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ABSTRACT

Let G=(V, E) be a graph and let S be the set of all minimal total dominating sets of G. Let x, y, z be three variables
each taking value + or —. The entire total transformation graph G is the graph having V S as the vertex set and for
any two vertices u and v in V S, u and v are adjacent in G** if and only if one of the following conditions holds: (i) u,
v e V.x =+ ifu, v e D where D is a minimal total dominating set of G. x = - if u, v & D where D is a minimal total
dominating setof G (ii)u,v eS.y=+ifunv=gy=—ifunv=4. (iiiju evandv €S.z=+ifu ev.z=-ifu gv.
In this paper, we initiate a study of entire total dominating transformation graphs in domination theory.
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1. INTRODUCTION

All graphs considered here are finite, undirected without loops and multiple edges. Any undefined term in this paper
may be found in Kulli [1].

Let G=(V, E) be a graph. A set DcV is a dominating set of G if every vertex in V — D is adjacent to some vertex in D.
The domination number G) of G is the minimum cardinality of a dominating set of G. Recently several domination
parameters are given in the books by Kulli in [2, 3, 4].

A set DcV is a total dominating set of G if every vertex in V is adjacent to some vertex in D. The totral domination
number %(G) of G is the minimum cardinality of a total dominating set of G. A total dominating set D of G is minimal
if every v e D, D — {v} is not a total dominating set of G.

The total minimal dominating graph My(G) is the graph with minimal total dominating sets as its vertices and two
vertices in My(G) adjacent if the corresponding minimal total dominating sets have a vertex in common. This concept
was introduced by Kulli and lyer in [5]. Many other graph valued functions in domination theory and in graph theory
were studied, for example, in [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21].

The common minimal total dominating graph CD(G) of G is the graph having the same vertex set as G with two
vertices adjacent in CDy(G) if there exists a minimal total dominating set in G containing them. This concept was
introduced by Kulli in [22].

The total dominating graph D¢(G) of G is the graph with vertex set V U S, where S is the set of all minimal total
dominating sets of G and with two vertices u and v adjacent in D(G) if u € V and v is a minimal total dominating set in
G containing u. This concept was introduced by Kulli in [23].

The middle total dominating graph MDy(G) of a graph G is the graph with vertex set VUS where S is the set of all
minimal total dominating sets of G with two vertices u, v adjacent in MDy(G) if u, v are not disjoint minimal total
dominating sets in G or ueV and v is a minimal total dominating set in G containing u. This concept was introduced by
Kulli in [24].
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The semientire total dominating graph Edy(G) of G is the graph with vertex set VUS where S is the set of all minimal
total dominating sets of G with two vertices u, v adjacent in Edy(G) if u, v e D where D is a minimal total dominating

setin G or u eV and v is a minimal total dominating set in G containing u. This concept was introduced by Kulli in
[25].

In [26], Kulli introduced the concept of the entire total dominating graph as follows:

The entire total dominating graph ED,(G) of a graph G is the graph with the vertex set V «w S where S is the set of all
minimal total dominating sets of G with two vertices u, v adjacent in ED{(G) if u, v are not disjoint minimal total

dominating sets in G or u, v e D where D is a minimal total dominating set in G or u €V and v is a minimal total
dominating set in G containing u.

We note that My(G), CD(G), D«(G), MD,(G), Ed,(G) and EDy(G) are defined only if G has no isolated vertices.
2. TRANFORMATION GRAPHS

Inspired by the definition of the entire total dominating graph of a graph, we introduce the following transformation
graphs in domination theory.

Definition: 1 Let G = (V, E) be a graph and let S be the set of all minimal total dominating sets of G. Letx, y, z be three
variables each taking value + and —. The entire total dominating transformation graph G** is the graph having VUS as
the vertex set and for any two vertices u and v in VUS, u and v are adjacent in G if and only if one of the following
conditions holds:

i) uveV.x=+ifu v eD where D is a minimal total dominating set of G. x = — if u, v # D where D is

minimal total dominating set of G.
ii) uveSy=+ifunvzgy=-ifunv=¢
iii) ueVandveS.z=+ifuev.z=-ifu gv.

We have eight distinct entire total dominating transformation graphs: G*™**, G, G™~,G™",G", G ,G %, G .

Example: 2 In Figure 1, a graph G, its entire total dominating transformation graphs G*™""and G~~~ are shown.

{1 43 4
1
1
{1, 2} < ’ {3, 4} {1,2} {3, 4
2 \/
{2,3 o
G G™* G

Figure-1

+++

Among entire total dominating transformation graphs one is the entire total dominating graph G Therefore we have

+++

Proposition: 3 For any graph G without isolated vertices, EDy(G) = G

+++

Remark: 4 For any graph G without isolated vertices, Dy(G) is a subgraph of G

Remark: 5 For any graph G without isolated vertices, M(G) and CD{(G) are vertex and also edge disjoint induced
subgraphs of G,

Remark: 6 For any graph G without isolated vertices, MD(G) is a subgraph of G

4

Remark: 7 For any graph G without isolated vertices, Edy(G) is a subgraph of G

© 2015, RIPA. All Rights Reserved 51



V. R. Kulli* / Entire Total Dominating Transformation Graphs / IRJPA- 5(5), May-2015.

Proposition: 8 If G is a graph without isolated vertices, then
)G =G~ G =G "
iy G" =G "~ iv)G" =G "

Theorem: 9 G™" = Ky if and only if G = pK,, p=1.

Proof: Suppose G = pK,, p=>1. Then G has exactly one minimal total dominating set D which contains all 2p vertices of
G. Hence the vertex set of G is V w {D} and has 2p+1 vertices. Therefore 2p vertices together with the
corresponding vertex of D form Kap.1. Thus G =Kppa1.

Conversely suppose G "=K,.1. We now prove that G = pK,, p>1. On the contrary, assume G = pK,. Then there exist
two minimal total dominating sets D; and D, in G. We consider the following two cases.

+++

Case-1: Suppose D; n D, = ¢. Then the corresponding vertices of D; and D, are not adjacent in G™" ", a contradiction.
Case-2: Suppose D; "D, # ¢. Then there exists a vertex u in D; which is not in D,. Therefore the corresponding
vertices of u and D, are not adjacent in G™*, which is a contradiction.

From the above two cases, we conclude that G has exactly one minimal total dominating set. Thus G=pK.

+++

We characterize graphs G whose entire total dominating transformation graphs G~ are complete.

+++

Theorem: 10 The entire total dominating transformation graph G™~ of G is complete if and only if G=pK,, p > 1.

Proof: This follows from Theorem 9.
We now characterize graphs G for which Edy(G) = G*™.

Theorem: 11 For any graph G without isolated vertices,
Ed(G) c G™.
Furthermore, Edy(G) = G™ if and only if one of the following conditions holds:
i) G has exactly one minimal total dominating set which contains all vertices of G.
ii) Every pair of minimal total dominating sets of G are disjoint.

Proof: By Remark 7, Ed(G) < G™.

Suppose Ed,(G) = G, We prove (i). On the contrary, assume a vertex u lies in two distinct minimal total dominating
sets D; and D, in G. Then the corresponding vertices of D, and D, are adjacent in G**" and are not adjacent in Edy(G).
Hence G # Ed(G), a contradiction. Thus every vertex of G lies in exactly one minimal total dominating set of G.
This proves (i). Since Ed(G) = G™, it implies that no two minimal total dominating sets in G have a vertex in
common. Hence every pair of minimal total dominating sets of G are disjoint. This proves (ii).

+H+

Conversely suppose G satisfies (i). Then clearly Ed(G) = G™". Now suppose G satisfies (ii). Then two vertices
corresponding to minimal total dominating sets cannot be adjacent in G™*. Thus G™ < Edy(G) and since Edy(G) <
G, we see that Ed(G) = G™".

Theorem: 12 For any graph G without isolated vertices,
D(G) c G™.
Proof: This follows from Remark 4.

+++

Theorem: 13 For any graph G without isolated vertices, Dy(G) and G™ are not isomorphic.

Proof: Let G be a graph without isolated vertices. Since every minimal total dominating set of G contains at least two
vertices, the corresponding vertices of these vertices are mutually adjacent in G™** and are not mutually adjacent in
D(G). Thus D«(G) = G™".

Theorem: 14 For any graph G without isolated vertices,
MD(G) < G™".

Proof: This follows from Remark 6.
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+++

are not isomorphic.

Proof: This follows from the proof of Theorem 13.

Exact value of y,(G"™™) for pK is given below.

Proposition: 16 For any graph pK,, p>1,

n((pK2) ™) = 2.
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