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ABSTRACT

The aim this article is to explore the characterization of M-cyclic submodule. Let R be a ring. M and N are R-modules.
A module N is called ECM-principally injective module (briefly, ECM-P-injective) if every R-homomorphism from
essentially M-cyclic submodule of M to N, can be extended to M. In this paper we obtain to investigate some
characteristics of M-principally injective module. Using the notion EC-M-cyclic submodule of M.

Key words: EC-M-cyclic, M-principally injective, ECM-principally injective, pseudo M-principally injective and
pseudo quasi-principally injective.

1. INTRODUCTION

Through this paper, by a ring R we always mean as associative with identity and every R-module is unitary. The notion
principally injective module was introduced by Camollo [9]. Nicholson, park and Yousif studied the structure of
principally injective and Quasi- principally injective modules [10]. N is called M- principally injective if Tansee and
Wongwai also extended this notion. A right R-module every R-homomorphism from an M-cyclic submodule of M to
N, can be extended to M. A module M is called Quasi- principally injective if it is M- principally injective. A

submodule K of M is called essential submodule if K ()L # 0 for every nonzero submodule L of M. In other words
K NN =0= K =0 (briefly; K <* M). In this case M is called essential extension of K. A monomorphism f : K — M
is said to be essential if imf <®* M. A submodule K is called M-cyclic if K is image of element of S.
(S= EndR (M) denotes endomorphism ring of M). A submodule K is called essentially M-cyclic (briefly; EC-M-
cyclic) if it is the image of element of S and it’s inclusion map is essential.

2. PRELIMINARY RESULTS
In this section, we study of essential submodule.

Lemma.2.1: Let M, N be right R-modules and let f: N — M be a homomorphism, if M’ is an essential sub module of
N, then £(M") is essential sub module of N.

Proposition 2.1: Let K and N be sub modules of an R-module M. Then
(i) KM e K<NandN<*M.
(i) K€M KNRm#0 VO0zme M.
(iii) Given K < N if N/K <®* M/K then N <* M.
(iv) KAhN<M o K<*MandN<*M.
(v) IfK<*Mthen K "N <*M.
(vi) K<*M <« foreachO=meM Janr e R such that 0 = mr € K.
(Vll) K: @ K, Se M; & M, < K; Se M, and Ky Se M, for each Ki<M;<Mand K, <M,<M.
(viii) If M = ®;; "M; and K; < M; for each i € I, then = @;.,; "N; <* M.
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Proof:

i) Giventhat K<NandKNnL=0,K<M.Clearly L<N<M=L<M. Since K<*M,thenKnL=0=L=0
implies K<*N. Let T<Msuchthat NN T=0,KNT<NNT=0
= NN T=0,since K<*M, then T =0 = N <* M. Conversely, Let K n S =0 for some S<M
=>KnN(SNN)=0.Since K<NandSAN<N,SAN=0withN<*M=S=0s0K<*M.

ii) Wehave NN K<N<M, Since NN K<*M = N<°*M. Similarly NN K<N<M, Since NN K<*M = K<*M.
Similarly N<* M, K<*M. Toprove NN K<*M. Let (NN K)nT=0forsome T<M =N (KN T) =0,
since N<*M = K~ T=0and also K <* M, therefore T = 0, by (i) we get K "N <* M.

iii) and iv) [1].

V). Let (KN N) T =0 forsome T <K <M, therefore KN (NN T)=0,since K<*MandNNT<0=>NNT=0
andNNT=T=T=0,Hence KN N<°N.

vii) and viii) [1]. //

3. ECM-P-INJECTIVE MODULE

Definition 3.1: An R-module N is called essential M-principally injective module (ECM-P-injective), if every R-
homomorphism from EC-M-cyclic submodule K of M to N, can be extended to M, in general the following diagram is
commutative,

0>K—>M
hiﬂ
N

Fig.-1
i.e. @.i = h. where ¢ € Endg(M) and K = p(M) <* M.

Example 3.1:
(i) Z is essential sub module of the Z-module Q, is cyclic, but not Q-cyclic, for every non zero homomorphism

f: Q — Q is an epimorphism.
(i) Let M = Z,® Z,® Z; is a z-module, since M/Z; = Z,® Z,, then Z,® Z, is EC-M-cyclic, but Z,® Z, is not
cyclic.
(M-cyclic submodule and cyclic module both are completely different concepts)

Lemma 3.1: Let M and N be R-modules. Then N is ECM-P-injective if and only if for each s € S = Endgr(M).
Hom, (M, N), = {f : Hom, (M, N) : f(kers) = 0}

Proof: Assume that N is ECM-P-injective module. We want to show that
Hom, (M, N)q = {f : Hom, (M, N) : f(kers) = 0}
It is clear that Homg (M, N), c {f : Hom, (M, N : f(kers) = 0}

Let f € Hom (M, N) such that f(kers) =0 = kers c kerf. Then there is an homomorphism i:5(M) > M
such that 1.5 =f . Since N is ECM-P-injective module.

0—s(M)——M
hi ¢
N
Fig.-2

There exists an R-homomorphism ¢ : M — N such that ¢@.i = h where the inclusion map 1:S(M) — M is essential
monomorphism with s(M) is large M-cyclic submodule of M. Then @s € Hom, (M, N)and kers ekeres
= @s(kers) = 0. By assumption @s(M) = u[s(M)] = u[i(sS(M))] = us(M) is also large M-cyclic submodule of
M. This show that N is ECM-P-injective module.//

Theorem 3.1: Let M and N be R-modules. Then M is N-Principally projective module and every EC-M-cyclic

submodule of N is ECM-P-injective if and only if Nis ECM-P-injective module and EC-M-cyclic submodule of M is
ECM-P-injective.

© 2015, RIPA. All Rights Reserved 134



R. S. Wadbudhe* / On ECM-P-Injective Modules / IRJPA- 5(8), August-2015.

Proof: Let M be N-Principally projective module and suppose that every EC-M-cyclic submodule of N is ECM-P-
injective. Since n is trivially M-cyclic, so N is ECM-P-injective. Let ¢ € End, (M) .

Let v: M — L be small epimorphism and let h : (M) — L be any homomorphism, where (M) is EC-M-cyclic
submodule of M.

Consider the diagram:
OpM) —M>
g{/ I
N——>L—0
Fig.-3

Where 1:¢@(M) — M is an inclusion monomorphism, implies (M) <® M. we have L is M-cyclic i.e. L is ECM-

injective. There exists an epimorphism |:M — L such that l.i =hand the sequence 0 — p(M)——>M——>L -0
is exact. Since M is N-projective module this implies, so there exists an homomorphism t:M — N such that v.t =1
and the map ¢ : (M) — N such thatg =t.i.

Now v.g = v.t.i = l.i = h . This shows that every M-cyclic sub module of M is N-P projective.

Conversely, suppose that every M-cyclic sub module of M is N-P projective and N is ECM-P-injective.

Consider the diagram;

where 1:¢@(M)— Mis inclusion monomorphism and h:@(M) — Bis any homomorphism, g:M — Bis an
required small epimorphism. Since @(M) is N-projective module, thus there exists a homomorphism ¢ : (M) — N
such that v.g = h. But N is ECM-P-injective, so there is an homomorphism t: M — N such that t.i =g, Define
[:M— Nby I=v.t.Now Li=v.ti=v.g=h.

Theorem 3.2: The following are equivalent for a projective module M.
(i) Every small M-cyclic sub module of M is projective.
(ii) Every factor module of an ECM-P-injective is ECM-P-injective.
(iii) Every factor module of an injective R-module is ECM-P-injective.

Proof:
(i) = (ii): Let N be an ECM-injective module, X is small M-cyclic sub module of N. let s € End (M) . Consider the
diagram:

sM)—— M -0 keri << s(M)

ot \(AP

N

X > N — —

1 X

-5

Fig.

Let ¢ :S(M) — N/ X be an R-homomorphism by (i) there exists an R- homomorphism ¢ :S(M) — N such that
@=n.¢0. Where n1: N — N/ Xis the natural epimorphism. Since N is ECM-P-injective, there exists an R-

homomorphismt: M — N, which is essential extension of ¢ to M. Then .t is essential extension of to M i.e. factor
module is ECM-P-injective.
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(i) =(iii): Clear.

(iii) = (i): Let S(M) be an small M-cyclic sub module of M and h : A — B is an epimorphism and let o.:5(M) - B
be an homomorphism imbed A in an injective module E. B = A/kerhis a submodule of LMP-injective module
E/kerh. Let a map a:S(M) — E/kerh by hypothesis we can extend 0.: M — E/kerh . Since M is projective, 0.

can be lifted to g: M — Esuch that 1.g = a where 1 is natural map. It is clear that §(S(M)) < A . Therefore we
have lifted o, Implies every small M- cyclic sub module of is projective.//

4. EC- PSEUDO QUASI- PRINCIPALLY INJECTIVE MODULE (EC-PQ-P-INJECTIVE MODULE)

Definition 4.1: Let M be right R-module. A right R-module N is called essentially pseudo-M-principally injective
module (EC-PM-P- injective) if every R- monomorphism from EC-M-cyclic submodule of M to N can be extended to

an End, (M) . The module M is called essentially pseudo Quasi- principally injective module.

Lemma 4.1: Every EC-X-cyclic submodule of X is an EC-M-cyclic submodule of M for every EC-M-cyclic
submodule X of M.

Proof: [11].

Proposition 4.1: N is EC-PM-P-injective if and only if N is EC-PX-P-injective foe every EC-M-cyclic sub module of
M.

Proof: = Let X =5(M)is an EC-M-cyclic sub module of M. t(X)is a EC-X-cyclic submodule of X and let
¢ :t(X) > Nbe an R-essential monomorphism. Since t,S € S and t(M) = t(X). Since N is EC-PM-P-injective,
there exists an R-homomorphism & : M — N such that o = a.t,.t,

t(X) —2>X—"2>M
a N a
N

Where t,: X —> M, t,: t(X) — Xboth are inclusion monomorphisms. Then @.t,is the extension of a. [5. pro.
5.12] N is EC-PM-P-injective.
< itisclear.//

Theorem 4.1: Let M be a right R-Module. Then M is EC-PQ-P-injective if and only if kers=Kkeri,
s,ieS=End; (M) implies Ss = Si.

Proof: Let S,i € Swith kers = keri. The map ¢ :S(M) — M define by ¢(s(m)) = i(m) for every m eM. to show
that @ is essential monomorphism. Let s(m,),s(m,) € S(M) such that @(s(m,)) = ¢(s(m,)) . Then

os(m,) = es(m,) = i(m,) =i(m,) forevery i eM.

= i(m;)—i(m,)=0 = (m;-m,)ekeri = m,—m, €keri =kers = s(m,—m,)=0

= s(m;) =s(m,) = @(s(m,)) = ¢(s(m,))

= i(m,) =i(m,)

= (@ is essential monomorphism.

Since m is EC-PQ-P-injective and S(M)is EC-M-cyclic submodule of M, there exists an R-homomorphism
¢:s(M)— M such that ¢ = ¢.i
0—>s(M)——>M
(P*LA
M
Where i:S(M) — M is an inclusion monomorphism. Thus i = ¢.s = ¢.i.s = (.5 € Ss.
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Then Si < Ss similarlySs < Si . Therefore Ss = Si.

Conversely, obvious by lemma 1.1.

Theorem 4.2: Let M be EC-PQ-P-injective module. If A is a direct summand of M, then A is EC-PM-P-injective.

Proof: Let A be a direct summand of M. Let j: A — M be injection mapping i.e. 0 — S(M)—i>A—j> M To
show that ker(j.I)=0. Let s(m) € ker(j.i) for every m € M. Then (j.i)(s(m))=0 = j(i(s(m))=i(s(m)=0
= i(s(m)=0= s(m)ekeri = s(m)=0, (because i is monic). Then J.i:S(M)— Mis an essential
monomorphism [5; pro 5.2]. Since M is a EC-PQ-P-injective and s(M) is EC- M-cyclic submodule of M, there exists an

homomorphism i:M — M such that i.o :i.t, where t:S(M) — Mis the inclusion monomorphism. Let

n:M — A be projection map. Then m.j.1= mi.t. Since m.i= l,and j= m.i.t. Therefore 7.iis extension of a.
This shows A is EC-PM-P-injective. //
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