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ABSTRACT

In this paper the terms, po filter, po filter of a po semigroup generated by a subset and principle po filter generated by
an element a in a po semigroup are introduced. It is proved that in a po semigroup S, the nonempty intersection of a
family of po filters is also a po filter of S. It is also proved that a nonempty subset F of a po semigroup S is a po filter if
and only if S\F is a completely prime po ideal of S or empty. It is proved that every po filter F of a po semigroup Sis a
i) po-c-system of S ii) po-m-system of S and iii) po-d-system of S. It is proved that the po filter of a po semigroup S
generated by a nonempty subset A is the intersection of all po filters of S containing A. Let S be a po semigroup and a
€S, then it is proved that N(a) is the least filter of S containing {a}.

Mathematical subject classification (2010): 20M07; 20M11; 20M12.

Key Words: po filter, po filter of a po semigroup generated by a subset and principle po filter generated by an element
a in a po semigroup.

1. INTRODUCTION

The algebraic theory of semigroups was widely studied by CLIFFORD [2], [3], PETRICH [4] and LJAPIN [5]. The
ideal theory in general semigroups was developed by ANJANEYULU [1]. In this paper we introduce the notions of po
filter, po filter of a po semigroup generated by a subset and principle po filter generated by an element a in a po
semigroup and characterize po filters, po filters of a po semigroup generated by a subset and principle po filters
generated by an element a in a po semigroup. in po semigroups.

2. PRELIMINARIES

Definition 2.1: A semigroup S is said to be a partially ordered semigroup if S is a partially ordered set such that
a<b sax<bx, xa<xb forall a,b,x€Ss.

Definition 2.2: A po (left/right) ideal A of a po semigroup S is said to be a completely prime (left/right) ideal of S
provided x, y € Sand xy € A implies either xe Aory € A.

Definition 2.3: A po ideal A of a po semigroup S is said to be a prime ideal of S provided X,Y are ideals of S and
XY C A= XCAorY CA.

Definition 2.4: A nonempty subset A of a po semigroup S is said to be an m-system provided for any a, b € A implies
that ( S'aS'bS) N A # 0.

Definition 2.5: A po ideal A of a po semigroup S is said to be a completely semiprime po ideal provided x€ S,
X" € A for some natural number n implies x € A.
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Definition 2.6: Let S be a po semigroup. A nonempty subset A of S is said to be a d-system of S if
ae A = a" e A forall natural number n.

Definition 2.7: A po ideal A of a po semigroup S is said to be semiprime po ideal provided X is po ideal of S and
X" A for some natural number n implies X € A.

Definition 2.8: A non-empty subset A of a po semigroup S is said to be an n-system provided a € A implies that
(S'aS)) N A # @.

Theorem 2.9: Every completely prime po ideal of a po semigroup S is a prime po ideal of S.

Theorem 2.10: Let S be a commutative po semigroup. A po ideal A of S is a prime po ideal if and only if A is a
completely prime po ideal.

Theorem 2.11: Every m-system in a po semigroup S is an n-system.

Theorem 2.12: A po ideal Q of a po semigroup S is a semiprime po ideal if and only if S\Q is an n-system of S (or)
empty.

Theorem 2.13: Every completely prime po ideal of a po semigroup S is a completely semiprime po ideal of S.

Theorem 2.14: A po ideal A of a po semigroup S is completely semiprime if and only if S\A is a d-system of S or
empty.

Theorem 2.15: Let S be a commutative po semigroup. A po ideal A of S is completely semiprime if and only if it is
semiprime.

Theorem 2.16: If N is an n-system in a po semigroup S and a € N, then there exist an m-system M in S such that
aeMand M CN.

3. PO FILTERS IN PO SEMIGROUPS
Definition 3.1: A po sub semigroup F of a po semigroup S is said to be a po left filter of S if
(1) a,beS,abeF=>a€F.
(2) a,beT,a<bandaceF=DbeF.
Note 3.2: A po subsemigroup F of a po semigroup S is a po left filter of S iff
(1) a,beS,abeF=ac€ekF.
(2) (FIcF.
Theorem 3.3: The nonempty intersection of two po left filters of a po semigroup S is also a po left filter of S.
Proof: Let A, B be two po left filters of S.
Leta, b €S, ab € ANB.
abe ANB=ab e Aandab € B.
a,beS abeA Aisapo leftfilterof S=> a € A.
a,besS, abeB,Bisapo left filter of S= a € B.
a€eA a eB=>a eANB.
a,besS, abe ANB=aeANB.
Leta,beS,a<bandae ANB. Nowae ANB=a€A,a€B.
a,beS,a<b,aeA AisapoleftfilterofS=beA.

a,beS,a<b, aeB, Bisapo left filter of S= b € B.
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beA beB=>beANB.Thusa,beS,a<h,acANB=beANB.
Therefore A N B is a po left filter of S.

Theorem 3.4: The nonempty intersection of a family of po left filters of a po semigroup S is also a po left filter of S.

Proof: Let {F_}

aeA

be a family of po left filters of Sand let F = ﬂ F,.

aeA

Leta,beS,abeF. NowabeF=>abe ﬂFa:abe F, foreacha € A.

ael

abe F,, F, isapoleftfilterofS=a€ F, foreachaeA:aeﬂFaﬁae F.

aeA

Leta,beS,a<banda€eF. NowaeF=>aeﬂFa=>ae F, foreacha € A

aecA

a,beSa<b aekF, , F isapoleftfilterof S=be F foralla€A.

=>be ﬂ F, = b € F. Therefore F is a po left filter of S.

aeA

Theorem 3.5: A nonempty subset F of a po semigroup S is a po left filter if and only if S\F is a completely prime po
right ideal of S or empty.

Proof: Suppose that F is a po left filter of Sand S\F = @. Letb € Sand a € S\F.
Nowa€eS\F=>a¢F.

If ab € F, then since F is a po left filter of S, a € F. It is a contradiction.
Therefore ab € F. Hence ab € S\F.

Leta € S\Fand s € Ssuch thats < a.

If se Fthens < a, Fisapo left filter of S= a € F. Itisa contradiction.
Therefore s € S\F. Thus S\F is a po right ideal of S.

Leta, b € Sand ab € S\F. Nowab ¢ F.

Suppose if possible a ¢ S\F, b & S\F.

ThenaeF,beF=abeF. Itisa contradiction.

Therefore either a € S\F or b € S\F.

Hence S\F is completely prime.

Therefore S\F is a completely prime po right ideal of S.

Conversely suppose that S\F is a completely prime po right ideal of S or empty.
If S\F =@, then F=S. Thus F is a po left filter of S.

Assume that S\F #@. Leta,be S, and ab e F. Ifa & Fthen a € S\F.

b €S, a € S\F, S\Fisapo right ideal of S= ab € S\F = ab ¢ F. Itis a contradiction. Thusa € F.
Leta,beS,a<bandacF. IfbeF, thenb e S\F.

a,beS, beS\F,a<b,S\Fisaporightideal of S=a ¢ F. Itisa contradiction.
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Thus b € F. Therefore F is a po left filter of S.
Corollary 3.6: Let S be a po semigroup and F is a po left filter of S. Then S\F is a prime po right ideal of S or empty.

Proof: Since F is a po left filter, by theorem 3.5, S\F is a completely prime po right ideal of S or empty. By theorem
2.9, S\F is a prime po right ideal of S or empty.

Definition 3.7: A subsemigroup F of a po semigroup S is said to be po right filter of S if
(1)a,beS,aheF=>beF
(2)a,beS,a<band aeF=beF.
Note 3.8: A po subsemigroup F of a po semigroup S is a po right filter of S if
(1) a,beS,abeF=>beF.
(2) (FlcF.
Theorem 3.9: The nonempty intersection of two po right filters of a po semigroup S is also a po right filter.
Proof: Let A, B be two po right filters of S.
Leta,b €S, ab e ANB.
ab e ANB=ab e Aand ab € B.
a,besS, abeA Aisaporightfilterof S= b eA.
a,besS, abeB,Bisaporight filter of S= b € B.
beA beB=>beANB.
a,beS,abe ANB=be ANB.
Leta,beS,a<banda€ ANB. Nowae ANB=>a€A, a€EB.
a,beS,a<h,aeA Aisaporightfilterof S=be€A.
a,besS,a<b,aeB, Bisaporightfilter of S b € B.
be A beB=>beANB.Thusa,beS,a<h,ae ANB=beANB.
Therefore ANB is a po right filter of S.

Theorem 3.10: The nonempty intersection of a family of po right filters of a po semigroup S is also a po right filter.

Proof: Let {F_}

aeA

be a family of po right filters of S and let F = ﬂ F, .

aeA

Leta,beS,abeF. NowabeF=abe ﬂFa=>abeFa for each a € A.

aeA

abeF,, F, isaporightfilterofS=>bekF .

a

Leta,beS,a<banda€eF. NowaeF:aeﬂFa:ae F, foreacha € A

ael

a,beSa<baekF,, F, isaporightfilterofS=be F forallaeA.

a

=>be nFa:beF.

aeA

Therefore F is a po right filter of S.
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Theorem 3.11: A nonempty subset F of a po semigroup S is a po right filter if and only if S\F is a completely prime po
left ideal of S or empty.

Proof: Suppose that F is a po right filter of Sand S\F = @. Letb € Sand a € S\F.
NowaeS\F=>a¢F.

If ba € F, then since F is a po right filter of S, a € F. It is a contradiction.
Therefore ba ¢ F. Hence ba € S\F.

Leta € S\Fand s € Ssuchthats < a.

IfseFthen s <a, Fisaporightfilter of S = a € F. Itisa contradiction.
Therefore s € S\F. Thus S\F is a po left ideal of S.

Leta,b € Sand ab € S\F. Nowab & F.

Suppose if possible a & S\F, b & S\F.

Thena € F,b € F= ab € F. Itis a contradiction.

Therefore either a € S\F or b € S\F.

Hence S\F is completely prime.

Therefore S\F is a completely prime po left ideal of S.

Conversely suppose that S\F is a completely prime po left ideal of S or empty.

If S\F = @, then F = S. Thus F is a po right filter of S.

Assume that S\F# @. Leta,be Sandab e F. Ifb & F then b € S\F.

a €S, beS\, S\Fisapo left ideal of S = ab € S\F = ab & F. It is a contradiction.
Thusb € F.

Leta,beS,a<banda€F. Ifb¢&F,thenb € S\F.

a,besS, be S\ a<hb, S\Fisapo left ideal of S = a € S\F

= a¢F. Itisa contradiction.

Therefore F is a po right filter of S.

Corollary 3.12: Let S be a po semigroup and F is a po right filter. Then S\F is a prime po left ideal of S or empty.

Proof: Since F is a po right filter. By theorem 3.11, S\F is a completely prime left po ideal of S or empty. By theorem
2.9, S\F is a prime po left ideal of S or empty.

Definition 3.13: A po subsemigroup F of a po semigroup S is said to be po filter of S if
()a,beS,abeF=a,beF
(2)a,beS, a<band aeF=>beF

Note 3.14: A po subsemigroup F of a po semigroup S is a po filter of S iff
(1)a,beS,abeF=a,beF
(2) (F] cF.

Note 3.15: A po sub semi group F of a po semigroup S is a po filter of S iff F is a po left filter, a po right filter and po
lateral filter of S.
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Definition 3.16: A po filter F of a po semigroup S is said to be a proper po filter if F = S.
Theorem 3.17: The nonempty intersection of two po filters of a po semigroup S is also a po filter of S.
Proof: Let A, B be two po filters of S.

Leta, b €S, ab € ANB.

abe ANB=ab e Aandab € B.

a,beS abeA Aisapofilterof S=>a,beA.

a,besS, abeB,Bisapofilterof S,=a, b eB.

a,beA abeB=abeANB.

Leta,beS,a<bandae ANB. Nowae ANB=a€A,a€B.

a,beS,a<b,aeA AisapofilterofS=beA.

a,beS,a<b,aeB, BisapofilterofS=beB.

beAbeB=>beANB. Thusa,beS,a<bandae ANB=beANB.

Therefore ANB is a po filter of S.

Theorem 3.18: The nonempty intersection of a family of po filters of a po semigroup S is also a po filter of S.

Proof: Let {F,}

aecA

be a family of po filters of S and let F = ﬂ F,.

aeA

Leta,beS,abeF. NowabeF=abe ﬂFa=>abe F,foreacha € A.

aeA

abe F ,F isapofilterofS=abe F,.

Leta,beS,asbandaeF.NowaeF:aeﬂFa=>ae F, foreacha € A

aeA

a,beS, a<bandacF,, F, isapofilerofS=be F foralla€A.

a

=>be ﬂFa:beF.

aeA
Therefore F is a po filter of S.

Theorem 3.19: A nonempty subset F of a po semigroup S is a po filter if and only if S\F is a completely prime po ideal
of S or empty.

Proof: Suppose that F is a po filter of Sand S\F # @. Letb € Sand a € S\F.
Nowa€eS\F=a¢F.

If ab € F, then since F is a po filter of S, a € F. It is a contradiction.
Therefore ab ¢ F. Hence ab € S\F.

Similarly ba € S/F.

Leta € S\Fand s € Ssuch thats < a.

If se Fthens < a, Fisa po filter of S= a € F. It is a contradiction.
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Therefore s € S\F. Thus S\F is a po ideal of S.

Leta,b € Sandab e S\F. Now ab¢F.

Suppose if possible a & S\F, b & S\F.

Thena e F,b eF=abeF. Itisa contradiction.

Therefore either a € S\F or b € S\F.

Hence S\F is completely prime.

Therefore S\F is a completely prime po ideal of S.

Conversely suppose that S\F is a completely prime po ideal of S or empty.

If S\F =0, then F=S. Thus F isa po filter of S.

Assume that S\F £ @. Leta,beSandabeF. Ifag Fthena€eS\F. b € S, a € S\F, S\Fis a po ideal of S = ab € S\F
= ab ¢ F. It is a contradiction.

Thusa € F.

Similarly b € F.

Leta,beS,a<banda€eF.Ifb¢&F, thenb € S\F.

a,beS beS\F a<b, S\Fisapoideal of S=>ae S\F=>a¢F. Itisacontradiction.

Therefore F is a po filter of S.

Corollary 3.20: Let S be a po semigroup. If F is a po filter, then S\F is a prime po ideal of S or empty.

Proof: Since F is a po filter of S. By theorem 3.19, S\F is a completely prime po ideal of S or empty. By theorem 2.9,
S\F is a prime po ideal of S or empty.

Corollary 3.21: A nonempty subset F of a commutative po semigroup S is a po filter if and only if S\F is a prime po
ideal of S or empty.

Proof: Suppose that S\F is po filter of commutative po semigroup S.

By corollary 3.20, S\F is prime po ideal of S or empty.

Conversely suppose that S\F is a prime po ideal of S or empty.

If S\F =@, then F=S. Thus F isa po filter of S.

Assume that S\F is a prime po ideal of S.

By theorem 2.10, S\F is a completely prime po ideal of S or empty.

By theorem 3.19, F is a po filter of S.

Theorem 3.22: Every po filter F of a po semigroup S is a po-c-system of S.
Proof: Suppose that F is a po filter.

By theorem 3.19, S\F is a completely prime po ideal of S.

By theorem 2.12, F is a po-c-system of S.
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Theorem 3.23: A po semigroup S does not contain proper po filters if and only if S does not contain proper completely
prime po ideals.

Proof: Suppose that a po semigroup S does not contain proper po filters.

Let A be a completely prime po ideal of Sand A c S.

Then @ # S\A c S and S\ (S\A) (= A) is a completely prime po ideal of S.
Since S\A is the complement of A to S, by theorem 3.19, S\A is a po filter of S.
Then S\A = Sand hence A = @. Itis a contradiction.

Therefore S does not contain proper completely prime po ideals.

Conversely suppose that S does not contain proper completely prime po ideals.
Let F be a po filterof Sand F c S.

Since S\F = @, by theorem 3.19, S\F is a completely prime po ideal of S.

Then S\F =S and hence F = @. It is a contradiction.

Therefore S does not contain proper po filters.

Theorem 3.24: Every po filter F of a po semigroup S is a po-m-system of S.
Proof: Suppose that F is a po filter of a po semigroup S.

By corollary 3.20, S\F is a prime po ideal of S.

By theorem 2.12, S\(S\F) = F is a po-m-system of S or empty.

Corollary 3.25: Let S be a po semigroup. If F is a po filter, then S\F is a completely semiprime po ideal of S.
Proof: Suppose that F is a po filter of a po semigroup S.

By theorem 3.20, S\F is a completely prime po ideal of S.

By theorem 2.13, S\F is a completely semiprime po ideal of S.

Corollary 3.26: Every po filter F of a po semigroup S is a po-d-system of S.
Proof: Suppose that F is a po filter of a po semigroup S.

By corollary 3.25, S\F is a completely semiprime po ideal of S.

By theorm 2.14, S\(S\F) = F is a po-d-system of S or empty.

Corollary 3.27: Let S be a po semigroup. If Fis a po filter, then S\F is a semiprime po ideal of S.
Proof: Suppose that F is a po filter of a po semigroup S.

By theorem 3.19, S\F is a completely prime po ideal of S.

By theorem 2.13, S\F is a completely semiprime po ideal of S.

By theorem 2.15, S\F is a semiprime po ideal of S.
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Corollary 3.28: Every po filter F of a po semigroup S is a po-n-system of S.
Proof: Suppose that F is a po filter of a po semigroup S.

By corollary 3.27, S\F is a semiprime po ideal of S.

By theorem 2.16, S\ (S\F) = F is a po-n-system of S.

Definition 3.29: Let S be a po semigroup and A be a nonempty subset of S. The smallest po left filter of S containing
Ais called po left filter of S generated by A and it is denoted by F; (A).

Theorem 3.30: The po left filter of a po semigroup S generated by a nonempty subset A of S is the intersection of all
po left filters of S containing A.

Proof: Let A be the set of all po left filters of S containing A.

Since S itself is a po left filter of S containing A, S € A. So A # @.

Let F*:ﬂF. SinceAc FforallFeA, AcF". SoF = ¢.
FeA

By theorem 3.4, F” is a po left filter of S.
Let K be a po left filter of S containing A.
Clearly A € K and K is a po left filter of S.

Therefore K € A = F~ € K. Therefore F is the smallest po left filter of S containing A and hence F* is the po left filter
of S generated by A.

Definition 3.31: Let S be a po semigroup and A be a nonempty subset of S. The smallest po right filter of S containing
A is called po right ideal of S generated by A and it is denoted by F, (A).

Theorem 3.32: The po right filter of a po semigroup S generated by a nonempty subset A is the intersection of all po
right filters of S containing A.

Proof: Let A be the set of all po right filters of S containing A.

Since S itself is a po right filter of S containing A, S € A. So A # @.

Let F*=ﬂF. SinceAcFforallFeA, AcF*. So F = 0.
FeA

By theorem 3.11, F is a po right filter of S.
Let K be a po right filter of S containing A.
Clearly A € Kand K is a po right filter of S.

Therefore K € A = F~ € K. Therefore F~ is the smallest po right filter of S containing A and hence F* is the po right
filter of S generated by A.

Definition 3.33: Let S be a po semigroup and A be a nonempty subset of S. The smallest po filter of S containing A is
called po filter of S generated by A and it is denoted by N (A).

Theorem 3.34: The po filter of a po semigroup S generated by a nonempty subset A is the intersection of all po filters
of S containing A.

Proof: Let A be the set of all po filters of S containing A.
Since S itself is a po filter of S containing A, S € A. So A # @.
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Let F*zﬂF. SinceAcFforallFeA, AcF". SoF #0.
FeA

By theorem 3.15, F~ is a po filter of S.

Let K be a po filter of S containing A.

Clearly A € Kand K is a po filter of S.
Therefore K e A= F S K.

Therefore F is the po filter of S generated by A.

Definition 3.35: A po filter F of a po semigroup S is said to be a principal po filter provided F is a po filter generated
by {a} for some a € S. It is denoted by N(a).

Corollary 3.36: Let S be a po semigroup and a € S. Then N(a) is the least filter of S containing {a}.

Note 3.37: For every a € S, the intersection of all po filters containing {a} is again a po filter and thus the least po filter
containing {a }.

Theorem 3.38: If N(b) < N(a), then N(a)\N(b), if it is nonempty, is a completely prime po ideal of N(a).
Proof: Clearly N(b) is a po filter of N(a), By theorem 3.19, N(a)\N(b) is a completely prime po ideal of N(a).
Theorem 3.39: If a, b € Sand b € N(a), then N(b) < N(a).
Proof: From the definition of the principal po filter, it is clear.
Corollary 3.40: If a, b € S and a < b then N(b) S N(a).
Proof: Since a < b then it is clear that b € N(a).
By theorem 3.39, we have N(b) € N(a).
REFERENCES
1. ANJANEYULU A, Structure and ideal theory of semigroups — Thesis, ANU (1980).

2. Clifford A.H and Preston G.B., The algebroic theory of semigroups, vol — I American Math. Society,
Province (1961).

3. Clifford A.H and Preston G.B., The algebroic theory of semigroups, vol — Il American Math. Society,
Province (1967).

4. LJAPIN E. S., Semigroups, American Mathematical Society, Providence, Rhode Island (1974).
5. Petrch.M., Introduction to semigroups, Merril publishing company, Columbus, Ohio (1973).

6. Padmalatha. P. M, Gangadhara Rao. A and Anjaneyulu. A, Po ideals in partially ordered semigroups,
International Research Journal of Pure Algebra Mathematics (2014)-4(6) pp 537-545.

7. Padmalatha. P. M, and Gangadhara Rao. A., simple partially ordered semigroups, accepted for publication
in Global Journal of Pure and Applied Mathematics (2014).

Source of Support: Nil, Conflict of interest: None Declared
[Copy right © 2014 This is an Open Access article distributed under the terms of the International Research

Journal of Pure Algebra (IRJPA), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.]

© 2014, RIPA. All Rights Reserved 580



