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ABSTRACT
In this paper we prove a common fixed theorem in G-metric space using pairs of weakly compatible mappings.
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INTRODUCTION

Banach contraction principle has been generalized in various spaces through different mappings. It has been a centre of
rigorous research. After Gahler gave the concept of 2-metric space Dhage [2, 3] introduced the concept of D-metric
space, but most of the results in D-metric space were proven invalid by Mustafa and Sims [14, 15]. They further
introduced the concept of G-metric. Here we prove a common fixed point theorem in G-metric space, for six pairs of
weakly compatible mappings.

DEFINITIONS AND PRELIMINARIES
We here begin with some definitions and results for G- metric spaces that will be used in the following sections.

Definition 2.1: [15] Let X be a nonempty set. and let G; X x X x X--- >R" be a function satisfying the following
axioms

(G) G(x,y,2)=0ifx=y=z

(Gy) G(X,x,y)>0,forall x,ye Xwithx =y

(G3) GO, X, Y)<G (X, y,z)forall x,y,ze Xwithzzy.

(Gs) G(XY,2)=G(X,2,¥)=G (Y, Z,X) =..... (Symmetry in all three variables)

Gs) G(X,y,2)< G(x,a,a)+G(aVY,2),forall x,y, z, a e x (rectangle inequality )

Then the function G is called a generalized metric or more specifically a G- metric on X, and the pair (X, G) is called a
G- metric space .

Definition 2.2: [15] Let (X, G) be a G- metric space, let {x,} be a sequence of points of X, we say that {x,} converges
to a point x in X
~lim
if G (X, Xp, Xm) =0
n,m-—oo

In other words for e €> 0 there exists n,e N such that G (X, X,, Xn ) <e for all n, m > n, Then x is called the limit of
sequence {X, } .

Definition 2.3: [15] Let (X, G) be a G- metric space, a sequence {x,,} is called G - Cauchy sequence if for given ¢ > 0,
there is n,e N such that

G (Xp, Xmy Xe) < € forall n, m, I > ng that is if. G (X, , Xm, Xe) = 0 @s n, m, l—»o0
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Preposition 2.5: [15] Let (X, G) be a G-metric space, Then, the following are equivalent
(i) {xn}is G- convergent to x
(i) G (Xp, Xpy X) = 0,35 N >0
(iii) G (Xp, X, X,) > 0,as N >0
(iv) G ( Xm, Xn, X) > 0asn, m—oo

Preposition 2.6: [15] In a G-metric space (X, G) the following are equivalent
(i) The sequence {x,} is G- Cauchy
(if) For every € > 0, there exists noeN such that G (X,, Xm, Xm) < € for all n, m > n,,.

Definition 2.7: [16] Let ¢ denote the set of alternating distance functions ¢ : [0, ¢ [— [0, oo [which satisfies following
conditions

(i) ¢ is strictly increasing

(i) ¢ is upper semi continuous from the right.

o0

(i) D ¢ <wforallt>0
n=0
(iv) 6 () =0<t=0
MAIN RESULT
Letf, g, h, r, s, and t be self mappings of a complete G-metric space (X, G) and
(i) fX)ct(X),gX)cs (X), h(X)cr (X)andf(X)org (X) orh (X)is a closed subset of X.
(i) G (fx, gy, hz) <é { max { G (gy, fx, rx), G (hz, gy, ty,),G (fX, sz, hz ), a G (fx, rx, gy) + v G (sz, fx, rx), B G
(ay, ty, h2)+ 6 G (fx, gy, ty )}}where o, B,v,8, =0, +B +y+ < 1/2
(iii) ¢ : R*— R"is increasing function such that ¢ (a) <a foralla>0 and X¢ (a) <o

(iv) The pairs (f, r), (g, t) and (h, s) are weakly compatible pairs of mappings. Then the mappings f, g, h, r, sand t
have a unique common fixed point.

Proof: Let xoe X be an arbitrary point. Then from (i) there exists X;, X, Xz€ X such that fX, = tX; = Yo, X3 = SX2 = V1

and hx, = rxz = y, inductively we define a sequence {y,} in X such that fXs, = tXan+1 = Yan, GXan+1 = SXans2+ = Yane1 and
hX3n+2 = I’X3n+3= Yan+2 for n= 0,1,2...

We now prove that {y,} is a Cauchy sequence and for this we define
dm =G (Ym \ Ym+1, Ym+2). SO We have.

dan = G (Yans Yane1, Yans2)
= G (fXan, 9Xan+1, NXa042)

<¢ {max {G (9Xan+1, PXan, Xan), G (NXan+2, GXan+1, tXan41),G (FX3n, SXane2, NX3042),
o G (fXan, Xan, Xan41), + 7 G (SXans2, FXan, 1Xan),B G (9Xans1, Xanes, NXans2) + 8 G (fXan, OXansts tXane1) 1}

<¢ {max {G (Yan+1s Yan Yan-1)s G (Yanszs Yane1, Yan),G (Yans Yane1, Yan+2),0 G (Yan, Yan1, Yanea),
+7 G (Yan+1, Yan, Yan-1):B G (Yans1s Yan, Yans2) 6 G (Yan, Yans1, Yan) 3}

< {max {dzn.1, d3n, dan, o A3 gty dap B d3nt 6 din}as G(a, a8, x) <G (XY, 2)
<¢ {max {dgn-1, (v + ) dgpt, (B + ) dan}
From the above inequality we have following cases
Case-1: If max = da,; then from the inequality
Aan< ¢ {d3n1 }<dsng as ¢ (a) <aforalla>0.
Case-11: dsn< ¢ {dan} < d3, which is a contradiction.
Case-111: If max = ( a + y) dsn. then from the inequality

dan< ¢ {(o0 +y) dgng } < (o0 +7) dana
03n < dang
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Case-1V: If max = (B + 8) ds,, then from the inequality we have
dan < ¢{(B + 8) dan}< (B + 8) dan
ds,< d3, which is a contradiction. Hence in either case we infer that ds, < ds;.q.
Consider,
danes = G (Yners Y, Ynea,)
< G (Xane1, 9Xane2, hXanea,)
<dp{max {G(gXan+2, Xan+1, MXan+1,),G(MXan+3, GXanszs tXane2), G(FXan+1, SXans3, NXanea),
G (fXane1,MXane1, GXane2) tY G (SXanea, Xanet, MXan41).BG (X2, Xanez, NXanes) +8 G (FXaner, OXanea, tXane2) }}

<¢ {max {G (Yan+2, Yan+1s Yan )s G (Yane3s Yans2 Y3n41):G (Yan+1s Yans2, Yane3)s & G (Yans1, Yan, Yane2)
+Y G (Yans2r Yans1s Yan)y B G (Yane2: Yanet, Yanea) + 8 G (Yans1, Yans2, Yaner) 33

<¢ {max {dsn, dzn+1, dans1, 00 Aan, + 7y d3n, B d3nia 40 danea}} as G (a, &, xX) <G (X, Y, 2)
<¢ {max {dzn, dsn+1, (at ) dan, (B +8) daner}
We have following cases
Case-1: max = ds, then from above inequality dsp.; <¢ (dz;)<ds, as¢ (a) <aforalla>0
Case-11: max = dsn+; then we have ,dzn; <¢ (dsn+1)< dsn+1 Which is a contradiction.

Case-l11: max = (a +y) ds, then we have .
Aane1 <G{(c +7) dap}< (o +7) d3q, @S o+ B +y + 8 < 1/2 we have dspa< dsp

Case-1V: max = (B + J) dzu.y then from the inequality.
U3n+1 <0 (B + 8) d3ps1}< (B +0) dzneg,@S a0+ B+ +8<1/2 | dsp+g < d3ps1 iS @ contradiction

Hence in either case we have dsn41< d3, Now consider.
Aans2 = G (Yans2) Yansa Yanea )

< G (PXane2, OXan+3, NXanea)

S¢ {max { G ( g X3n+3, fx3n+2a rx3n+21)a G(hX3n+4a gX3n+3y t)(3n+3)aG‘ (fx3n+2a SX3n+4s hx3n+4)a
aG (fX3n+2a X3n+2, gX3n+3a) + Y G( SX3n+4,fX3n+2, rX3n+2)yB G ( 9X3n+3, tX3n+3a hx3n+4) +3G (fX3n+2a gX3n+3, t)(3n+3)}}

S(I) {max { G ( Yan+3s Yan+2s Yan+1 ), G (y3n+4y Yan+3s y3n+2)aG (y3n+2a Y3n+3, y3n+4)y oG (y3n+2a Yan+t, y3n+3)
+'Y G (y3n+3y Y3n+2, YSn+1)aB G (YSn+3a Y3n+2, YSn+4) +5G (y3n+2a Y3n+3, y3n+2)}}

< {max {dan+1, dans2, danez, & Aanar, + ¥ Aanes, B Oans2+0 Oani}}

<¢ {max {dzn+1, ans2, (0+ ¥) 3z, (B + O) dansa}}

We have following cases
Case-1: When max = dsp+1, then from the inequality we have, dsn. < ¢ (dans1) < danes
Case-11: max = dan+p, then dsn+2<¢ (dzn+2)< dansp, Which is a contradiction

Case-111: max = (o + y) daneg then
d3n+2S(I){((X +d ) d3n+1} < (oc + 8) d3n+1, as o + B +d+ ’Y<1/2 we have, d3n+2S d3n+1
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Case-1V: max= (B + 6) dans2
Aane2<d{ (B + 8) dansa}< (B + 8) dsnep. Which is a contradiction as o +  + y + 8<1/2. Hence in either cases

d3n+2< dane1.From above cases we can say that d.<d,; for every ne N. So, we get d.<qd,.; where
q=x+f+y+38ie dy=G (Yo, Yo, Ynr2) <A G (Y1, Yo Yard) <" G (Yo, Y1, Y2)-

Also we have G (X, X, ¥) <G (X, Y, z) , hence we get G (Yn, Yn Yn+1) <" G (Yo, Y1, Vo) and
G (yn » Yni ym) <G (yn ' Y Yn+1) +G (Yn+1 » Y+t yn+2) oot e +G (ym-l » Ym-1 Ym)

<q"G (Yo, Yu ¥2) + 0" G (Yo, Y1, yo)+ - +0" G (Yo, Y1, ¥2)

S(MJG()’oyylyyz)S( f )G(YOvyl,YZ) —>0asn-> o

1-q 1-q
: _ _ _ . lim
So, the sequence {y,} is a Cauchy sequence in X and as X is complete {y,} will converge to y in X i.e. Yo=Y,
n— o
lim lim lim lim lim
fXan = OX3ne1= hX3n40= Xane1 = SX3n+2
n— o N — o n— oo n— o n— oo
lim

= ran+3 = Y. Let h (X) is a closed subset of r (X). Then there exists u € X such that r u =y Now consider
n— o

G (fu, 9Xan+1, NXane2) < & {max {G(gXan+1, Tu, ru), G(NXzns2, GXan+1, tXan+1 ), G (U, SXans2, NXzne2),
o G (fu, ru, OXan+1) + 7 G (SXans2, U, ru), B G (0Xans1, tXans1, NXaniz) + 8 G (fU, OXane1, NXzner)}}
Asn —»o

<¢p {max {G (y, fu, ru), G (v, v, ¥), G (fu, y, ¥), a G (fu, ru, y)+y G (', fu, ru),
BG(Y.y,y)+8G (fuy, y)}}

<o {max {G (y, fu,y), G (v, ¥, ), G (fu, y, ¥), a G (fu, y, ¥) + Y G (v, fu, y),
BG (.Y, y)+3G (fuy,y)}}

<¢ {max {G(fu, y, y), (a +7) G (fu,y,y), 8 G (fu,y,y)}
We have following cases

Case-1: max =G (fu, y, y) then from above inequality we have.
G (fu,y,y) <o {G(fu,y, ¥)} < G (fu, y, y), which is a contraction.

Case-11:max = (o +y) G (fu, y, y) then from above inequality we have.
G (fu,y,y) <¢{(a+7v)G(fu,y,y)}< (a+v) G (fuy,y) < G (fu,y, y). Thisimplies G (fu,y,y) =0, fu=y.

Case-111: max = 8 G (fu, y, y) then from above inequality we have

G (fuy,y)<0{dG (fu,y,y)}<3G (fu,y,y)< G (fu,y,y). Thisimplies G (fu,y,y) =0, fu=y. Asru=y we
have fu = ru = y. As the pair (f, r) is weakly compatible we have fru = rfu hence fy = ry. Now we prove that fy = y.

G (fy, 9Xan+1, NXan42) < 6 {Max {G (9Xzns1, Ty, 1Y), G(NXans2, GXan+1, tXane1 ), G (FY, SXans2, NXans2),
a G (fy, ry, 9Xzne1) + YG (SXane2, Ty, 1Y), B G (9Xzn+1, tXans1, NXane2) + 8 G (Y, OXane1, tXane1 )3}
As N —x

<¢ {max {G (y, fy, 1y), G (v, ¥, ¥), G (fy, y,¥), a G (fy, ry, y)
+y Gy, fy,ry), BG(y.y,y) +6G(fy,y, ¥)}}

<¢ {max{G (y, fy, fy), G (fy, y, y),a G (fy, fy, y) +v G (fy, fy,y), 8 G (fy, v, ¥)}
<p{max{2G (y, fy,y), G(fy,y,¥), Qa+27v) G(y, fy,y), 6 G (fy,y, y)}

<o {max {2G (v, fy,y), Qa+2v) G(y,fy.y), G (fy,y, y)}
We have following cases

Case-1: max =2 G (y, fy, y) then from above inequality we get. G (y, fy,y)=0i,efy=y.
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Case-ll1:max = 6 G (fy, y, y) then from the equality
G (fy,y, V)<¢{8 G (fy,y,)}<8 G (fy,y,y) as o+ +y+3< 1/2 so we have

G (fy, vy, y) = 0 which implies fy = y.

Case-111: max = 2a + 2y) G (fu, y, y) then
G (fu,y, y)<0 { (2o +2y)G (fy,y,y) }< Qo+ 2y)G (fy,y,y)< G (fy, y, y) which implies fy =y

As fy = ry =y, we conclude f, r have common fixed pointy. Asy = fy e f (X) < t (X) there exists w such that tw = y.
We shall now prove that gw = y.

G (Y, 9w, hXani2) = G (fy, gw, hXsn.2)

<¢ {max {G (gw, fy, ry),G (hXan:2, gW, tW),G (fy, SXans2, NXans2),00 G (Fy, 1y, gw)
+ Y G (SX3n+2, fyv ry)!B G (gW! th hx3n+2)+ G (fyv gw, tW)}}

<¢ {max{G (gw, ¥, ¥), G (¥, gw, ¥), G (Y, Y, ¥), a G (y,y,gw) +v G (Y, ¥, y),
BG(agw,y,y) +d (v, 9w, ¥)}}

<¢ {max{G (y, gw, y), a G (y, y, gw), (B +3) G (gw, v, )}
We have following cases

Case-1: max= G (y, gw, y) then from the inequality
G (v, gw, ¥) < o{G (v, gw, ¥)}< G (y, gw, y) which is a contraction.

Case-ll:max = a G (y, gw, y) then from the inequality
G (v, gw, y) < d{a G(y, gw, y)}<a G (Y, gw, y) which implies G (y, gw, y) = 0 then gw = y. As tw = y = gw and
(g, t) being weakly compatible we have gtw = tgw. Then gy = ty. We now prove gy =Y.

Consider
G (fy, gy, hxans2) <o {max{G (gy, fy, ry),G (hXan:2, 9y, ty),G (fy, SXans2, NXans2 ), G (fy, 1y, gy)
+7 G (SXanez, Ty, 1y),B G (9Y, ty, hxzniz) +6 G (fy, gy, ty)}}

<o {max{G (gy, ¥, ¥), G (Y, 9y, 9y), G (Y, Y, V), a G (Y, Yy, 9y) +v G (Y, Y, Y),
BG(ay,agy,y) +5 G(y, gy, gy)}}

<¢p {max{G (gy, ¥, ¥), 2G (Y, 9y, ¥).a G (Y, Yy, 9y), 2B +25 G (y,y, ay)}

<o {max{2G (y, gy, y), @ G (y, Y, 9y).(2B +23) G (y, v, ay)}
We have following cases

Case-1: max= 2G (y, gy, Y¥) then from the above inequality.
G (v, 9y, Y) <¢{2G (v, 9y, ¥)} <2 G (y, 9y, y), which implies G (y, gy, y) =0 thengy =y

Case-11:max = a G (y, y, gy) then from the inequality we have.
Gy, 9y.y) <o {aG(y.y,gy)}<aG (y,y, gy).Thisimplies G (y, y, gy) = 0.Thus we have gy =y.

Case-I11: max = (2B + 28) G (y, Y, gy) then from the inequality we have.
Gy, 9y, Y)<o {(2B+25) G (v, Y, 9y)}< (2B +25) G (v, y, gy). Thisimplies G (y, y, gy) =0

So we have gy =y. Thus in either cases gy =y and as gy = ty = y we have y is common fixed point of g, t.

Since y = gy € g (X) < S (X) there exist ve X such that sv =y. We now prove that hv = y.
G (y,y, hv) =G (fy, gy, hv)
<¢ {max {G (gy, fy, ry), G (hv, gy, ty),G (fy, sv, hv), a. G (fy, ry, gy)
+y G (sv, fy, ry).B G (gy. ty, hv) +3G (fy, gy, ty)}}

<p {max {G (y,y,¥), G (hv,y,y),G(y,y,hv), a G (y,y,y)
+y Gy, Y, Y).BGY, Y, V) +5 G(y,y, V)}}

<o {max {G (hv, y,y), BG(y,y, hv)}
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We have following cases

Case-l: max =G (y, y, hv) then from the inequality above we have.
G(y,y,hv) <¢ {G(y,y,hv)} < G (v,Y, hv),which implies G (y,y, hv) =0thenhv=y

Case-ll:max = B G (y, y, hv) then from the inequality we have.
G (v, Y, hv) <¢{BG (v, y, hv)}<B G (v, y, hv), which implies hv = y. Thus in either cases hv = y. As sv =y so we have
sv=hv=y. Since (h, s) are weakly compatible so hsv = shv then hy = sy. We now prove that hy = y.

Consider
G (y,y, hy) =G (fy, gy, hy)

<¢ {max {G (gy, fy, ry), G (hv, gy, ty),G (fy, sy, hy), a. G (fy, ry, gy)
+y G (sy, fy, ry),B G (gy, ty, hy) +0 G (fy, gy, ty)}}

< {max{G (y,y,y), G (hy,y,y),G (v, hy, hy), a G (y,y,y) +v G (hy, Y, y),
BG(y,y,hy)+d G(y,y, ¥)}}

<¢ {max{G hy,y,y), yG (hy,y,y).B G (y,y, hy)
We have following cases

Case-l1: max =G (hy, v, y) then from the inequality we have.
G (hy,y,y) <¢{G (hy, vy, y)}< G (hy, y, y)which is a contradiction .

Case-11:max = y G (hy, y, y) then from the inequality we have.
G (hy,y,y) <o{y G (hy, y, )} <y G (hy,y,y), hence G (hy, y, y) = 0 which gives hy = y.

Case-111: max = B G (hy, y, y) then from the inequality we have. G (hy, y, y) <6{BG(hy, y, ¥)}<B G (hy, Yy, y), which
implies G (hy, y, y) = 0 which gives hy = y.

Thus in either cases hy = y. As sy = hy =y therefore y is common fixed point of s and h. Thus y is common fixed point
of f, r, s, t, h, g. We shall now prove that the fixed point is unique. Let y' be another fixed point of f, r, g, t, s, h. Then

G (v,y, hy) =G (fy, gy, hy)

<¢ {max{G (ay, fy, ry), G (hy' gy, ty),G (fy, hy’, sy’), a G (fy, ry, gy)
+y G (sy, fy, ry),B G (gy, ty, hy) +0 G (fy, gy, ty)}}

SO{max{G (v, ¥, ¥). G (Y, ¥, ¥). G (Y, ¥ ¥), aG (.Y, V) +y Gy, ¥). BGC (Y. y,¥Y) +3G (v, ¥, ¥)}}
<o{max{G (v, y.¥), 2G (v, ¥, ¥). v G (V. y.y), BG (Y. ¥, ¥)}
<o {max {2G (y, ¥, ¥), yG (¥, ¥, ¥).B G (v, ¥, ¥)}}

We have following cases

Case-1: max =BG (v, y, y') then from the inequality we have.
Gy Y. Y)<¢{BG (v, Yy, ¥)} <BG (V. y.Y), whichimpliesG (y,y,y) =0theny =y’

Case-l1l:max =2 G (y, y, ¥') then from the inequality we have.
G, Y, Y)=0{2G (V,Y,¥)}< 2G (y,V,Y), which implies G (y, y, ¥) =0 as Therefore y=y'

Case-I1l: max = y G (y, y, y") then from the inequality we have.
Gy, Y)=0{yG (Y. Y, ¥)}<v G(y,y,¥), whichimplies G (y, y, y) = 0 as Therefore y =y’

Thus the mappings f, r, g, t, h, s have unique common fixed point.
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