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ABSTRACT

In this paper we give some definition and new definition of Common Fixed Point Theorems and Intuitionistic Fuzzy
Metric Spaces. We formulate the definition of weakly commuting and R-weakly commuting mappings.
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1. INTRODUCTION

Zadeh [32] in 1965 was introduction of the concept of fuzzy sets Grabiec [10] extend two fixed point theorems of
Banach and Edelstein to contractive mappings of complete and compact fuzzy metric spaces in the sense of Kramosil
and Michalek [17]. George and Veeramani ([8], [9]) modified the concept of fuzzy metric space introduced by
Kramosil and Michalek [17] and defined a Hausdorff topology on this fuzzy metric space. obtained common fixed
point theorems for weakly commuting maps and R-weakly commuting mappings.

Atanassov [2] introduced and studied the concept of intuitionistic fuzzy sets as a generalization of fuzzy sets. Coker [4]
introduced the concepts of the so called “intuitionistic fuzzy topological spaces”. Park [22], using the idea of
intuitionistic fuzzy sets, define the notion of intuitionistic fuzzy metric spaces with the help of continuous t-norm [22]
and continuous t-conorms as a generalization of fuzzy metric space due to George and Veeramani ([8], [9]).

Continuous t-conorms as a generalization of fuzzy metric spaces due to Kramosil and Michalek [17]. Further, we
introduce the notion of Cauchy sequences in intuitionistic fuzzy metric spaces. We prove a common fixed point
theorem for commuting mappings in intuitionistic fuzzy metric spaces. We first formulate the definition of weakly
commuting and R-weakly commuting mappings in intuitionistic fuzzy metric spaces and prove the intuitionistic fuzzy
version of Pant’s theorem [21].

2. INTUITIONISTIC FUZZY MERTIC SPACES

Definition: 1 A binary operation *: [0, 1] x [0, 1] — [0, 1] is continuous t-norm if * is satisfying the following
conditions:

(i) *is commutative and associative;

(if) *is continuous;

(i) a*l=aforalla€][o,1];

(iv) a*b<c*dwhenevera<candb<dforalla,b,c,d € [0,1].
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Definition: 2 A binary operation ¢: [0, 1] x [0, 1] — [0, 1] is continuous t-conorm if ¢ is satisfying the following
conditions:

(i) ¢ is commutative and associative;

(i) ¢ is continuous;

(iii) a*0=aforalla € [0, 1];

(iv) a*b<c*dwhenevera<candb<dforalla,b,c,d€ [0,1]

Definition: 3 A 5-tuple (X, M, N, *, 0) is said to be an intuitionistic fuzzy metric space if X is an arbitrary set, * is a
continuous t-norm, 3 is a continuous t-conorm and M, N are fuzzy sets on X? x [0, o) satisfying the following
conditions:

N MXy t)+Nxyt)<lforallx,y € Xandt>0;

(i) M(x,y,0)=0forall x,y € X;

(iii) M(x,y,t)=1forallx,y € Xandt>O0ifandonlyifx=y;

(iv) M(x,y,t)=M(y, x,t) forall x,y € Xandt>0;

(V) M(Xy, ) *M(y, z,8) < M(x,z, t+s) forall x,y,z € Xands, t>0;

(vi) forallx,y € X, M(x,y,.):[0,0) — [0, 1] is left continuous;

(vii) Limt—ooM(X,y,t)=1forall x,y € Xandt>0;

(viii) N(x,y,0)=1forall x,y € X;

(ix) N(x,y,t)=0forallx,y € Xandt>0ifandonlyifx=Yy;

(X) N(X vy, t)=N(y, x,t)forall x,y € Xandt>0;

(xi) Ny, 1) ON(Y,z,8) >N(x,z, t+s) forall x,y,z € Xands, t>0;

(xii) forall x,y € X, N(x,y,.) : [0,00) — [0, 1] is right continuous;

(xiii) lim_,,N(x, y, t) = 0 for all x, y in X.

Then (M, N) is called an intuitionistic fuzzy metric on X. The functions M(x, y, t) and N(X, y, t) denote the degree of
nearness and the degree of nonnearness between x and y with respect to t, respectively.

Remark: 1 Every fuzzy metric space (X, M, *) is an intuitionistic fuzzy metric space of the form (X, M, 1— M, *, 0)
such that t-norm * and t-conorm ¢ are associated ([13]), i.e, x 0y =1-((1 —x) * (1 —y)) forallx,y € X.

Remark: 2 In intuitionistic fuzzy metric space X, M(X, y, .) is non-decreasing and N(X, y, .) is non-increasing for all
X,y € X.

Definition: 4 Let (X, M, N, *, 0) be an intuitionistic fuzzy metric space. Then

() A sequence {x,} in X is said to be Cauchy sequence if, forall t >0 and p > 0,
limM (xmp,xn ,t):l, lim N(x X, ,t): 0
n—o0 n—o0

(b) A sequence {x,} in X is said to be convergent to a point x € X if, for all t > 0,
limM(x,,xt)=1, imN(x,,x,t)=0
n—o0 N—0

n+p?

Since * and ¢ are continuous, the limit is uniquely determined from (v) and (xi), respectively.

Definition: 5 An intuitionistic fuzzy metric space (X, M, N, *, 0) is said to be
(i).complete if and only if every Cauchy sequence in X is convergent.
(if).compact if every sequence in X contains a convergent subsequence.

Lemma: 1 Let S be a continuous maping of a complete metric space (x, d) into itself and T: x — X be a mapping
satisfying the following conditions.

@ T(x)c S(x)
(2) T iscommutes with s
(3) There exists 0 < k< 1. Such that for all x, y €X

d(T(x),T(y)<kd(S(x)S(y))

Then T and S have a unique common fixed point in x.
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3. MAIN RESULT

Theorem: 3.1 Let (X, M, N, *, 0) be a complete Intuitionistic Fuzzy Metric Space and S.T: x — X be mapping
satisfying the following conditions.

3.1) T(x) < S(x)
(3.2) S is continuous
(3.3) There exists 0 < k < 1. Such that for all x, y € X

M (Tx, Ty, kt) > M (Sx, Sy, t)* M (Sx, Sx,t)* M (Sy, Sy, t) * M (Sx, Sy, at)* M (Sy, Sx,,(2 - a }t)

and  N(Tx,Ty,kt) < N(Sx, Sy,t)* M(Sx, Sx,t)* N(Sy, Ty,t) * M (Sx, Sy, at)* M (Sy, Sx,,(2— a }t)
Then s and T have a unique common fixed point in X. Provided S and T commute on X.

Proof: Let X, be an arbitrary point of X. By (3.1), we can construct a sequence {y,} in X such that
Yon = TXonia = SXony Yonut = SXonip = SXpn,q for n =0, 1, ...... Then, by (3.2), for a =1 — g, g € (0, 1), we
have

M(SXan, SXon+1, Kt) < M(SXon, TXone1, £) * M(SXon, SXon, 1) * M(SXon+1, SXons1, £) * M(SXon, TXon+1, (1 — Q1)
* M(SX2n+1y SXan, (1 + q)t)
and
N(SXan, SXans1, Kt) < N(SXon, TXone1, £) O N(SXan, SXon, 1) & N(SXon+1, TXons1, £) O N(SXzn, TXns1, (1 — 1)
O N(SXzn+1, SXan, (1 +Q)t)
and so
M(Yn, Yan+1, KE) ZM(Yon-1, Yon, 1) * M(Yan, Yon-1, 1) * M(Yonet, Yan, ) * M(Yan, Yan, (1= Q)t) * M(Yans1, Yons, (1 +0)Y)

>M(Yan-1, Yo £) * M(Yzn, Yans1, 1) * M(Yans1, Yon, Qt)
and

M(Yzn, Yons1, KE) <N(Yzn-1, Yo 1) O N(Yan, Yon1, 1) O N(Yans1, Yon, ) O N(Yans Yoni (1 - 9)1) O N(Yane1, Yona, (1 + Q)
SN(YZn-la Yon, t) 0 N(yZny Yon+1s t) 0 N(y2n+1a Yon, qt)

Thus it follows that

M(Yzn, Yan+1, Kt) = M(Yon-1, Yon, 1) * M(Yane1, Yon, ) * M(Yanet, Yan, Ot)
and

N(Yzn, Yan+1, Kt) < N(Yan-1, Yon, 1) * N(Yzn+1, Yon, 1) * N(Yans1, Yon, Q)

Since t-norm and t-conorm * and ¢ are continuous and M(X, vy, -) and N(x, v, -) are continuous, letting g — 1, we have

M(Y2n, Yans1: Kt) > M(Yan1, Yone 1) * M(Yans1, Yons 1)
and

N(Yan, Yane1, Kt < N(Yan-1, Yan, 1) * N(Yans1, Yon, 1)

Similarly, we also have

M(Y2n+1, Yon+2, kt) > M(YZny Yon+1s t) 0 M(YZn+2a Yon+1 t)
and

N(Y2n+1, Yon+2, kt) < N(YZny Yon+1s t) 0 N(Y2n+2, Yon+1, t)

In general, we have, form=1,2, ...,

M(ym+1’ ym+2! kt) 2 M(Ym: Ym+1: t) * M(Ym+1: Ym+2’ t)
and

N(ym+1’ ym+2! kt) 2 N(Ym: Ym+1’ t) * N(Ym+1: Ym+2: t)
Consequently, it follows that, form,p=1, 2, ...,

M(Yme1, Ymez, K8) = M(Ym, Ymet, 1) * M(Ymet, Yimez, kt—p)
and
N(Yme1, Yms2s KO = NV, Ymets 1) * NVt Ymez, kt—p)
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t t
By noting that M(Ym«1, Yme+2 k—pkp ) — 1 and N(Ym+1, Y2, k—p) — 0asp— oo, we have, form=1, 2, ...,
M(ym+la Ym+Zy kt) 2 M(me ym+ly t)
and
N(ym+1, Ym+Zy kt) S N(me ym+la t)'

Hence, {y,} is a Cauchy sequence in X. Since (X, M, N, *, 0) is complete, it converges to a point z in X. Since {SX,n},
{Sxon+1} {Sxon+2} and {Tx,n41} are subsequence of {y,}. Therefore, SXon, SXon+1, SXon+2, TXons1 — Z @SN — 0.

Then, since the pair (S, T) is compatible of type (I) and T is continuous, we have

M (Tz,z,t)> lim M (STx,,,,z, At),

N(Tz,z,t)> lim N(STx,,,,2, At), TTxzu — Tz.

N—o0
Now, for a = 1, setting X = Xp, and y = TXpn+1 in (3.2), we obtain
(3.3) M(SXan, STXon+1, Kt) = M(SXan, TTXon+1, 1) * M(SXzn, SXon, 1)
> M(STXan+1, TTXons1, t) * M(SXon, TTXon41, £) * M(STXzn41, SXon, 1)
e N(SXan, STXon+1, Kt) < N(SXon, TTXn41, 1) & N(AXan, SXon, t) ¢ N(STXan+1, TTXon+1, ) O N(SXon, TTXon41, 1)
O NM(STXon+1, SXon, 1):

Thus, by letting the limit inferior on both sides of (3.3), we have

limM (z,STx,, ., kt), > M(z,Tz,t)*M(z,2,t)*limM (Tz,STx,,,,t), *M(z,Tz,t)*limM(z,STx,, ., 1)

and
limM (z,STx,,,,,kt) > M(z,Tz,t oM (z, 2, t)0lim N(Tz, STx,, ;. t), ON(z,Tz,t}0lim N(z,STx,, ;1)

Therefore, it follows that

limM(z,STx,, ., kt) > M(z,Tz,t)* limM (Tz,STx,, . t)

limM(z,STx,,.,,t)> M (Z,Tz,t)*'V'(Z,TZ%j*“_mM(Z,STXZM%J *limM (z, STX,.,, 1)
_ _ At
2 lim M (2, STx.,, At)* lim M (Tz,STxM;]
*“_mM(LSTszla%j*“_mM (Z’STX2n+1’t)
and
lim N(Z, STX2n+l, kt) < N(Z,TZyt)<> lim N(Tza STX2n+1)t) <>I|_m M (Z! STX2n+l’t)
< N(z,Tz,t)ON(z,Tz,%jOlﬁ N(z, STXZM,%] Olim N(z,STx,, ;. t)
<TimN(z, STy, A TIMN (Tz, STXZM,%) olimN (z, STXM,%)OW N(z, STy 1.1)
and forA =1,
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limM (z,sTx,, ., kt)> limM (Z, sTle,%j

n—o n—o

and
NG 5Tr s KO TN 2:5Th

it follows that |i_mSTX2n+l = Z. Now using the compatibility, we have

n—o

M(Tz,z,t)> limM(z,sTx,,.,, At)=1

n—o

N (TZ, Z,t) <limN (Z, STX,p015 ﬂt) =0 and so it follows Tz = z.

n—o0

Again, replacing x by x2n and y by z in (3.2) for a = 1, we have
M (Ax,,,sz,kt)> M(SX,,,z,t)* M(Ax,,, SX,,,t) * M (sz,2,t)* M(Ax,,, 2,t)* M (sz, Sx,,,,t)
and

N(Ax,,,sz,kt) < N(Sx,,, 2, tON(AX,,, SX,,,t) ON(sZ, 2, t )ON (Ax,,, 2,1 JON(sz, SX,, 1)

and so letting n — oo, we have
M(sz, z, kt) > M(sz, z, t) and N(sz, z, kt) <N(sz, z, t), sz = z.

Since B(X) < S(X), there exists a point U € X such that Su=2z. By (3.2) for a = 1, we have
M (Au, z,kt)> M (Su, z,t)* M (Au, Su,t)*M(z,z,t)*M(Au, z,t)* M(z,Su,t)
and

N(Au, z,kt)< N(Su, z,tJON(Au, Su,t) ON(z, z,t)oN(Au, z,t JoN(z, Su, t)

and also
M(Au, z, kt) > M(Au, z, t) and N(Au, z, kt) <N(Au, z, t), Au=z.

Since the pair (A, S) is compatible of type (I) and Au = Su = z, we have
M(Au, SSz, t) > M(Au, ASz, t) and N(Au, SSz, t) < N(Au, ASz, t)
and so
M(z, Sz, t) > M(z, Az, t) and N(s, Sz, t) <N(z, Az, t)
Again by (3.2), for o = 1, we have
M(Az, z, kt) > M(Sz, z, t) * M(Az, Sz, t) *M(z, z, t) * M(Az, z, t) * M(z, Sz, 1)
and
N(Az, z, kt) <N(Sz, z, t) 0 N(Az, Sz, t) ON(z, z, t) 0 N(Az, z,t) 0 N(z, Sz, 1)
Thus it follows that
M(Az, z, kt) > M(Sz, z, t) * M(Az, Sz, t) * M(Az, z, 1)
t
>M(Az, z, )
2

and
N(Az, z, kt) < N(Sz, z, t) 0 N(Az, Sz, t) 0 N(Az, z, 1)

t
>N(Az, z, —
(Az,z 2)

and so, by Lemma 2, Az = z. Therefore, Az = Sz = z and z is a common fixed point of A, S. The uniqueness of a
common fixed point can be easily verified by using (3.2).
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