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ABSTRACT

In this paper, we use the relatively prime polynomial of rank identities of the product of matrix, and the method of
constructing block matrix, and conducting elementary transformation, if we can add some constraints and transform
the rank identities from the domain to the skew field, finally we get a series of the conclusion of the rank of matrices
over skew field.
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1. INTRODUCTION

Rank is an important and widely used numerical characteristic of matrix. Studying the ranks of matrixes is a basic
problem of algebra. On the matrix theory over skew field, the result of the ranks of matrixes more takes the form of
inequation. It causes a lot of inconvenience in the further application of the ranks of matrixes. Therefore, this article
will discuss the identical equations of ranks of matrixes over skew field using the coprime polynomials.

2. PREPARATION KNOWLEDGE

In this paper, let K be a skew field and X be unknown. K[X] is a ring. r(A) is denoted the rank of matrix A.
d(X): (f (X), g(X)) and m(x): [f (X), g(x)] of leading coefficient being 1 are respectively denoted the greatest
left common divisor and the least right common multiple f(x) and g(x). If C(K) is the centre of skew field K,
C(K)={aeKlax = xa, vx e K}.

Lemma 2.1: Let f(x), g(x) S C[X] be the polynomials of the leading coefficient being 1, and d(x) and m(x) are
respectively denoted the greatest left common divisor and the least right common multiple of f(X) and g(x), then

f(x)g(x) = d(x)m(x).

Lemma 2.2: The sufficient and necessary condition for two polynomials f (X) g(x) € C[X] are said to be relatively
prime is there are u(x), V(X) € K[X] such that u(x)f (X)+ V(X)g (X) =1.
Lemma 2.3: Let f; (X), g -(X)e C[X], (i =12,---,m; j=12,---, n) and (fi(x), g -(X))zl, then

] ]

(fi(x)’f[lgj(x)] :1,(i =12,---,m; =1,2,---,n).
iz
3. THEOREM AND COROLLARY

Theorem 3.1: Let Ae K™", f (X), g(X) S C[X]. If (f(x), g(x)) =1, then

r(f(A)+r(g(A)-r(f(A)g(A)=n.
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Proof: Since (f (X), g(X)) =1, by the lemma 2.2, u(x)f (X)+ V(X)g (X) =1 u(x), V(X) e K [X] We substitute the
matrix A into the formula, where A € K™, then

u(A)f(A)+v(A)g(A)=E.
Constructing block matrix M and conductlng elementary transformatlon, we have

I

(1) Eua A ola >] [fw °)

0 g(A o g(A)
Then

r(f(A) g(EA)jzr[f(A) )~ Ara(a) o

8 =(f((3A) g(EA)jﬁ(—fZA/;g)(A) g(EA)J_)(—f(/i))g(A) Ej

{“A) )Tt o)A a(a) o

O g(A) (-f(A)g(A) O

By combining the above (1), (2) two equations, we have

r(f(A)+r(g(A)-r(f(A)g(A) =n.

specially, for the theorem 3.1, when f (A)g(A)= O, we have r(f(A))+r(g(A))=n.

Therefore

Corollary 3.1: Let Ae K™, f,(x),g,(x)e K[x}(i=12,-,m; j=12,---,n).1f (f,(x),9,(x))=1, then
ff14.60) +r{f19,00)- (fgf( 9, >j

Proof: (fi(x), gj(x)):l, S0 (fi(x),}ﬂ_llgj(x)) =1,(j =1,2,---,n), and then
(ﬂf( ),ﬁgj(x)jzl,(i 12, m).

i=1 j=1

According to the conclusion of theorem 3.1, we have

r(n f (X)J + r(H g (x)j _ r[n (Mg, (x)j _n.

=1

Corollary 3.2: Let Ae K™ f(x)eC[x} i=12,---,m.if f,(x) f,(x),---, f.(x) are said to be the
polynomial of pairwise coprime, then

S r(f,(A))- r[n 1 (A)j ~(m-1)n.

i=1

Proof: We use mathematical induction to prove the conclusion.
when m =2, then r(f,(A))+r(f,(A))=n+r(f,(A)f,(A)) obviously established.
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If when m =K, the conclusion is established. Then when m =Kk, set g(X) =f, (x)fk+1(x), by the following two
equations ( f,(x), f, (x))=1,(f,(x), f,(x) =11 <i <k —1), we have

(£ () £ () fiea (3) = (i (x) g (X)) = 1.

According to the hypothesis, we have
k+1

(A (1 () (5, (A) = g A) o T 1)) = -2
(1, () (1, (A) =0 (8, ()1, (A) =0+ ().

So we will get the conclusion.

and know

Specially, when lr_fll f.(x)=0, wehave r(f,(x))+r(f,(x))+--+r(f (A)=(m-1)n.
Therefore we get the following corollary.

Corollary 33: Let Ae K™, f,(x)eC[x] i=12,L,m . 1f f(x), f,(x),---, f,(x) are said to be the
polynomial of pairwise coprime, and fi(A)fj (A): 0,i # j,(i, j :1,2,---,m), we have

r((A)+ (1 (A)+ -t r(f, (A) = mn.

(-( ) f -(A))=1,i¢j,

% j,(i,j=12,---,m).

Proof: Because I(A)f( )=0
r(f,(A)) r(

We will add m(m —1) polynomials above and get the conclusion:
2(m = 1r(F,(x))+ r(F, (x))+ -+ r(f, (A)) = m(m ~L)n.

So the corollary 3.3 was established.

Theorem 3.2: Let Ae K™, f ( ) g( )e C[X], and be the above definition of d(x), m(x), then
=r

r(f(A))+r(g(A))=r(d(A))+r(m(A)).
Proof: If there are zero polynomials at least between f (X) and g(x), then the conclusion is obviously established.

Now let f (X) # 0, g(x) # 0, we have
f(x)=d(x)f,(x). g(x) = d(x)g, (x),(,(x) g, (x)  C[x]).(£,(x). g, (x)) =1.

Then

MJ%[ fj (A)g(A) &J
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_AF(M—NAHAM ﬂMAH(M+%UUNAﬁAM+MAHJM]
d(A) 9(A)-9,(A)d(A)
(

%(d&) - A)déA) fl(A)j%(dgA) 9:(A) fl(zA)d(A)]:(dgA) m?A)j'

(S A
Therefore, the conclusion

r((A)+r(g(A)=r(d(A)+r(m(A))

So,

was established.
Specially, if f (A) =0, then r(f (A)) = r(g(A)).
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