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ABSTRACT 

By using the partitioned matrix and the λ −polynomial theory, this paper gives a systematic exposition of sub-block 

matrix polynomial of matrix rank. And it studies the relationship and transformation between sub-block matrix 
polynomial of matrix rank and the rank of matrix polynomial. Then, this paper mainly get two conclusions and solve 
the two guesses of literature 2. 
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1. INTRODUCTION   
 
Matrix rank is the important content of the matrix theory．In various kinds of related literature, there are many about the 
important matrix rank of equality and inequality, but there is seldom about the discussion of the matrix polynomial of 
the sub-block matrix rank, as well, there is a little about the polynomial matrix rank. In 2004, Li jingchao, Jiang jun and 
Xiang shibin studied a class of matrix rank identity and its promotion, they got an identity about matrix polynomial 
rank and put forward two conjectures. By using the portioned matrix and the λ −polynomial theory, this paper gives a 
systematic exposition of sub – block matrix polynomial of matrix rank and got some better results. In addition, its 
application would solve the two guesses about the identity of polynomial matrix rank 

Guess 1: let ,n nP ×Α∈ Pkkk t ∈,, 21 when tkkk ,, 21  meet what conditions, then  
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Guess 2: Let nnP ×∈Α ， Pkkk t ∈,, 21 , and E=Α2 , When tkkk ,, 21  meet some conditions，then 
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Where 21, ff  are polynomials about tkkk ,, 21 . 
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Lemma 1: letΑ ∈ nmF ×
，Β ∈ qpF ×

，then 
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( ) ( )nrankrank Α+Α= 1 . 

 

Lemma 2: let ( )λΒ ∈ [ ] lsF ×λ , ( )∈λC [ ] tlF ×λ , ( ) ( ) ( )λλλ CH ×Β= ∈ [ ] tsF ×λ ， then for any matrix 

nmF ×∈Α ， ( ) ( ) ( )Α×ΑΒ=Α CH . 

 

Proof: let ( ) ( )( )
lsijb
×

=Β λλ , ( ) ( )( )
tlijcC
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= λλ , ( ) ( )( )
tsijhH
×

= λλ ， 

Since ( ) ( ) ( )λλλ CH ×Β=   then ( ) ( ) ( )λλλ ∑
=

=
l

k
kjikij cbh

1

，then  

      ( ) ( ) ( )∑
=

ΑΑ=Α
l

k
kjikij cbh

1

 So ( ) ( ) ( )Α×ΑΒ=Α CH . 

Corollary 1: let ( )λΒ ∈ [ ] ssF ×λ ，
nnF ×∈Α ，if ( )λΒ  reversible，then ( )ΑΒ is also reversible. 

Proof: since ( )λΒ is reversible then there exits ( )λ1Β ( ) ssF ×∈ λ ，such that ( ) ( ) sΙ=ΒΒ λλ 1 ，according to lemma 2, 

( ) ( ) ns×Ι=ΑΒΑΒ 1  ,So ( )ΑΒ reversible. 

 
2. MAIN CONCLUSION  
 

Theorem 1: let ( )λΒ ∈ [ ] lsF ×λ ，A∈ nmF ×
，then rank ( )( ) =ΑΒ rank ( )( ) ++Α 1d rank ( )( )Αrd ， 

where rankr = ( )( )λB , ( )λkd ( rk ≤≤1 )are all levels of invariant factor of ( )λΒ . 

Proof: ( ) [ ] ∃∈∀ × ,lsFB λλ  reversible −λ matrix ( ) [ ] ssFP ×∈ λλ ， ( ) [ ] llFQ ×∈ λλ  such that 
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, according to lemma 2 
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So, both sides are equal rank, according to corollary 1. ( )ΑP , ( )ΑQ are reversible. Because reversible matrix does 

not change the rank of matrix,  

According to lemma 1 rank ( )( ) =ΑΒ rank ( )( ) ++Α 1d rank ( )( )Αrd . 

Theorem 2: let ( )λΒ ∈ [ ] lsF ×λ ，
nnF ×∈Α ，then rank ( )( ) =ΑΒ rank ( )( )Α1h + ( )( )Α+ rhrank ，where 

( )( )λBrankr = ； ( ) ( ) [ ]λλλ Fhh r ∈,,1   are any non-zero polynomial, and irreducible factor product of standard 

factorization compose all the factor of ( )λΒ . 

Proof: the proof is similar to the document 2 345 page proof of theorem 9.  
 
From the above discussion shows that one matrix which block is matrix polynomial, its rank can be converted into the 
sum of the same number of rank of matrix polynomials. So how to calculate the sum of any set of polynomial matrix 
rank. 

Theorem 3: let ( ) ( ) [ ]λλλ Fff s ∈,1  are any non-zero polynomial, nnF ×∈Α ，then 

( )( ) ( )( ) ( )( ) ( )( )Α+Α=Α+Α rs hrankhrankfrankfrank  11 ，where： ( ) ( ) [ ]λλλ Fhh s ∈,,1  , and there 

irreducible factors product of standard factorization is similar to the ( ( ) ( )λλ sff ,,1   )’s irreducible factors product 

of standard factorization. 
Proof: according to theorem-2, the conclusion is correct. 

Corollary 2: if ( ) ( )xgxf ,  relatively coprime，then ( )( ) ( )( ) =Α+Α grankfrank n+ ( ) ( )( )ΑΑ gfrank . 

Corollary 3: if ( ) ( )xgxf ,  non coprime， ( )xd  is the largest Convention-style， ( )xm  is the least common multiple, 

then ( )( ) ( )( ) =Α+Α grankfrank ( )( ) ( )( )Α+Α mrankdrank .  

Corollary 4: if ( ) ( ) ( )xfxfxf m,, 21  prime to each other，then 

( )( ) ( )( )Α++Α mfrankfrank 1 = ( )nm 1− + ( ) ( ) ( )( )ΑΑ×Α mfffrank 21 . 

Proof: since ( ) ( ) ( )xfxfxf m,, 21  prime to each other, then the ( ( ) ( ) ( )xfxfxf m,, 21 )’s irreducible factors 

product of standard factorization is equal to the ( ( ) ( ) ( )xfxfxf m 21,,1,1 )’s irreducible factors product of 

standard factorization，so ( )( ) ( )( )Α++Α mfrankfrank 1 = ( )nm 1− + ( ) ( ) ( )( )ΑΑ×Α mfffrank 21 . 
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Corollary 4: solve the two guess of conjectures 1. According to corollary 4, when tkkk ,, 21  different from one 

another,  conjecture 1 and conjecture 2 are all established,. 
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