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ABSTRACT

In this paper a new class of maps called minimal weakly open map and maximal weakly open map are introduced
and investigated and during this process some properties of the new concepts have been studied.
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1. INTRODUCTION

In the year 2001 and 2003, F.Nakaoka and N.oda [1] [2] [3] introduced and studied minimal open [resp. Minimal
closed] sets which are subclass of open [resp.closed sets]. The family of all minimal open [minimal closed] in a
topological space X is denoted by m;o(X) [m;c(X)]. Similarly the family of all maximal open [maximal closed] sets in a
topological space X is denoted by M,0(X)[M,C(X)].The complements of minimal open sets and maximal open sets are
called maximal closed sets and minimal closed sets respectively. In the year 2000, M.Sheik john [4] introduced and
studied weakly closed maps and weakly open maps in topological space. In the year 2008 B.M.Ittanagi [5] introduced
and studied minimal open sets and maps in topological spaces. In the year 2014 R.S.Wali and Vivekananda Dembre[ 6]
[7] introduced and studied minimal weakly open sets and maximal weakly closed sets and maximal weakly open sets
and minimal weakly closed sets in topological spaces.

1.1 Definition [1]: A proper non-empty open subset U of a topological space X is said to be minimal open set if any
open set which is contained in U is @ or U.

1.2 Definition [2]: A proper non-empty open subset U of a topological space X is said to be maximal open set if any
open set which is contained in U is X or U.

1.3 Definition [3]: A proper non-empty closed subset F of a topological space X is said to be minimal closed set if any
closed set which is contained in F is @ or F & A proper non-empty closed subset F of a topological space X is said to be
maximal closed set if any closed set which is contained in F is X or F.

1.4 Definition [4]: A map f: (X, t) = (Y, o) is said to be weakly closed map if f(F) is weakly closed in (Y, o) for
every closed set F of (X, 7) and A map is said to be weakly open map if f(U) is weakly open in Y for every open set U
of X.
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1.5 Definition [5]: Let X and Y be the topological spaces. A map f: X —»Y is called
(i) minimal open map for every open set U of X, f(U) is minimal open setin Y.
(if) maximal open map for every open set U of X, f(U) is maximal open setin Y.
(i) minimal irresolute if f *(M) is minimal open set in X for every minimal open set M in Y.
(iv) maximal irresolute if f (M) is maximal open set in X for every maximal open set M in Y.

1.6 Definition [6]: A proper non-empty weakly open subset U of X is said to be minimal weakly open set if any
weakly open set which is contained in U is @ or U.

1.7 Definition [7]: A proper non-empty weakly closed subset U of X is said to be maximal weakly open set if any
weakly open set which is contained in U is X or U.

2. MINIMAL WEAKLY OPEN MAPS AND MAXIMAL WEAKLY OPEN MAPS

2.1 Definition :
(i) Let X and Y be topological spaces. A map f: X —»Y is called minimal weakly open map for every open set
U of X, f(U) is minimal weakly open setin Y.
(ii) Let X and Y be topological spaces. A map f: X —»Y is called maximal weakly open map for every open set
U of X, f(U) is maximal weakly open setinY.

2.2 Theorem: Every open map is minimal weakly open map but not conversely.

Proof: Let f: X —»Y be an open map and let N be any minimal weakly open set in X. Since every minimal weakly
open set is an open set, N is an open set in X. Since f is an open map, f(N) is an open set in Y. Hence f is a minimal
weakly open map.

2.3 Example: Let X=Y={a,b,c} be with = = {X, ¢, {a}, {b}, {a,b}} and u = {Y, ¢, {a}}. Let f: X —»Y be an
identity map then f is a minimal weakly open map but it is not an open map. Since for the open set {a,b} in X, f (a,b)=
{a,b} which is not an open set in Y.

2.4 Theorem: Every open map is maximal weakly open map but not conversely

Proof: Similar to that of 2.2

2.5 Example: Let X =Y = {a,b,c} be with 7 = {X, ¢, {a,b}} and u={Y, ¢, {a} }. Let f: X—»Y be an identity map
then f is a maximal weakly open map but it not an open map ,since for the open set {a,b} in X; f (a,b)= (a,b) which is
not an open setin Y.

2.6 Remark: Minimal weakly open and maximal weakly open maps are independent of each other.

In example 2.3 fis a minimal weakly open map but it is not a maximal weakly open map.

In example 2.5 f is a maximal weakly open map but it is not a minimal weakly open map.

2.7 Theorem: A map f. X —»Y is minimal weakly open map iff for any subset S in Y and each maximal weakly
closed set M in X containing f *(S), there is a closed set W in Y such that ScW and f "{(W)cM.

Proof: Suppose f is a minimal weakly open map. Let S be an Subset in Y & M is a maximal weakly closed set in X
Such that f *(S)cM then W= Y- f (X-M) is a closed set in Y containing S such that f (W) cM. Conversely suppose
that N is a minimal weakly open set in X, then f (Y-f(N)cX-N and X-N is a maximal weakly closed set in X; by
hypothesis there is a closed set W in Y Such that Y-f(N)cW and f *(W)c=X-N therefore NeX- f (W).

Hence Y-WcF(N)f(X-f ~}(W)cY-W which implies f(N) = Y-W; since Y-W is an open set in Y; f(N) is an open set in
Y. Hence f is a minimal weakly open map.

2.8 Theorem: A map f: X—»Y is a maximal weakly open map iff for each subset S in Y and each minimal weakly
closed set N in X containing f (S) there is a closed set W in Y such that ScW and f (W)cN.

Proof: Similar to that of theorem 2.7

2.9 Remark: A map f: X — Y is minimal weakly open map and AcX then fa:A —»Y need not be a minimal weakly
open map.
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2.10 Example: Let X=Y={a,b,c} with T = {X, ¢, {a}, {a,b}} and u = {Y, ¢, {a}.{a,b}}. Letf: X —»Y bean
identity map then f is a minimal weakly open map. Let A= {b,c}, ta = { A, ¢.{b}} then f,: A—>» Y isnota
minimal weakly open map. Since for the minimal weakly open set {c} in A, fa{c} = {c} which is not an open setinY.

2.11 Remark: If f: X—»Y is maximal weakly open map and AcX then f: A—» Y need not be a maximal
weakly open map.

2.12 Example: Let X=Y={a,b,c} with t ={X, ¢, {a}, {a,b}} and u ={Y, ¢, {a}.{a,b}}. Let f: X—» Y be an identity
map then f is a maximal weakly open map also. Let A= {b,c}, 7a = { A, ¢.,{b}} then fo: A—>Y is not a maximal
weakly open map.Since for the maximal weakly open set {c} in A, fa{c} = {c} which is not an opensetinY.

2.13 Remark: The composition of minimal weakly open maps need not be a minimal weakly open maps.

2.14 Example: Let X =Y =Z={a,b,c} be with t = {X, ¢, {a}}, u={Y, ¢, {a}.{ab}}and o ={Z, ¢,{a,b}}.

Let f: (X, ) —»{(Y, ) and g :(Y, u) —»(Z, a) be the identity maps then clearly f and g are minimal weakly open
maps but gof:(X , ) —» (Z, o) is not a minimal weakly open map. Since for the minimal weakly open set {a} in X
{gof}{a}={a} which is not an open set in Z.

2.15 Theorem: Let f : X —»Y be a minimal weakly openand g:Y —»Z be an open maps then gof : X—» Z is
a minimal weakly open map.

Proof: Let N be any minimal weakly open set in X. Since f is minimal weakly open, f(N) is an open set in Y. Again
Since g is an open, Since g is an open; g(f(N))=(gof)(N) is an open set in Z. Hence gof is a minimal weakly open map.

2.16 Remark: The composition of maximal weakly open maps need not be a maximal weakly open maps.
2.17 Example: Let X=Y=Z={a,b,c} be with = = {X, ¢, {a}}, u={Y, ¢, {a}.{a,b}} and o ={Z, p,{a,b}}.

Let f: (X, 7) —» (Y, u) be a function defined by f(a) = b, f(b)=c, f(c) =b and g :(Y, u) — (Z, g) be the identity
maps then clearly f and g are maximal weakly open maps but gof : (X, 7) —»( Z, o) is not a maximal weakly open
map. Since for the maximal weakly open set {a,c} in X, {gof}{a,c}={a,c} which is not an open set in Z,

where gof : (X, 1) —»(Z, o) be identity map.

2.18 Theorem: Let f: X—» Y be a maximal weakly open and g:Y—» Z be an open maps then gof: X—» Z is
a maximal weakly open map.

Proof: Similar to that of theorem 2.15

2.19 Defintion: Minimal Weakly Irresolute and Maximal Weakly Irresolute
(i) Minimal weakly irresolute if f (M) is minimal weakly open setin X for every minimal weakly open set M
iny.
(ii) Maximal weakly irresolute if f (M) is maximal weakly open setin X for every maximal weakly open set M
inY.

2.20 Theorem: Let f: X —»Y and g: Y—»Z be the maps then gof: X —»Z be a minimal weakly open map then

(i) gis minimal weakly open if f is minimal weakly irresolute and surjective.

(if) fis minimal weakly open if g is continuous and injective.

Proof:

(i) Let N be any minimal weakly open set in Y. Since f is minimal weakly open set in Y. Since f is minimal
weakly irresolute and Surjective. f *(N) is a minimal weakly open set in X. Again since gof is minimal
weakly open.

(gof)f (N) is an open set in Z but (gof)(f *(N) = g(f(f “(N)) = g(N) is an open set in Z. Hence g is a minimal
weakly open map.

(ii) Let N be any minimal weakly open set in X. Since gof is minimal weakly open (gof)(N) is an open set in Z.
Again since g is continuous and injective, g *(gof)(N) is an open setin Y.

But g Y(gof)(N) = g *(g(f(N)) = f(N) is an open set in Y. Hence f is a minimal weakly open map.

2.21 Theorem: Let f: X —»Y and g: Y—» Z be maps and let gof : X—»Z be a maximal weakly open map then
(i) gis maximal weakly open if f is maximal weakly irresolute and surjective.
(if) fis maximal weakly open if g is continuous and injective.

Proof: Similar to that of 2.20.
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