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ABSTRACT
Let F be a field of characteristic not 2, M be the set consisting of all NxN matrices over F and P, be the

subset of M consisting of all idempotent matrices. We say that a linear map @ : M _®M_  — M, preserves
idempotents of tensor products of matrices, if forany A€ M and Be M, ¢(A® B) is an idempotent whenever
A®B is an idempotent. In this paper, we characterize linear maps@¢: M, ® M, — M, where ¢ preserves

idempotents of tensor products of matrices.
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1. INTRODUCTION AND THE MAIN THEOREM

Let F be a field of characteristic not 2, M | be the set consisting of all Nx N matrices over F and P, be the subset
of M, consisting of all idempotent matrices. For any A = (aij) eM_ and BeM,, A®B denotes their tensor
product, i.e., A®B = (aij B). | denotes the identity matrix and Eij denote the matrix whose all entries are equal to
zero except for the (ij) —th entry which is equal to 1 (Note: the dimension of | and E; can be known from the
content). We say that a linear map ¢ : M — M, preserves idempotents, if (p(A) is an idempotent when A is an
idempotent. We say that a linear map ¢: Mml ®---® MmI — M, preserves idempotents of tensor products of
matrices, if @¢(A ®---®A) is an idempotent when A ®---®A is an idempotent for any
A®---®AeM, ®--@M,  .Especially, we call a linear map z: M, .
T(A®®A)=7(A)® - ®7(A), where 7, :M, — M, s either the identity map X — X or the

_>Mml---m| canonical, if

transposition map X — X' k=1,---,1.

This paper studied linear preserver problems on matrix spaces. In recent years, some preserver problems related tensor
product were produced with some background in quantum information science. Some researchers have studied in many
papers, see [1-3]. Especially, in connection to the linear preservers of idempotents, Zheng, Xu and FoSner [4] studied
linear maps preserve idempotents of tensor products of matrices, they got the following theorem:

Theorem 1.1: Suppose I,n and m,---,m, >2 are positive integers with N<m ---m. A linear map

@ Mml ®---® Mml — M, preserves idempotents of tensor products of matrices if and only if either ¢ =0 or

N=m,---m, and there is an invertible matrix Q € M, and a canonical map 7 on Mml--m such that ¢ has the
form

HA®-®A)=Qr(A®-®A)Q" M
forall A € Mmk,k =1l
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Obviously, the case of N >m, ---m, is much more complex. So, we tried to study the problem in a comparatively

simple case, i.e., in the case of | =2and m, =m, = 2. we obtain that:

Theorem 1.2: Suppose N is a positive integer with N> 4. A linear map ¢: Mmz ®Mm2 — M, preserves
idempotents of tensor products of matrices if and only if there is an invertible matrix Q € M, and natural numbers
P, P,, P3, P, suchthat @ has the form
— t t t t -1
¢5(A®B)—Q(A®B®Ipl DAR®B ®Il, DAR®BRI, ©A®B &I ®0)Q )
forall ABeM,.

2. PRELIMINARY RESULTS

Lemma 2.1: Let M and N be positive integers. A linear map ¢: M  — M, preserves idempotents if and only if

there exist an invertible Q € M and natural numbers p,q such that g(A =Q(A® I, ®A® Iq)Q_l, AeM,.
In a similar way as [4], we can get the following two lemmas.

Lemma 2.2: If Pe P, and ¢(P®1,) =0, @1, @0, , , for some nonnegative integers I and S, then there
exists a linear map y: M, — M such that
HPOX)=0,0y(X)DO0

forall X € M, .Moreover, i preserves idempotents.

n—-r—s

Lemma 2.3: Suppose that F, and F, are idempotents with F, + F, € P,.If rank¢(F, ® 1,) =1, 1 =1, 2, then
there exist an invertible matrixQ € M | and linear maps g; : M, — M such that

o(F, ® X) =Q(E; ®gi(X)(-B0)Q’l, XeM,, i=12
Moreover, maps g, preserve idempotentsand ¢, (1) =1,.

Lemma 2.4: Suppose P,d, P ,{ are natural integers, U € M,

r=2(p+q)=2(p +q), ®)
and F(X)=X®1,®X'®1,g(X)=X®I &X' ®I VXM, If
f(X)U =Ug(X),vX e M,, @)

then U=1,0U, @1, ®U,, where U, € I\/Ipxp.,U2 eM

axq
Moreover, if U is invertible, then f(X) = g(X) and U,,U,are invertible.

Proof: Let U =[U;], ,with U}, € Mpxp.,k =12U,eM . J =34 Let X =E

then it follows from (4) that U =1, ®U, ®1,®U,, U, eM U, eM_ .

i+ 1. J=1,2, respectively,

If p# p', without loss of generality, we may suppose that p < p', then it follows from (3) that Q > q'. Thus
r=rankU <2(p+q)<2(q+0q)=r. It is a contradiction. So, p=p ,q=¢ . Thus f(X)=g(X) and

U,.U, areinvertible.

Proof of the main theorem: The sufficiency part of the Main Theorem is clear, we consider only the necessity part.
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Let f:M,>M, ; A ¢(A®I), YAe M, .Then f is a linear map that maps idempotent matrices into
idempotent matrices. By Lemma 2.1. we conclude that there exist an invertible Q € M, and p,qe N such that
H(A®1,)=f(A=QA®I ®A'®I, ®0)Q", AeM,. (5)

Denote r = p+ (. Then
rankg(E; ® 1,) = rankg((E; + AE;)®1,)=r,1i,j=12, i# ], VieF. (6)

Composing ¢ by the appropriate similarity transformation, without loss of generality, we may assume that

#E, ®1,)=E, ®I,®0,i=12 (7)

Thus, by Lemma 2.3 there exist linear maps f, : M, — M such that

#(E, ®X)=E, ® f.(X)DO0, i=1,2, (8)
and fi preserve idempotents, 1=1,2. In view of (7), using Lemma 2.1, without loss of generality, we can assume
ff(X)=X®l, ®X'®1_,i=1,2 9)

Let F,i=E,, +E,,, F,=E,, —E,,.Then, by (6) and Lemma 2.3, there exists an invertible Q € M and linear
maps ¢; : M, = M, such that

¢(F, ® X) =Q(E; ®g;(X)@0)Q", (10)
where (; preserve idempotents and J; (nH= I, I =1,2. Using Lemma 2.1, without loss of generality, we can assume
gi(X):X®|p;®xt®lq;,i=1,2. (11)

LetQ =[Q; 1sswith Q; e M i, j=1,2and Q7" =[T; J,,,with T, e M i, j=12.

Since E,, ® X =F ® X —E;; ® X ,by(8) and (10) we have
Qllgl(X)Tll - f1(X) Q1191(X)T12 Qllgl(X)T13
#(E, ®X) = Q219, (X)Ty; Q210:(X)Ty,  Qpu 9y (X) Ty (2)
Qa1 0: (X)Ty, Qa0 (X)Ty,  Q3,9:(X)Ty,

Similarly, since E;, ® X =—(F, ® X —E,, ® X), by (8) and (10) we have

_legz(X)Tzl _legz(x)Tzz _legz(X)Tza
¢(E12 ® X) = _szgz(X)Tzl fz(x) _szgz(X)Tzz _szgz(X)Tzs (13)
_Qazgz(X)Tzl _Qszgz(X)Tzz _Qszgz(X)T23

For any idempotent P € P, and any scalar A € F, (E; + AE,,) ® P € M, is an idempotent, i =1,2. Then,
#(E; ®P)+14(E,, ®P)eM, ,i=12

Thus
#(E; ® P)J(E,, ®P) +¢(E, ®P)g(E; ®P) =¢(E,, ®P), i=12 (14)

and
[#(E,, ®P)] =0. (15)
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Using (8), (12)-(15), we obtain

Qu9: (P)Tyy = f1(P), Q9,(P)T,, = f,(P)
Q1 9,(P)T,, =0, Q;0,(P)T;3 =0
Qy9:(P)T, =0, Q;0,(P)T,3 =0
—Q,9,(P)T,; =0,-Q,,9,(P)T,3 =0
—Q5,9,(P)T, =0, -Q;,9,(P)T,; =0

Since any matrix of M, can be written as a linear combination of idempotents, we get
Qu 9y (X)Tyy = (X)), Qpu0,(X)Ty, = f,(X)
Q9:(X)T, =0, Q,0,(X)Ty3=0
Q. 9:(X)T,, =0, —Qy9,(X)T,; =0 (16)
—Q,9,(X)T,; =0, —Q,0,(X)T,; =0
Q3 9, (X)Ty; =0, —=Q5,9,(X)T,; =0

Using (9), (11)-(16) and Lemma 2.4 we can conclude that f,(X) =g,(X),i=1,2and

0 g(X)U 0 0 Ug,(X) 0
#(E,, ® X) =|Vg,(X) 0 0/=|0,(X)V 0 0 17)
0 0 0 0 0 0
where
U=Q,T, =-0Q,T,.V=0Q,T, =-Q,, T, .So, by Lemma 2.4 we get
u=LL,oUu,el,®U,V=1,8V,e&l,dY,, (18)
where U, eM, , U,eM, . VieM . V,eM, .. Moreover, by (15) we can get UV, =0, VU, =0,
I =1, 2. This, together with (6) we can conclude that there exist invertible matrices P, and P, such that
Ir— 0 -1 0 0 -1 ; ;
U=prl " "|P,V, =P P, r +s, <min{p,,q,}, i=12 (19)
0 O 0 Isi
In a similar way as above we can get
0 g, (XU 0 0 Ug,(X) 0
#(E; ® X) =|V g,(X) 0 0|=]g.(X)V' 0 0 (20)
0 0 0 0 0 0
where
U=1L0U®I,®U,V =1,0V,®l,QV,. (22)
UV, =0,VU,=0,i=12 (22)
and U, e M N U, e Mqlxqz,Vl' eM . V, e M ., -

For any idempotent P € P, %(E1l +E, +E, +E,,)®P is idempotent, then %¢((E11 +E, +E, +E,)®P) is

idempotent. Using this fact and (8), (9), (17)-(22) we conclude that ) +S;, = p, = P,, I, +S, =, =(, and there
exist invertible matrices Q; and Q, such that
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o] V__100 P
O_sz i =Q, 0 | Q. i=1,2

Si

|0

- ] vi—oall g i
=Qlg _Qz, . =Q, L=l 2.

0 O

Thus g, (X) =g, (X).

At last, composing ¢ by the appropriate similarity transformation again, we obtain

HE,®X)=E,®X®I, ®E, ®X'®, ®E, ®X®1, OFE, ®X'®I_ D0, =12
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