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ABSTRACT

Polynomials in various forms have recently been worked out for their extensive application in stability problems,
coding theory, signal processing, electrical networks, linear control systems etc. The results concerning the number of
zeros in a region has been of great use. In this paper we prove some results concerning the bounds for the zeros of a
polynomial, which generalizes the result due to Bidkam and Dewan and also results due to Gulshan Singh and W.M.
Shah
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The following results concerning the number of zeros in a closed disk to Q G Mohammad [9]
Theorem A: If P(z) = Y}y a,z" is a polynomial of degree n, such that

an2an_12-"2a12a0>0.

Then the number of zeros of P(z) in |z| < % does not exceed

a
1+ log a—" .theorem for different classes of polynomials and proved the following result:

log2 0
Bidkam and Dewan [3] generalized the above
Theorem B: If P(z) = Y7—, a.z" is a polynomial of degree n, such that
Ay < Qg o S QG S Q= ayq = = aq = g
for someA, 0< A < n, then the number of zeros of P(2) in |z| < % does not exceed

1 |lan] + laol — an — ap + 24,
log2 |aol '

Recently Gulshan Singh and W. M. Shah extended [12] the above theorems to the polynomials with complex co-
efficient and proved some more results which generalized both Theorems A as well as Theorem B. The following
results were proved.

Theorem C: Let P(z) = }/_oa,z" be a polynomial of degree n, such that a; = ; +if; where a;and f;
j=012,..,n are real numbers. if for some positive numbers kq,k,, piand p,with k; =>1,k, =1 and
0<p1<1,0<p, £1.

kia, Z2a, 1= a; =2 pag

kyBn = Br-1 =+ Br = p2Bo
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. 1
Then the number of zeros of P(z) in |z| < 7 does not exceed

1 {l Bl}
10g2 " |y

By = ky(|la,| + ay) — pr(lag| + ap) + 2|ag| + k2 (18, + B) — p2(IBo] + Bo) + 216]

The following theorem is generalization of Theorem B where instead of real coefficients, the complex coefficients has
been considered

Theorem D: Let P(z) = }¥'_pa,z" be a polynomial of degree n, such that a; = a; +if; where a;and f;
j=012,..,n are real numbers. if for some positive numbers ky,k,, p; and p, with k; =1, k, =1 and

0<p; <10<p, <1,and forsome 0 <1 <n.
ko, <oy, 1SS =a o = prag

kofn SPp-1 <SP <P z2hri-12 2 P12 p2pho

Then the number of zeros of P(z) in |z| < g does not exceed

1 M,
{log—} forR=1
|aol

log2
and
! {l Mz} R<1
log2 0g|ao| forR <
Where

My = (lan| + 1B DR + (lan (1 = k1)) + 1By 1(1 = kR™ + (lag (1 = p1) + 8ol (1 = p2))R + (ol + 1B )

+ RY(ay + By — pratg — p2Bo) + R™(az + By — kyaty, — ko By)
and

My = (lay| + 1B, DR™ + (lan |(1 — k1)) + 18, 1(1 — k)R™ + (lao| (1 = p1) + 1Bol (X = p2))R + (lao| + 180D
+ R(ay + By — prtg — p2Bo) + R (@ + By — kv, — k2By)

In this paper we will generalize Theorem A, Band Theorem C will also be generalized as a Corollary of the theorem
which states as

Theorem 1: If P(z) = Y7, a.z" is a polynomial of degree n, such that if for some numbers A and, where A > 0 and
u<o.
A+ a, W12 24 =4+ a.

Then the number of zeros of P(z) in |z| < % does not exceed ﬁ log |¢11w_|
0

where
M = (la,| + a,) + (lag] + ap) + 24 + 2u

For the proof of these theorem we need following lemmas

Lemma 1:. Assume that f is analytic in a disk |z| < R, but not identically zero. Assume also that £(0) # 0. Let f have
zeros {a; L,k =1,2,..nin|z| < R, then

1[2”1 Re™)|d9 — 1 0 —il R
), og|f(Re™)|d9 — log|f( )|—j:1 Ogm

J

The above lemma is well known Jensen ‘s Theorem. The following lemma can be easily deduced from lemma 1

Lemma 2: If f(2) is regular, f(0) # 0. and |f(z)| < M(r) in |z| < r, then the number of zeros of f(z) in|z| < % does

not exceed
1 ] M(r)
logz{ o9 f(O)}

Remark 1: If we put A = 4 = 0 we obtain Theorem A
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Remark 2: If we put 2 = (k; — 1)a, and u = (p; — 1)a, the above theorem reduces to Theorem C for real
coefficients of polynomial.

Proof of the theorem 1:

Consider the polynomial

Q@) =(1-2P2)

Q) =—-a,z""' -2z + A+ a, —a,_)z" + (a1 — ay_)z" '+ -+ (ay — pu — ag)z + uz + a,

Q) =—a,z""' — Az + +uz+ayg + (a, —pu—ag)z + (a, — ay)z> + -+ (a,_1 — ap_p)z" !
+A+a, —a,_1)z"

Q@I < layllz|™™* + [Allz]™ + laol + |ullz] + lay — u — agllz] + la; — al|z]* + -+ + |ay_1 — ay_|lz|* !
+ |l+an _an—lllzln

For|z] <1
Q)| < la,| + 1Al + lagl + lul + la; —p—agl + lag —as| + -+ |ay_y —an_,| + A+ a, —a,4
= la,| + 1A +lagl + |lul+a; —p—as+a —a; + -+ ap 1 — a2+ A+ ay, —a,
=la, |+ A1+ apl + |lul+—p—ay+1+a,
= (lag| + a,) + (lag| — ag) + 22 + 2|y
=M
Thus [Q(2)| <M

Also Q(0) = ay, therefore by applying lemma 2 to Q(z), we get the number of zeros of Q(z) in |z]| < 1/2 does not

1 M
exceed —log —.
log2 lagl

where
M = (la,| + a,) + (lagl — ag) + 24 + 2

Since the number of zeros of P(2) in |z| < 1/2 does not exceed the number of zeros of Q(z) in |z| < 1/2 the proof of
the theorem is complete.

Theorem 2: If P(z) = Y7, a.z" is a polynomial of degree n, such that if for some a and g where « and B are both
negative numbers and for some 4,0 <A1 <n
at+a, <a, 1 <<y <yz2qy =220 =F+aq

Then all the zeros of P(z) in |z| < R/Z,(R > 0) does not exceed

L log M forR>1
log 2 lagl
and
1 My
log2 lng forR< 1
where

M; = |a,|R*™ + |a|R™ + |BIR + |ay| + R*{2a; — a, — a, — a — B} and
M, = |a,|R™™! + |a|R™ + |ay| + R*{2a; —a, —ay, — a + 2|B|}

Remark 3: If we put « = 8§ = 0 we obtain Theorem B

Remark 4: if we put @ = (k; — 1)a, and B = (p; — 1)a, the above theorem reduces to Theorem D for real
coefficients of polynomial.

Proof of the theorem 2:
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Q) =1 -2)P(2)

Q2) = —a,z2""' —az" +Pz+ay + (@ +a, —a,_1)z" + (Ay_1 — Ay_)z" L+ + (a4, — ay)z* ™
+ (g — a1zt + (@ — @)z + -+ (ag —a))z% + (a — B — ap)z

Q)| < la,llzI™* + lallz]™ + lullzl + lagl + |a + a, — ap_qllz]" + lay_1 — ay_|lz]" ™ + -
+lag — allzI* + lag — apllz1* + lai— — @ l1z1* 7 + -+ lag — ay ]|z
+la; — B —aplz

Now for |z] < R
Q)| < la, |R™! + |a|R™ + |u|R + |ag| + | + a, — ay_1|R" + |@p_g — @up|R" ™ + -+ @31 — ay|[R*?
+lay — a1 IR + lag_g — a3 [R* 7 + -+ |ag — a1 IR* + |a; — B — aolR

Now we consider two cases for R

Case - 1: when R > 1 then we note that
R*">R*"1>R"2>..>R
Therefore
Q)] < la, [R™*! + |a|R™ + |u|R + |aq]|
tRYap 1 —ap—at+a, -ttty —guty—gaty -ty -G
+-ta;—a;+a; —f—ap}

Q)| < lay [R"** + |a|R"™ + |uIR + lao| + R"(2ay —ap —a, —a =} =M,

Case - 2: when R < 1 then we note that
R>R*>R3>>-->R"

Therefore

Q@) < la, |R™* + |a|R"™ + |u|R + |ay|
tR{a, 1~ —atap Gttt Gt GGt G G,
+-ta;—a;+a; —f—ap}

Q)| < lay [R"** + |a|R™ + |uIR + lao| + R{2ay —ag —a, —a + |Bl} = M,

Also Q(0) = ay, therefore by applying lemma 2 to Q(z), we get the number of zeros of Q(2) in |z| < R/2 does not
exceed

1 Mq
21 >
1092 109 o forR>1
and
1 M>
1092 109 o] forR <1
where

M, = |a,|R** + |a|R" + |B|R + |ag| + R"{2a; — a, —ay — a — B} and
M, = |a,|R"*! + |a|R™ + |ay| + R*{2a; — a, — ay — a + 2|81}

Since the number of zeros of P(z) in |z| < R/Z does not exceed the number of zeros of Q(z) in |z] < R/Z the proof of
the theorem is complete.

Corollary 1: Let P(z) = }¥'_oa.z" be a polynomial of degree n ,such that a; = a; + if;, where a;and g,
j=012,..,n are real numbers. if for some numbers a;, a,, §; and §, are all negative numbers and for some
0<A1<n

agta, o, S =SS =a =26t

A+By SPpa <SP SP=Pir = =P = Brtho

Then the number of zeros of P(z) in |z| < g does not exceed

! {l Ml} R>1
log2 Og|ao| forR >

and

! {l Mz} R<1
log2 0g|ao| forR <
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