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ABSTRACT

The classes of near open sets can be considered as rich sources for elementary concepts in approximation spaces. The
purpose of this paper is to spot light on using some classes of near open sets as tools for measuring the exactness of
sets.
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1. PRELIMINARIES

A topological space [8] is a pair (X, 7) consisting of a set X and family 7 of subsets of X satisfying the following
conditions:

(T) perandXe 7.

(T2) 7 is closed under arbitrary union.
(T3) 7 is closed under finite intersection.

Throughout this paper (X, 7 ) denotes a topological space, the elements of X are called points of the space, the subsets
of X belonging to 7 are called open sets in the space, the complement of the subsets of X belonging to 7 are called
closed sets in the space and the family of all 7 - closed subsets of X is denoted by 7 *. The family 7 of open subsets
of X is also called a topology for X. A subset A of X in a topological space (X, 7 ) is said to be clopen if it is both open
and closed in (X, 7).

A family B < 7 is called a base for a topological space (X, 7 ) iff every nonempty open subset of X can be
represented as a union of subfamily of B. Clearly, a topological space can have many bases. A family S < 7 is called
a subbase iff the family of all finite intersections of S is a base for (X, 7).

The 7 - closure of a subset A of X is denoted by A~ and it is given by A- = (J{FCX : ACFand Fe 7 }.
Evidently, A" is the smallest closed subset of X which contains A. Note that A is closed iff A= A" . The 7 - interior of
a subset A of X is denoted by A° and it is given by A°= J{G<X: G Aand Ge 7 }. Evidently, A° is the largest
open subset of X which contained in A. Note that A is open iff A= A°.

Some forms of near open sets which are essential for our present study are introduced in the following definition.

Definition 1.1: Let (X, 7 ) be a topological space. The subset A of X is called:
(i) Semi-open [10] (briefly s-open ) if Ac A°".

(i) Pre-open [12] (briefly p-open ) ifAc A™°.

(iii) y -open [7] (b-open [6] ) if Ac A°" U A™°.

(iv) « -open [13]ifAc A°"° .

(v) [ -open [1] (Semi-pre-open [5]) if AC A,
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The complement of an s-open (resp. p-open, J -open, « -open and /3 -open) set is called S -closed (resp. P -closed,
y - closed, « - closed and /3 -closed) set. The family of all s-open (resp. p-open, ¥ -open, « -open and /3 -open) sets
of (X, 7) is denoted by SO (X ) (resp. PO (X ), yO(X ), aO (X )and SO (X )). The family of all S -closed
(resp. P - closed, y - closed, « - closed and /3 - closed ) sets of (X, 7) is denoted by SC (X ) (resp. PC (X ),
yC(X), aC(X ) and SC(X)).

The near interior (resp. near closure) of a subset A of X is denoted by Al° (resp. Al ) and it is given by
Al°=J{GCcX:GCA Gisa j-open set}
(resp. Al"= {HCX:ACH, Hisa j-closed set}), where i€{P.s 7, a, B}

From known results [1, 7], we have the following two remarks. The symbol " —S=—> " s used instead of " C "inthe
implications between sets.

Remark 1.1: In a topological space (X, 7 ), the implications between 7 and the families of near open sets are given in
the following diagram.

SO(x
/‘
r—=>a0(X)
PO

(X

)

N .
7 O(X)—=— BO(X)

7

Remark 1.2: In a topological space (X, 7 ), the implications between 7~ and the families of near closed sets are given

in the following diagram.
SC(X)
7N
) 7 C(X)—=>pC(X)
N

PC(X)

r—=5aC(X

Motivation for rough set theory has come from the need to represent subsets of a universe in terms of equivalence
classes of a partition of that universe. The partition characterizes a topological space, called approximation space

K = (X,R), where X is a set called the universe and R is an equivalence relation [11,14]. The equivalence classes of
R are also known as the granules, elementary sets or blocks. We shall use R, to denote the equivalence class

containing x € X and X/R to denote the set of all elementary sets of R. In the approximation space K = (X,R) the
lower (resp. upper) approximation of a subset A of X is given by

RA ={xeX:R, C A} (resp. RA = {xeX: R, NA= ¢}

Pawlak noted [14] that the approximation space K = (X,R) with equivalence relation R defines a uniquely

topological space (X, 7 ) where 7 is the family of all clopen sets in (X, 7 ) and X/R is a base of 7 . Moreover, the
lower ( resp. upper ) approximation of any subset A of X is exactly the interior (resp. closure) of A.

If R is a general binary relation, then the approximation space K = (X, R) defines a uniquely topological space (X,
7, ), where 7, is the topology associated to K (i.e 7, is the family of all open sets in (X, 7, ) and S={xR:xeX}
is a subbase of 7, , where xR={ye X: xRy})[4,9]
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Definition 1.2 [4]: Let K = (X, R) be an approximation space with general binary relation R and T\ is the topology
associated to K. Then the triple & = (X, R, 7, ) is called a topologized approximation space.

Definition 1.3 [4]: Let x = (X, R,z'K) be a topologized approximation space and A X. The lower (resp. upper)
approximation of A is defined by

RA = A’(resp. RA = A™).
Boundary region of a subset A of X [2] in a topologized approximation space x = (X, R, T ) is denoted by Bnd(A)
and it is defined by Bnd(A) = RA - RA.

The following general definition is given to introduce the near lower and near upper approximations in a topologized
approximation space x = (X,R,7, ).

Definition 1.4 [4]: Let k = (X,R, 7, ) be a topologized approximation space and A< X. The near lower (briefly j-lower)
(resp. near upper (briefly j-upper)) approximation of A is denoted by R i A (resp. ﬁ iA) and it is defined by

R;A= AT° (resp. RjA = Al7) where je{p.s 7. a, B}

Near boundary region of a subset A of X [2] in a topologized approximation space x = (X,R,7, )is denoted by
Bnd; (A) and it is defined by

Bnd,(A) = RjA- R;A, where je{p.s, 7. a, f}.

Remark 1.3 [2]: Let x = (X, R,TK) be a topologized approximation space and A X. The implications between
lower approximation and near lower approximations of A are given in the following diagram.

A \
R A—= >R, 4

/ )
£‘4 éﬁa‘;j
R

4

=r

Remark 1.4 [2]: Let k = (X, R,rK) be a topologized approximation space and A X. The implications between
upper approximation and near upper approximations of A are given in the following diagram.

/ R4
Rsd—= 3R, A4 RoA—= 3R 4

RyA

Remark 1.5 [2]: Let k¥ = (X,R,7,) be an approximation space and A X. The implications between Bnd (A)
and Bnd; (A) are given in the following diagram forall je { p ,s, 7, ¢, B}.
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B;'m'

Brr:ra'( )—}Bnd Bmf( )—)B?id( 1)

N \
\M e

2. EXACT AND ROUGH SETS

In the context of this section, we shall introduce new types of definability for a subset A of X in a topologized
approximation space x = (X,R,7,).

Definition 2.1[4]: Let xk = (X, R, 7, ) be a topologized approximation space and A X. Then

(i) A is called totally R- definable ( or exact) setif RA = A= RA.
(i) Ais called internally R- definable setif A=R A.

(iii) A is called externally R- definable set if A =RA.
(iv) A is called R- indefinable (or rough ) setif A # RA and A # RA.

Remark 2.1: Let k¥ = (X, R, 7, ) be atopologized approximation space and AC X.

If A'is totally R- definable set, then it is clopen in the topological space (X, 7, ).
— If Aisinternally R- definable set, then it is open in the topological space (X, 7, ) .
— If Ais externally R- definable set, then it is closed in the topological space (X Tk )

If A is R- indefinable set, then it is neither open nor closed in the topological space (X, 7, ) .

Definition 2.2: [3]. Let A be a subset of X in a topologized approximation space k¥ = (X, R, 7, ). Then
(i) Ais called totally j-definable ( briefly tot-j-def) (or j-exact) set if ﬁj A=A=RjA,
(if) Ais called internally j-definable (briefly int-j-def) set if A= BjA,
(iii) A'is called externally j-definable (briefly ext-j-def) set if A= Ej A,
(iv) Ais called j-indefinable (briefly j-indef) (or j-rough) set if A= Bj A and A= ﬁj A, where
je{p.s, 7. a, f}.

Definition 2.3: Let k¥ = (X, R, 7, ) be a topologized approximation space and A X. Then

(i) A is called totally ij-definable (briefly tot-ij-def) (or ij-exact) setif R, A = A :Ej A,

(ii) A is called internally ij-definable (briefly int-ij-def) setif A= R; A and A # Ej A,

(iii) A is called externally ij-definable (briefly ext-ij-def) setif A # R, A and A :Ej A,

(iv) Ais called ij-indefinable (briefly ij-indef ) (or ij-rough) setif A = R, A and A # ﬁjA,
wherei,je{p,s, v, a, B}

In Definition 2.3, if i= j, then ij —exact (resp. ij —rough) set means j—exact (resp. J—rough) set for all
i je{p.,s, 7, a, B}

Proposition 2.1: Let k¥ = (X, R,rK) be a topologized approximation space. The implications between j-exact and
ij-exact subsets of X are given in the following diagram for alli,je {p s, 7, a, S}
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Po —exact = pfs(orpp)-exact = Py —exact = S —exact
N 0 N N
yo — exact = ys(oryp)-exact = y —exact = 7P — exact
i i i N
sa(or pa)—exact =  s(orp)—exact = sy(orpy)—exact = spg(or pp)—exact
N N 0 i
a —exact = as(orap)—exact = ay —exact = aff —exact

Proof: We shall prove that ¢ S -exact = «  -exact, and the other cases can be proved similarly. Let ACXbe &S -

exact. Then R, A =A= RsA. Since AC EyA C RsA=A thenA= EyA. Thus R, A :A:§7A. Therefore A
is o y -exact.

The following example illustrates that the converse of Proposition 2.1 is not true in general.

Example 2.1: Let k¥ = (X, R, 7, ) be a topologized approximation space such that X = {a, b, ¢, d} and R = {(a, a),
(a, b), (b, @), (b, b), (d, d)}. Then

aR={a,b}=bR,cR= ¢ anddR = {d}. Hence

S={{a b}, {d}, ¢},

B={X, ¢,{a, b}, {d}}. Thus

7« ={X, ¢, {d} {a b}, {a b, d}},

. ={.X {a b, c}, {c d}, {c}},

SO(X)=1{X, ¢.{d}, {a b}, {c. d}, {a, b, c} {a b, d}},

PO(X)=1{X, ¢, {a}, {b}, {d}, {a, b}, {a, d}, {b, d}, {a, b, d}, {a, ¢, d}.{b, ¢, d}},

yO(X)={X, ¢, {a}, {b}, {d}, {a b}, {a, d}, {b, d}, {c, d}, {a b, c}, {a b, d}{a c,d}, {b, c, d}},

a0 (X)={X ¢, {d} {a b}, {a b, d}},

BO(X)=1{X, ¢ {a} {b} {d}, {a b}, {a c} {a d} {b, c} {b, d}, {c, d}{a b, c}, {a, b, d}, {b, ¢, d}, {a,c, d}}.
SC(X)={¢, X {a b, c} {c, d} {a b}, {d}, {c}},

PC(X) ={¢, X, {b.c,d} {a c, d} {a b, c} {c, d} {b c} {a c} {c} {b}, {a}},

yC(X) ={¢, X {b,c,d}, {a c,d} {a b c} {c d}, {b c} {a c} {a b} {d}, {c} {b} {a}},

aC(X) ={¢,X {ab,c} {c d} {c}} and

BC(X) ={¢,X {b,c,d} {a c d} {a b,c} {c d} {b, d} {b, c} {a d} {a c} {a b}, {d}, {c} {a}, {b}}.

If A={a,d}, thenAisa y /3 -exact set, since R A ={a, d} :ﬁﬂA. But AisnotS /3 -exact, since R,A={d} = A.

Proposition 2.2: Let k¥ = (X,R,7,) be a topologized approximation space. The implications between internally
ij-definable subsets of X are given in the following diagram for all i, je { p,s, v, a, f}.

int— S8 — def > int— gy —def = int-gs(or fp)-def = int— S —def

f fi f f
int—y ff—def = int—yy —def = int-ys(or yp)-def = int—y o —def
f fi f f
int-sp(or pp)-def = int-sy(or py)—def = int-ss(or pp)-def = int—se(or pe)-def
f fi f f

int—a f—def = int—q y —def = int-as(orap)-def = int-— o o —def
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Proof: We shall prove that internally & £ -definable = internally « y -definable and the other cases can be proved
similarly. Let AC X be internally « £ -definable, then

A= R, Aand A= ﬁﬂA. Since AC ﬁﬁA C ﬁyA, then A= ﬁyA. Thus R,A =Aand A# ﬁyA. Therefore A
is internally o y -definable.

In the following example we illustrate that the converse of Proposition 2.2 is not true in general.

Example 2.2: Let ¥ = (X, R, TK) be the topologized approximation space which is given in Example 2.1. If A = {b,
d}, then A is int-y y -def, since R A={b, d}=A and ﬁyAz{b,C,d};t A. But A is not int-Sy -def, since
RA={d}=A.

Proposition 2.3: Let x = (X,R,TK) be a topologized approximation space. The implications between externally
ij-definable subsets of X are given in the following diagram for all i, je {p.,s, ¥, @, B}

ext-fa-def = ext-pgs(orfp)-def =  ext-py-def = ext — f — def

U U U U
ext -y o — def = ext-ys(oryp)-def = ext —y y —def > ext —y [ —def
U U U U
ext-sa(or par)-def = ext-ss(or pp)-def = ext-sy(or py)-def = ext-sp(or pf)-def
U U U U

ext - o —def = ext-as(orap)-def =  ext-ay—def > ext —a - def

Proof: We shall prove that externally « S -definable = externally ¢ y -definable and the other cases can be proved
similarly. Let A < X be externally o S -definable. Then

A# R,AandA= RsA. Since AC ﬁy Ac RsA =A then A= ﬁy A. Therefore A is externally o y -definable.
In general the converse of Proposition 2.3 is not true. The following example illustrates this fact.

Example 2.3: Let k = (X,R,7, ) be the topologized approximation space which is given in Example 2.1. If A = {a, c},
then A is ext-y y-def, since R A={a}=# A and R,A={a,c}=A. But A is not ext-yS-def, since
RsA={a,b,c}= A.

Proposition 2.4: Let k¥ = (X, R, 7, ) be a topologized approximation space. The implications between j-rough and
ij-rough subsets of X are given in the following diagram for all i, je{ p,s, 7, «, B}

S —rough = Sy —rough = ps(orpp)-rough = S a—rough

U U U U
y f—rough = y —rough = ys(ory p)-rough = y a —rough
U U U U
sp(orpp)—rough = sy(orpy)-rough =  s(orp)-rough = sa(orpa)-rough
U U U U
a B —rough = a y —rough = as(orap)-rough = a —rough

Proof: We shall prove that « y -rough = « 'S -rough and the other cases can be proved similarly. Let AC X be
oy -rough. Then A= R A and A# EyA.
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Since AC ﬁyA c RsA, thenA # RsA.ThusA # R, AandA # RsA. Therefore Ais & S -rough.
The following example illustrates that the converse of Proposition 2.4 is not true in general.

Example 2.4: Letx = (X,R, 7, ) be the topologized approximation space which is given in Example 2.1. If A = {a, d},
then Ais S -rough, since R;,A={d}= A and RsA=X = A.ButAisnot 7S -rough, since R,A={a,d}=A.

3. BOUNDARY REGIONS

The aim of this section is to introduce new levels of boundary regions in approximation spaces by using some classes
of near open sets.

Definition 3.1: Letx = (X, R, z'K) be a topologized approximation space and A C X. The i j -boundary region of A is
denoted by Bnd, ;(A) and it is defined by

Bnd; ;(A) = RiA- R;A where i, je{p,s 7, a, B}
In Definition 3.1, if i= j, then Bnd, ;(A) = Bnd;(A) foralli, je{p,s, 7, a, B}

Proposition 3.1: Let x = (X, R,TK) be a topologized approximation space and A X. The implications between

Bnd, ; (A) are given in the following diagram for all i,je { p s, 7, &, B}.
Bnd., (A)

B?idfﬂ(A)i) Bnd,, (4) Bnd, (4)

Bna’ﬂv (A4)

Proof: We shall prove thatBnd, (A) < Bnd, (A), and the other cases can be proved similarly. Since
R,AC R, A, then RsA - R,Ac RsA - R A .Hence Bnd, (A) < Bnd, (A).

Example 3.1: Letx = (X, R,TK)be the topologized approximation space which is given in Example 2.1. If A = {a, d},
then

Bnd, (A) = RsA-R A={ad}{a d}= ¢, and
Bnd,,(A) = RsA-R,A = {a, d}-{d} = {a}.
Thus Bnd, (A) < Bnd, (A).

4. CONCLUSIONS

In this paper, we used different forms of near open and near closed sets to introduce new kinds of exact, internally
definable, externally definable and rough sets.
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