3||N (w) - W”
By the definition of ¢, we claim that {G"(X)} is a Cauchy sequence in X.

By the completeness {G"(X)} convergent to some point X, in X.
- lim G (X)=X,

which implies that G(X,) =X,
Hence N(X,)=X,

~.FGH (X,)= X, because N = FGH (3.3.4)
and so

GH (FGH)(X,)=GH (X,)

~F(X,)=GH (X,) (3.3.5)
Also

H(FGH)(X,)=H(X,)

~FG(X,)=H(X,)

Now, by (3.3.1), (3.3.2), (3.3.3), (3.3.4) and (3.3.5) we have

J#(%0) = Xo|| = [FG (x0) - F*(x,)]
—||FG —FF(X,)|

<0{GHG(XO) HHGHG o)—GHF (X, )|+|GHF (X,)- FG (X, HHGHF y)—F X“)+GHG(X(,)—GHF(X(,)Z}
- |GHG (X,)- FG (X, )|+|GHG (X,) - GHF (X, )|

|GHF (X,)- FF(X,)||GHG (X,)-GHF (X,)|+|GHG (X,)- FG(X, HHGHG \) - FF (X,)|+|GHG (x,) - GHF (x,)[
+h HGHF(XO)—FF(XO)H+HGHG -GHF (X,
+7]|GHG (X,)- FG (X, )|+|GHF (X,)- ||]
+0[|GHG (X,) - FF (X, )|+|GHF (X,)- FG(X,)|] +n[|GHG (X,)-GHF (X, )]

O{IIH(XO)—H(XO)IIIIH(XO)—X0||+||Xo—XOIIIIXO—H(Xo)||+||H(Xo)—Xo||2}
”H(X())_H(Xo)”""”H(Xo)_Xo”

+ﬁ[||Xo _X0||||H(Xo)_(Xo)”+”H(Xo)_H(Xo )””H(Xo)_X0||+||H(X0)_Xo”2]

%, = X[+ (%,) - (X))

ol (6= H X Xl (60~ X, ()T ()]
:a”H(Xo)_Xo”"'IBHH(Xo)_X0||+2§”H(Xo)_Xo||+77||H(Xo)_Xo”
=(a+p+25+n)|H(X,)-X,|

There fore |H(X,)— X, | < (a+B+25+7)|H(X,)-X,|

This is contradiction

Since o+ f+20+n<1.
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~H(X,)=X,

Le. Xj is the fixed point of H. Thus we have from (3.2.5)
G(Xo) = F(Xo)

Again
”F(Xo)_Xo”:HF(XO)_FZ(XO)H

:”F(Xo)_FF(XO)”

<a||GH(XO)—F(XO)||||GH(X0)—GHF(XO)"+||GHF(XO)—FF(XO)""GHF(XO)—F(X0)||+||GH( ~GHF (X, )|
||GH(X0)—F(XO)||+||GH(XO)—GHF(XO)"
.8 |GHF (X,)-FF (X, )||GH (X,)-GHF (X, )|+|GH (X,)-F (X, ||||GH o)~ FF (X,)|+|GH (X,)-GHF (X, )[
|lcHF (x,)-FF (X,)|+|GH (X,)-GHF (X ||
+y ||GH(X() - X0)||+||GHF(X())_FF(X())”:|

I )
+3||GH (X,) - FF (X,)|+|GHF (X,)-F (X,)|] +n[|GH (X,)-GHF (X,)|]

{IIF(XO)-F(XO)IIIIF(XO)—Xo||+||Xo—XOIIIIXo—F<Xo)||+||F<Xo)—Xo||2]

”F(Xo)_F(X())||+||F(X0)_Xo”

+f

[nxoXo||||F<Xo)X0||+||F<xo)F(xo>||||F(xo>x0||+||F(xo)xo||2]

I, T (%))
A )P s -0 P05 - o, P O] {1 ()]

:a”F(Xo)_Xo”"'ﬁ”F(Xo)_Xo||+25||F(Xo)_Xo||+77||F(X0)_Xo”
=(0(+ﬂ+25+7])||F(X0)—X0”

AF(X0)-X,| < (@+ B+26+7)|F(X,)- X,

Which is contradiction, since &+ f+20+n<1
~F(X,)=X,

But F(X,)=G(X,)
F(Xo) = G(Xo) =H (Xo) =X,
. X, is the common fixed point of F,G, H.
Using (3.3.3), (3.3.2), (3.3.3), (3.3.4) and (3.3.5)
”Xo _Y0|| :HF2 (Xo)_F2 (Y;))H

=||FF = FF (%)

<y |GHF (x,)-F. ||||GHF o)—GHF (Y, ||+||GHF V)—F ||||GHF \)~FF(X,)|+|GHF (X,)-GHF (¥,)|
- |GHF (X,)-FF(X,)|+ ||GHF ~GHF (¥, ||
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5 |GHF (Y,)- FF (Y, )||GHF (X,)-GHF (¥, )|+ HGHF o)~ FF (X,)||GHF (X,)- FF (Y,)| +|GHF (X,)- GHF (1, )|
|GHF (x,)- FF (¥,)|+ HGHF o) —GHF (Y, )|

+7||GHF (X,)- FF (X, )|+|GHF (¥,)- FF (¥,)|]

+3||GHF (X,)— FF (Y, )|+|GHF (Y,) - FF (X, )||+n|GHF (X,) - GHF (%,)|

[%o =X+ %, ~ ¥

{”Xo X 1% = Yo+ ¥ — Yo% - 0||+||X0_Y0”2}

{IIY %o = o [ +] X0 = X, | o ~ Yo +]X, YII}
[% =%+ %0~

71X =Xl + 1% =Yl J+ SL1X, Yol +[¥o = X ] 4]} X0 - X

= a|| X, - Y|+ B X, - X[+ 23] X, - ¥, |+ 7| X, - ¥,
=(a+p+25+n)|X,-Y|

”Xo _Y()” = (0!+ﬂ+2§+77)||X0 —Y0||
This is contradiction, since @+ f+20+n <1

. X, =Y, .This completes the proof of theorem.
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