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ABSTRACT 
Let F  be a field of characteristic not 2, nM  be the set consisting of all n n×   matrices over F and nP  be the 

subset of  nM  consisting of all idempotent matrices. We say that a linear map : m n rM M Mϕ ⊗ → preserves 

idempotents of tensor products of matrices, if for any mA M∈  and nB M∈ , ( )A Bϕ ⊗  is an idempotent whenever 

A B⊗  is an idempotent. In this paper, we characterize linear maps 2 2: rM M Mφ ⊗ → , where  φ  preserves 
idempotents of tensor products of matrices. 
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1. INTRODUCTION AND THE MAIN THEOREM 
 
Let F  be a field of characteristic not 2, nM  be the set consisting of all n n×  matrices over F  and nP  be the subset 

of nM consisting of all idempotent matrices. For any (a )ij mA M= ∈  and nB M∈ , A B⊗  denotes their tensor 

product, i.e., (a ).ijA B B⊗ = I  denotes the  identity matrix and ijE  denote the matrix whose all entries are equal to 

zero except for the ( )ij − th entry which is equal to 1 (Note: the dimension of I  and ijE  can be known from the 

content). We say that a linear map  : m nM Mϕ →  preserves idempotents, if ( )Aϕ  is an idempotent when A  is an 

idempotent. We say that a linear map  
1

:
lm m nM M Mφ ⊗ ⊗ →  preserves idempotents of tensor products of 

matrices, if 1( )lA Aφ ⊗ ⊗  is an idempotent when 1 lA A⊗ ⊗  is an idempotent for any 

11 ll m mA A M M⊗ ⊗ ∈ ⊗ ⊗  .Especially, we call a linear map 
1 1

:
l lm m m mM Mπ →

 

  canonical, if

1 1 1( ) ( ) ( )l l lA A A Aπ τ τ⊗ ⊗ = ⊗ ⊗  , where :
k kk m mM Mτ →  is either the identity map X X→  or the 

transposition map , 1, , .tX X k l→ =   
 
This paper studied linear preserver problems on matrix spaces. In recent years, some preserver problems related tensor 
product were produced with some background in quantum information science. Some researchers have studied in many 
papers, see [1-3]. Especially, in connection to the linear preservers of idempotents, Zheng, Xu  and Fošner [4] studied 
linear maps preserve idempotents of tensor products of matrices, they got the following theorem: 
 
Theorem 1.1: Suppose ,l n  and 1, , 2lm m >  are positive integers with 1 .ln m m≤  A linear map 

1
:

lm m nM M Mφ ⊗ ⊗ →  preserves idempotents of tensor products of matrices if and only if either 0φ =  or 

1 ln m m=   and there is an invertible matrix nQ M∈  and a canonical map π  on 
1 lm mM


 such that φ  has the 
form 

1
1 1( ) ( )l lA A Q A A Qφ π −⊗ ⊗ = ⊗ ⊗                                                                                                          (1) 

for all , 1, , .
kk mA M k l∈ =   
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Obviously, the case of 1 ln m m>   is much more complex. So, we tried to study the problem in a comparatively 

simple case, i.e., in the case of 2l = and 1 2 2.m m= =  we obtain that: 
 
Theorem 1.2: Suppose n is a positive integer with 4.n > A linear map 

2 2
: m m nM M Mφ ⊗ → preserves 

idempotents of tensor products of matrices if and only if there is an invertible matrix nQ M∈  and natural numbers 

1 2 3 4, , ,p p p p  such that φ  has the form 

1 2 3 4

1( ) ( 0)t t t t
p p p pA B Q A B I A B I A B I A B I Qφ −⊗ = ⊗ ⊗ ⊕ ⊗ ⊗ ⊕ ⊗ ⊗ ⊕ ⊗ ⊗ ⊕                        (2) 

for all 2,A B M∈ . 
 
2. PRELIMINARY RESULTS  
 
Lemma 2.1: Let m  and n  be positive integers.  A linear map : m nM Mφ →  preserves idempotents if and only if 

there exist an invertible nQ M∈ and natural numbers ,p q  such that 1( ) ,p qA Q A I A I Qφ −= ⊗ ⊕ ⊗（）  .mA M∈  
 
In a similar way as [4], we can get the following two lemmas. 
 
Lemma 2.2: If 2PP∈  and srnrS IIP −−⊕⊕=⊗ 00)( 2φ  for some nonnegative integers r  and s , then there 

exists a linear map ψ : rMM →2  such that  

srns XXP −−⊕⊕=⊗ 0)(0)( ψφ  

for all 2MX ∈ .Moreover, ψ  preserves idempotents. 
 
Lemma 2.3: Suppose that 1F  and 2F  are idempotents with 221 PFF ∈+ .If rank rIFi =⊗ )( 2φ , =i 1, 2, then 

there exist an invertible matrix nMQ∈  and linear maps ri MMg →2: such that  
1)0)(()( −⊕⊗=⊗ QXgEQXF iiiiφ , 2MX ∈ , =i 1,2. 

 
Moreover, maps ig  preserve idempotents and  ri IIg =)( . 
 
Lemma 2.4: Suppose '' ,,, qpqp are natural integers, rMU ∈ , 

  ),(2)(2 '' qpqpr +=+=                                                                                                                               (3) 

and    q
t

p IXIXXf ⊗⊕⊗=)( , '')( p
t

p IXIXXg ⊗⊕⊗= , 2MX ∈∀ . If 

)()( XUgUXf = , 2MX ∈∀ ,                                                                                                                          (4) 

then   2212 UIUIU ⊗⊕⊗= , where '1 ppMU
×

∈ , '2 qqMU
×

∈ . 

 
Moreover, if U  is invertible, then )()( XgXf =  and 1U , 2U are invertible. 
 
Proof: Let 44][ ×= ijUU with 'ppkk MU

×
∈ , =k 1,2, 'qqu MU

×
∈ , =l 3,4. Let ijEX = , i , j =1,2, respectively, 

then it follows from (4) that  2212 UIUIU ⊗⊕⊗= ,  '1 ppMU
×

∈ , '2 qqMU
×

∈ . 

 
If 'pp ≠ , without loss of generality, we may suppose that 'pp  , then it follows from (3) that  'qq  . Thus  

rqqqprankUr =++≤= )(2)(2 ''
 . It is a contradiction. So, '' , qqpp == . Thus )()( XgXf =  and  

1U , 2U  are invertible. 
 
Proof of the main theorem:  The sufficiency part of the Main Theorem is clear, we consider only the necessity part.  
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Let 2: nf M M→ ; )( IAA ⊗φ , 2MA∈∀ .Then f  is a linear map that maps idempotent matrices into 

idempotent matrices. By Lemma 2.1. we conclude that there exist an invertible nMQ∈  and  Nqp ∈,  such that 
1

2 )()()( −⊕⊗⊕⊗==⊗ QOIAIAQAfIA q
t

pφ ,     2MA∈ .                                                          (5) 
 
Denote qpr += . Then  

rIEErankIErank ijiiij =⊗+=⊗ ))(()( 22 λφφ , ,2,1, =ji  ji ≠ , F∈∀λ .                                     (6) 
 
Composing φ  by the appropriate similarity transformation, without loss of generality, we may assume that 

OIEIE riiii ⊕⊗=⊗ )( 2φ , i =1, 2.                                                                                                                (7) 
 
Thus, by Lemma 2.3 there exist linear maps ri MMf →2: such that 

0)()( ⊕⊗=⊗ XfEXE iiiiiφ , i =1, 2,                                                                                                          (8) 

and if  preserve idempotents, i =1,2. In view of (7), using Lemma 2.1, without loss of generality, we can assume 

ii q
t

pi IXIXXf ⊗⊕⊗=)( , i =1, 2.                                                                                                             (9) 
 
Let 12111 : EEF += , 12222 : EEF −= .Then, by (6) and Lemma 2.3, there exists an invertible nMQ∈  and linear 

maps ri MMg →2:  such that 
1)0)(()( −⊕⊗=⊗ QXgEQXF iiiiφ ,                                                                                                        (10) 

where ig  preserve idempotents and ri IIg =)( , i =1,2. Using Lemma 2.1, without loss of generality, we can assume 

'')(
ii q

t
pi IXIXXg ⊗⊕⊗= , i =1, 2.                                                                                                           (11) 

 
Let 33][ ×= ijQQ with rij MQ ∈ , ji , =1,2 and 33

1 ][ ×
− = ijTQ with  rij MT ∈ , ji , =1,2. 

 
Since XEXFXE ⊗−⊗=⊗ 11112 , by (8) and（10）we have 















 −
=⊗

131311213111131

131211212111121

1311112111111111

12

)()()(
)()()(
)()()()(

)(
TXgQTXgQTXgQ
TXgQTXgQTXgQ
TXgQTXgQXfTXgQ

XEφ                                                (12) 

 
Similarly, since 12 2 22( ),E X F X E X⊗ = − ⊗ − ⊗  by (8) and (10) we have 

















−−−
−−−
−−−

=⊗

232322223221232

2322222222221222

232122221221212

12

)()()(
)()()()(
)()()(

)(
TXgQTXgQTXgQ
TXgQTXgQXfTXgQ
TXgQTXgQTXgQ

XEφ                                    (13) 

 
For any idempotent  2PP∈  and any scalar ,Fλ∈ 2212 )( ×∈⊗+ MPEEii λ is an idempotent, i =1,2. Then,     

nii MPEPE ∈⊗+⊗ )()( 12λφφ  , i =1, 2. 
 
Thus 

)()()()()( 121212 PEPEPEPEPE iiii ⊗=⊗⊗+⊗⊗ φφφφφ , i =1, 2                                                (14) 
 
and 

[ ] 0)( 2
12 =⊗ PEφ .                                                                                                                                            (15)  
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Using (8), (12)-(15), we obtain 

11 1 11 1 22 2 22 2

21 1 12 21 1 13

31 1 12 31 1 23

12 2 21 12 2 23

32 2 21 32 2 23

( ) ( ), ( ) ( )
( ) 0, ( ) 0
( ) 0, ( ) 0

( ) 0, ( ) 0
( ) 0, ( ) 0

Q g P T f P Q g P T f P
Q g P T Q g P T
Q g P T Q g P T

Q g P T Q g P T
Q g P T Q g P T

= =
 = = = =
 − = − =
− = − =

 

 
Since any matrix of 2M can be written as a linear combination of idempotents, we get 

11 1 11 1 22 2 22 2

21 1 12 21 1 13

31 1 12 31 1 13

12 2 21 12 2 23

32 2 21 32 2 23

( ) ( ), ( ) ( )
( ) 0, ( ) 0
( ) 0, ( ) 0

( ) 0, ( ) 0
( ) 0, ( ) 0

Q g X T f X Q g X T f X
Q g X T Q g X T
Q g X T Q g X T

Q g X T Q g X T
Q g X T Q g X T

= =
 = = = − =
 − = − =

− = − =

                                                                                        (16) 

 
Using (9), (11)-(16) and Lemma 2.4 we can conclude that )()( XgXf ii = , i =1, 2 and 
















=
















=⊗

000
00)(
0)(0

000
00)(
0)(0

)( 2

2

1

1

12 VXg
XUg

XVg
UXg

XEφ                                                   (17) 

where  
          22121211 TQTQU −== , 21221121 TQTQV −== .So, by Lemma 2.4 we get 

          2212 UIUIU ⊗⊕⊗= , 2212 VIVIV ⊗⊕⊗= ,                                                                                     (18)    
 
where 

1 21 ,p pU M ×∈  
1 2 2 12 1, ,q q p pU M V M× ×∈ ∈

2 12 .q qV M ×∈ Moreover, by (15) we can get 0,i iU V =  0,i iVU =     

i =1, 2. This, together with (6) we can conclude that there exist invertible matrices 1P  and 2P  such that 

21 00
0

P
I

PU ir
i 








= , 1

1
1

2 0
00

−−








= P

I
PV

is
i , { }iiii qpsr ,min≤+ , i =1,2.                                              (19) 

 
In a similar way as above we can get  

















=
















=⊗
000
00)(
0)(0

000
00)(
0)(0

)( '
2

2
'

1
'

'
1

21 VXg
XgU

XgV
UXg

XEφ                                            (20) 

where      

 
'
22

'
12

' UIUIU ⊗⊕⊗= , '
22

'
12

' VIVIV ⊗⊕⊗= .                                                                                 (21) 
  

 0'' =iiVU , 0'' =ii UV , i =1,2.                                                                                                                            (22)  
 
and  

21

'
1 ppMU ×∈ , 

1221

'
1

'
2 , ppqq MVMU ×× ∈∈ , 

12

'
2 qqMV ×∈ . 

 

For any idempotent 2PP∈ , ( ) PEEEE ⊗+++ 222112112
1

 is idempotent, then ))((
2
1

22211211 PEEEE ⊗+++φ  is 

idempotent. Using this fact and (8), (9), (17)-(22) we conclude that 2111 ppsr ==+ , 2122 qqsr ==+  and there 

exist invertible matrices 1Q  and 2Q  such that 
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1
1

1
221 0

00
,

00
0 −−









=








= Q

I
QVQ

I
QU

i

i

s
i

r
i , i =1, 2. 

 

1
1

1
2

'
21

'

00
0

,
0

00
−−









=








= Q

I
QVQ

I
QU i

i

r
i

s
i , i =1, 2. 

 
Thus )()( 21 XgXg = . 
 
At last, composing φ  by the appropriate similarity transformation again, we obtain 

0)(
2121
⊕⊗⊗⊕⊗⊗⊕⊗⊗⊕⊗⊗=⊗ s

t
jisjir

t
ijrijij IXEIXEIXEIXEXEφ , i =1, 2. 
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