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ABSTRACT
The study first judged whether an ideal in E, is finite codimensional by utilizing some relevant conclusions acquired

from several propositions of the necessary and sufficient conditions for &-equivalence. Then, the calculation of a basis
set of the complementary space of finite codimensional ideals in E, was studied using certain algebraic knowledge,
and the examples were provided.
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1. INTRODUCTION AND PROPAEDEUTICS
1.1 INTRODUCTION

In singularity theory, many important issues are determined by the judgment and calculation of finite codimensional
ideals in the ring of germs of functions. For example, regarding problems of finite determination, Mather [1] once noted

of of
that if the ideal M J(f) is finite codimensional in E_, where J(f) = {— . .,—} is the Jacobian ideal of
E

axl'. n

f and M, represents the only maximal ideal in E_ , then fe E,, is finitely determined. For the judgment and
analysis of finite codimensional ideals in the ring of germs, Arnold [2], Broker [3], Golubitsky [4] and Martinet [5]

drew conclusions that are applicable to the complex analytic ring of germs &, . Based on the conclusions of Arnold,

Siersman [] and Cen [7] analyzed the codimension of ideals under the assumption that the ideal in the ring of germs is
finite codimensional. In addition, Cen [g] discussed whether there exist higher-order Morse germs in the ring of

C” function germs about multidimensional variables, and scholars have discussed the question of germs from various
points of view in references [9] to [11].

It is worth noting that Mather [1] proved the following fundamental theorems for the universal deformation of C* real
function germs, that is, the germ f has a P-parameter universal deformation of F(t,X),t= (tl,...,tp) eR”,

aXl ...,a

i.e., the P-parameter universal deformation of germ f in E, can be obtained only if the basis of the complementary

X=Xy X,) €R" ifandonlyifJ(f)+R{F1,F2,...,Fp}=En,J(f)={ﬂ, 6f} .
En

space of the Jacobian ideal of f in E, can be calculated. Thus, calculation of the basis of the complementary space

of finite codimensional ideals in E_ is very important.
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However, literature regarding methods for determining the basis of the complementary space of finite codimensional
ideals in E_ is rare. Meanwhile, whether an ideal in E is finite codimensional must be judged. In this study,

solutions to these two typical problems, the judgment of finite codimensional ideals in E and the calculation of its

complementary space, are proposed based on the available relevant analyses and discussions. Then, a more complete
answer is proposed.

1.2 PROPAEDEUTICS

Let M, be the maximal ideal of E_, and M, be the maximal ideal of 6., where 6. expresses the ring of complex-

analytic germs. Let Q, be the ring of real-analytic germs and M, be the maximal ideal of Q,, Q, < 6, ,
Q,cE,.

Let M, M ;fn and M én be degree kof M, M, ,and M, , respectively.

Let J: be the quotient algebra E /,\,I :ﬂ, where J: is canonically isomorphic to the algebra of polynomial germs
with degree less than or equal to k. If f is a germ in E,, , its projection into J: can be considered to be its Taylor

polynomial of order k at 0 € R" . This canonical projection is denoted by
JKIE, 23 e gt

Let Pnk be the entirety of the homogeneous polynomial germs of degree kin E_,
P =MSIMM 1K =1/M = 3%(1),

and let V,, be the entirety of the reversible germsin E .

Definition 1: Let | be an ideal in E, . If there exists a natural number K that makes M < I, then | is finite

codimensional in E_, namely, dim; E_ /1 < +o.

Lemma 1: [8]. Let f:(R",0) > (R",0), (X.,--sX,) > (f (X),..., (X)) be a C” map-germ, where the

ideal <fl,..., fn>E is finite codimensional in E, . Then, there is a natural number K € N that makes

n

(fre fo)e = (0" fioee, jkfn>En.

This lemma indicates that for any finitely generated and finite codimensional ideal in E
regarded as polynomial germs.

o+ Its generators can be

Without loss of generality, if the finite codimensional ideals in E, are involved, their generators are always considered
as polynomial germs in the following discussion.

Lemma 2: [6]. Let | be the finitely generated ideal in E_ , where | :<f1, fye fm>E I h; eV, (j =1,2,...,m),
<f1, | P fm>En :<f1, f,,.hf.. fm>En:<h1 f,...h f.. h, fm>E :

n

Lemma 3: [3]. Let & be a standard basis element in Pnr, and let | =<l//1,...,l//q,(0q+1,...,(0m>E be a finite

codimensional ideal. Then,

cel G_)R{gl’""gs}
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if and only if there are the polynomial germs 7,,..., M4 in E,, for which the following hold:

q
@ H r(Z“ryi j“ ;) contains the term &.
i=1

q
(i) {H "o J“wi)—é} el

i=1
If it is difficult to directly determine & € |, the following theorem provides a better method.
2. MAIN RESULTS

First, whether an ideal in E | is finite codimensional is judged in this study according to the above propositions. Then,

relevant conclusions acquired from several propositions regarding the necessary and sufficient conditions for
& -equivalence are used as a foundation. The calculation of the basis of the complementary space of finite

codimensional ideals in E, are studied using certain algebraic knowledge.
2.1 Judgment of finite codimensional ideals in E_

Theorem 1: Assume fl(X),---, fn(X) to be the polynomial germsin E_, X = (Xl,---, X, ) € R". Then,
dimg E, /(f,(x),-, f,(x)), <o

if and only if n
dimg Q, /(f,(x),---, f,(x)), <=

n

Proof: Necessity: Because

dimg E, /( (%), f,(x))¢. <o

there exists K € N such that

M (f (%) f (X)),

n

n
All degree-k monomial germs thl ---X:" about X; -+- X, (Z:hi =k, where hi are nonnegative integers) compose a
i=1

team of generators of I\/Ir'f . Thus, there exist @, € E,, 1=1,---,n, for each Xlhl ---X:” such that
n
h hy _
xtexy =4 fi(x)
i=1

Because th1 co-x™ and fl(X), e fn(X) are polynomial germs, if each @, is replaced by its k-th Taylor polynomial

n

germ jkai , one can deduce that
n
Xp X =" j4a; - fi(x)moduloM g™, j*a, €Q,, i=1--,n
i=1
and

Mg, < (f.(x) - f,(x)), +Mg™.

By the Nakayama lemma, one can deduce that

M§ = (f,(x)-, fn(x)>Qn.

Thus,
dimg Q, /(f,(x),--, f,(x)), <eo.

n

© 2015, RJPA. All Rights Reserved 196


http://dict.cnki.net/dict_result.aspx?searchword=%e8%a1%a5%e7%a9%ba%e9%97%b4&tjType=sentence&style=&t=complementary+space�
http://dict.youdao.com/search?q=equivalence&keyfrom=E2Ctranslation�

Qian Tong*, Junfei Cao / Judgment of Finite Codimensional Ideals in E, and Calculation of Their Complementary Spaces
/ IRJPA- 5(11), Nov.-2015.

Sufficiency: There exists K € N such that
Mg, = (f (), f,(x)q,
by virtue of

dimg Q, /(f,(x),-, 1“n(x)>Qn <.

n
Because all degree-k monomials th1 X: (Z:hi =k, where hi are nonnegative integers) compose a team of
i=1

generators of Mén ,thereexist 8, €Q, c E_,i=1---,n, foreach X*---Xx such that
n
b
X'y =24y - fi(x).
i=1

n
The monomial germs thl X: (Zhi =k, where hi are nonnegative integers) also compose a team of generators
i=1

of M. Hence,

that is,
dimg Q, /(f,(x),---, f,(x)), <.

n

Theorem 2: Assume that f,(X),---, f,(X) are the polynomial germs in E,, x =(x,,---,Xx,)€ R", and f,(2)
n)e c" is replaced from the complex field, i =1,---,Nn. Then,

dimg E, /( (%), f,(x)), <o

have the same formas f, (X), where z = (Zl,m, Z

if and only if
dim, 6, /(f,(z),--, f,(z2)), <oo.

n

Proof: Necessity: Because< f,(x),--, fn(X)>E has finite codimension in E_ , there exists k € N such that

n

Mén - <f1(X),---, fn(x)>Q

by virtue of theorem 1.

n

For a team of generators of Mé , there exist @; (X) € Q, for each generator thl ---x™ such that

Kl = 3, () ()

i=1

When the variable X € R" in the above equations is replaced by z = (Zl,---, Z, ) e c" from the complex field, the
equation becomes

AL :iZ::ai(z)- f(z), a,(x)eQ,, f,(z)eQ,,i=1--n.

n

Because all degree-k monomial germs Zlhl Z: (Z:hi =Kk, where hi are nonnegative integers) constitute a team
i=1

of generators of M ;ﬂ , one can infer that

My = (f(2)- f,(2)), -

n

Therefore,
dim, 6, /(f,(z),--, f,(z2)), <oo.

n
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Sufficiency: There exists K € N such that

My < (@) 1, (2),

dim, 6, /(f,(z),--, f,(z)), <.

n

because

n
However, all degree-k monomials zlhl Z;' (z hi =k, where hi are nonnegative integers) about variable z form a
i=1

team of generators of M ;fn :

There exist ; (Z)e 6, for each Zlhl ---2/" such that

n

Z ez :Zn:ai(z)fi(z), i=1-,n.

Because Zlhl Z: and fi(z), i=1---,n are all real-coefficient germs in 0., &, (Z) are also real-coefficient

germs in 9n ,1=1---,n.When z = (Zl,---, Z, ) e c" is taken to be real in the following equation

n
7'z = a(2)f(2),
i=1
the equation is transformed to
n

X exit = > a (%) (x), a(x)eQ,. i=1-n.

i=1

Consequently, one can deduce that

Mg, < (f.(x). £, (x)),

n

and

dimg Q, /(f,(x)---, f,(x)), <o

Therefore,

dimg E, /{f,(x),-, f,(x)), <

n

by theorem 1.

Theorem 2 establishes the foundation for exploring whether the ideal generated by polynomial germs in E_ is
codimensional.

Lemma 4: [4]. Assume that
f=(f(2),- f,(2):(c".a)> (c".0)
be a holographic mapping germ, where f,(z),---, f (2) are the components of f, f.(z) €6, ,i=1,...,n. Then,
dim, 6, /(f,(z),--, f,(2)), <o
if and only if the null point of <f1(z), T (Z)>6 is isolated in C", i.e., the solution of the system of equations
f(z,--,2,)=0

n

is isolated in C".
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Theorem 3: Let f :(R,,0) = (R,,0), (X;,....,X,) — (f,(X),..., T, (X)) be a real polynomial map-germ, where
fl(x),--- fn(x) are polynomial germs in E, , and f,(z) have the same form as f,(x) , where
Z= (Zl,---, Zn)e c" is taken from the complex field, i =1,---,n . Then,

dimg E, /(f,(x),-, fn(x)>En <o

if and only if the null points of <fl(z), oo £ (Z)>9 are isolated in C", i.e., the solution of the system of equations

fl(zl""’zn)zo

is isolated in C".

Proof: Because f,(x)e Q, and f,(x)€@,,i=1--,n, one can deduce that
dim, 6, /(f,(z),--, f,(2)), <o

if and only if the null point of <f1(z), e £ (Z)>9 is isolated in C" by virtue of lemma 4.

According to theorem 2, one can deduce that

dim, 6, /(f,(z),--, f,(2)), <o
if and only if

dimg E, /{f,(x),-, f(x)), <oo.
Hence,

dimg E, /(f,(x),-, f,(x)), <o

if and only if the null point of <f1(z),---, fn(z)>9 is isolated in C".

n

2.2 Calculation for the complementary space on a finite codimensional ideal in E

Problem 1: Assume that
| = <x3 —3x%yz? +y 2P+ 28 yP 2y + Xy, xyz + xy3>
be an ideal in E;, judge whether | is codimensional in E;, if so, calculate a team of base of the complementary

space of finite codimensional ideal | in E,.

One can solve this problem with two different methods.

Firstly, by lemma 2,
(2)-y@)
e <x3 —3x°yz2? +y*2? + 2%y v zy® + xPy —xy(x® - 3x%yz? + yPz® + 2%), xyz + xy3>
:<x3 —3x%yz? +y2z? + 2%, yr +zy® +3x*y?z? —xy*z? — xyz®, xyz + xy3>
(2)+2" (3)
— <x3 =3y + v+ 2% y? vy 3 yP 2t —xytzt + xyPz xyz + xy3>
—3x%yz? + Y322 + 28 yP (4 zy +3x* 2% — xy2z® + xyz'), xyz + xy3>

(x
<x3 -3xyz? +y®z? + 28, yz,xyz>
(x

+28,y2,xyz>

Itis clear that X" & | forany m e N .Therefore | is not codimensional in E,.
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On the other hand, one knows | = <X3 +12°, y2 ) xyz> . According to theorem 3, 0 € C is not the isolated null points
of
22+128 =0
z;=0 ,2,2,,2;ec’
2 =1 E20 53
2,2,7,=0

and | is not codimensional in E,.

Problem 2: Assume that
| =(f,, f2>:<xy+ xy® +y°%,y2+x° —2xy3>
be an ideal in E,, judge whether | is codimensional in E, , if so, calculate a team of base of the complementary

space of finite codimensional ideal | in E, .

Due to lemma 2,

| =(f, f2>=<f1 —-y°f,, f2>:<xy+xy6 —x3y® +2xy?, y? + X8 —2xy3>
:<xy(1+ x> —x%y° +2y®), y? +x° —2xy3>
xy,y* +x° —2xy3>

=<xy,x3+y2>.

For <xy, X%+ y2> , the only null point of

{ 2,2,=0
3 2
z, +2, =0

is Z, =z, =0 incomplex field, | is codimensional in E, by virtue of theorem 3.

One will find a team of base of the complementary space of finite codimensional ideal | in E, .

Because |, "P, @1, NPy = R{l, X, y}, for the standard base {1} of P and {X, y}of P}, 1,X, Yy are part of

a team of base of the complementary space of | in E, .

For the standard base {Xz,xy, yz} of Pzz, X2 g1 @ R{l,x, y}, x% e I, P22 . s0 X2 belongs to the base of

I, P22 , as well as x? belongs to a team of base of the complementary space of finite codimensional ideal | in E, .

One can add X to the base of the complementary space of ideal | , then | and its complementary space will be
expanded to | @ R{l, X, Y, X2} in E,.

Moreover, Xy e | c | @ R{l, X, y,xz}, then Xy & |, M P, Xy does not belong to the base of 1, NP, and the

complementary space of finite codimensional ideal | in E, .

In addition, according Lemma 3, whether y2 belong to | @ R{l, X, Y, Xz} depends on the subordinate relationship

between X° and | .

Remark: y2 and X are the part of generators of | = <Xy, x® + y2>. One deduce that X° ¢ | , if not, there exist
n,(X,y) and 77,(X,y) € E, in E, such that
X* =1, (% V) (6 +y*) + 17, (X, y)xy .-
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Suppose that X = 0, then
m(0,y)y? =0,
m (X, y) = X1 (X, Y),
X* = X1, (%, Y)OC + y2) +17, (X, Y) Xy,
X2 = (6 V) +Y2) + 77, (X, Y)Y

One deduce that
2 3 2 3
X e<y,x +y >:<y,x >
That is contradictory. It is impossible that
x* el =<xy,x3 + y2>.
By virtue of this inference, one get y2 el,n P22 , SO y2 belongs to a team of base of the complementary space of

| in E,. One can add y2 to the base of the complementary space of finite codimensional ideal | , then | and its

complementary space will be expanded to | @ R{l, X, Y, X2, y2} in E,.

For the standard base {Xs, X2y, Xyz, y3} of P23, between the generators of | = <xy, x° + y2>, only y2 + x> can
generate x®. The term of y2 + X2 those power less than 3 excludes x* due to Lemma 3, then

x* el @R{l,x, y,xz,yz}.

With the same reason, one can infer that
xX’yelcl G—)R{l,x, y,xz,yz},
xy’elcl @R{l,x,y,xz,yz}.

For y3, only y2 +x% can generate y3 for the generators of | = <xy, x° + y2>. Because
2 3 3, 3

y(y +X ):y +XY,
one can infer x3y € |, and then

yiel @R{l,x,y,xz,yz}.
One knows | > M *, it is no use to inspect the standard base of P, .
In conclusion, | @ R{l, X, y,Xz,yz}= E2 , therefore a team of base of the complementary space of finite
codimensional ideal | in E2 is {ZI.,X, y,Xz,yz}.
3. CONCLUSIONS

The problem of finite codimensional ideals is always the core issue in the study of singularity theory. However,
relevant studies rarely refer to determining a basis set of the complementary space of a finite codimensional ideal and

the judgment of finite codimensional ideals in E . In this study, these two problems were studied by using specific
algebraic knowledge, and specific examples were presented. Calculation of the complementary space of finite
codimensional ideals in the complex analytic ring of germs €. will be the direction of future research.

ACKNOWLEDGEMENTS

This work is supported by the National Natural Science Foundation of China (Grant No. 11301090) and Natural
Science Foundation of Guangdong China (Grant No. 2015A030313896 ) and 2013 ARF(GDEI)08. The authors are
very grateful to the referee for valuable comments and suggestions.

© 2015, RJPA. All Rights Reserved 201


http://dict.cnki.net/dict_result.aspx?searchword=%e8%a1%a5%e7%a9%ba%e9%97%b4&tjType=sentence&style=&t=complementary+space�

Qian Tong*, Junfei Cao / Judgment of Finite Codimensional Ideals in E, and Calculation of Their Complementary Spaces
/ IRJPA- 5(11), Nov.-2015.

REFERENCES

1. Mather, J.: Stability of C” Mappings in Finitely Determined Germs. Publ Math, IHES35, London, 1984.

2. Arnold, V., Guseinzade, S. and Varchenko, A.: Singularities of Differentiable Maps (Vol I). Birkhauser
Boston, Inc., Boston, 1985.

3. Broker, T.: Differentiable Germs and Catastrophes. London mathematical society lecture note series 17.
Cambridge University Press, London, 1975.

4. Golubitsky, M. and Guillemen, V.: Stable Mappings and Their Singularities. World publishing corporation,
Beijing, 1973.

5. Martinet, J.: Singularities of Smooth Functions and Maps. Mathematical society lecture note series 58,
Cambridge University Press, London, 1982.

6. Siersma, D.: Classification and Deformation of Singularities. University of Amsterdam, Amsterdam, 1974.

7. Cen, Y.M.: An application of necessary and sufficient condition of &-equivalence. Journal of Mathematical
Research and Exposition. 9, 201-220(1989).

8. Cen, Y.M.: Existence of higher order Morse germs. Journal of Mathematics. 26, 283-286(2006).

9. Wang, W. and Li, Y.C.: A sufficient condition for the finite R-determinacy of function germs of two variables.
Journal of Northeast Normal University (Natural Science Edition). 2, 23-31(2007).

10. Cao, Y.: On the generation of Morse lemma. Journal of Mathematical Research and Exposition. 23, 456-458
(2003).

11. Li, Y.C.: The Singularity Theory for Smooth Mapping. Science Press, Beijing, 2002.

Source of Support: National Natural Science Foundation of China, Conflict of interest: None Declared
[Copy right © 2015, IRJPA. All Rights Reserved. This is an Open Access article distributed under the terms of

the International Research Journal of Pure Algebra (IRJPA), which permits unrestricted use, distribution,
and reproduction in any medium, provided the original work is properly cited.]

© 2015, RJPA. All Rights Reserved 202


http://dict.cnki.net/dict_result.aspx?searchword=%e8%a1%a5%e7%a9%ba%e9%97%b4&tjType=sentence&style=&t=complementary+space�

