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ABSTRACT

In this paper we introduce a new class of Algebra FT, called as Knot Symmetric Algebras.We define

multiplication in FT, and prove the associativity. when x =1, the algebra F Tn is the symmetric group

algebra FS, .

INTRODUCTION:

Let G be a group of linear transformation on a vector space V' and let T ®"be the representation of G on V"
= VOV®..... ®YV, the n-th tenser power of v. In [Br], R. Brauer defined algebras motivated by the
problem of decomposing 77 ®" in to irreducible representations of G . In [PK], M. Parvathi and M. Kamaraj

introduced the signed Brauer’s algebras which are generalization of Brauer’s algebras. In [PS], the signed
Brauer’s algebras have been realised as centralizer of direct product of two orthogonal groups. The symmetric

group algebra FS , have graphs without horizontal edges as generators, whereas Brauer’s algebras and signed
Brauer’s algebras are generated by the graphs also with horizontal edges. These concepts motivated us to
generalize the symmetric group FS . - In this paper we introduce a class of algebras called as Knot symmetric
algebras which are the generalization of symmetric group algebras. when x =1, the Knot symmetric algebras

become as the symmetric group algebras. In this paper, we use set theoretic notions of generators, instead of
graphs.

1. PRELIMINARY:
Throughout this paper let F' denote a field. Let M be a finite  monoid with identity e .
Algebra:

Definition: 1.1 An Algebra A over a field F' is aring A with an identity element which is at the same time a
vector space F' . More over the scalar multiplication in the vector space and ring multiplication are required to
satisfy the axiom & (ab)=(xa)b=a(ab)

Formal sums:

Definition 1.2 Let M be a finite monoid of order . The collection FM ={ y:y = Z oam,,0eF} is
meM
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constructed. This collection is said to be a collection of formal sums. Two elements y and Z from this
collection are considered to be equal if and only if they have the same coefficients.

The operations on the formal sums and products are defined as follows:

Z am,+ Z ,Bmﬁ = Z (05+,B)ma+ﬁ

meM me M meM
(X am)(Y Bmy)=2 afim m,
meM meM meM

With these definitions the set of all formal sums F'M forms an algebra. F'M is called a monoid algebra of M
over F' .

Remark: If M is a group, then FM is called group algebra.

2. KNOT SYMMETRIC ALGEBRA:

We introduce a new class of algebras which we call them as Knot Symmetric Algebras. Let S, denote the set of
all Brauer diagrams (graphs), with 27 vertices and without horizontal edges. For Brauer diagrams see [W] . Let

e S, the vertices of 7T are represented in two rows such that each row contains n vertices. The vertices of

each row are indexed with 1,2...... ,n from left to right in order. Let E () denote the set all edges of 7.
(.e) E()={e,=(i,7(i));1<i<n}

Define S(7) as a subset of E(Z)XE(7r) such thatS(m)={(e;e;),i<j}. It is obvious that

n(n—1)
S(m)|=——
[sm]===
Example:
1 > 3 |
1 2 3 4
1 2 3 4
Here 77 =
34 2 1

E(m)={e =(1,3), e, =(2,4),e,=(3,2),e, =(4,1) }
S(m)={(e,e,).(e.e;),(e,e,),(e,,¢5),(e,,¢,),(e5,e,) }

Let f, be a mapping from S(7) to {—1,0,1} such that
0 if ()< (j)
x (e"’ef'):{l (or) =1 if ()= 2(j)
Knot mapping:
Definition: 2.1 A mapping fﬂ defined above is called a Knot mapping.
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knot Number: Define K(7)={(¢, e;)€ S(7) ;7)) >x(j)}

Definition: 2.2 |k (m )| is called Knot number of 7.

Result 1: The number of Knot mappings of 7 is Z‘K(”)‘ .
Result2: If (¢,,¢,)€ K (7) then f, (¢, e;)#0 for any arbitary knot mapping f; .
Result3: If (¢;,¢,)€ K(7),then f, (¢;,¢,)+g,(e,¢e;)=0 ifandonlyif f (¢,¢e;)# g,(¢,€;).

Let x be indeterminate. Define N(7)= {x" f,;mez, f, is a Knot Mapping}. For any two Knot
Mapping f, and g, Define E(f,,g,)={(e,e;)e K(7); f,(e,¢;)+ g, (e.e;,)=0}

Knot Relation:

Define a relation ~ in N(z) such that x" f, ~x' g if either m=1[ and f,=g, , or

-m=2 Y fi(e.e)

(¢ )EE fy85)

The relation defined above is called Knot Relation. Our aim is to prove that Knot Relation is an equivalence
relation. First we will prove the following Lemma.

Lemma: 2.3 Let f,,g, and h,€ N(7), Then (A—B)U(B—-A)=C, where
A:E(fﬂ"gﬂ')’B:E(gﬂ"hﬂ')’C:E(fﬂ"hﬂ')‘

Note: In this proof, f, , g, and h, aredenotedby f, g and h respectively.

Proof of the Lemma: Claim A—Bc C

Let (¢;,¢,)€ A—B

(ie) f(e,e;)+g(e.e)=0 and g(e,e;)+h(e,e;)#0
(e) f(e,e;)+g(e,e)=0 and g(e,e,)=hle.e;) .

Thus f(e;.e;)+h(e,e;)=0

Hence (¢;,e;)€ C

Therefore A—Bc C

similarly we can prove that B—A C C
Therefore (A—B)U(B—A)c C,

Conversely to prove that CC (A—B)U(B—A)

Suppose (¢;,¢;)€ C
(ie) f(e,e;)+h(e,e;)=0 (1)

To prove that (ei,ej)e (A—-B)uU(B—-A)
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Suppose (¢;,¢;)¢ A—B

(el.,ej)e A or (el.,ej)e B

suppose (¢;,€;)& A
Then f(e;.e;)+g(e,e;)#0
(e f(e.e;)=g(e,e;)

Using (1) we get
g(el,ej)+h(€l,€])=0 at (ei’ej)e B

Therefore (¢;,¢;)€ B—A

If (¢,,¢;)€ B
then g(e.e;)+h(e,e;)=0

suppose (e,,¢;,)€ A

(ie) f(e.e;)+g(e,e)=0
fle.e;)+gle.e)+gle,e)+hie,e)=0
fle.e;)+h(e,e)=—2g(e.e;)#0

This implies that (e;,e;)& C

Hence (¢,,¢,)& A

Therefore (¢;,¢;)€ B—A

Therefore if (¢, e;)& A—B then (¢,¢;)€ B—A
Therefore CC (A—B)U(B—-A)

Hence (A—B)U(B—A)=C

Theorem: 2.4 The Knot relation defined above is an equivalence relation.

Proof: To prove the Equivalence relation, we need to prove the following three properties namely reflexive,
symmetric, and transitive properties.

Reflexive Property: Reflexive property is obvious from the definition. If there is no confusion we will denote
f,g and n instead of f,, g, and h_ respectively.

Symmetric Property:

Let x" f~x'g

If m=1land f=g thenclearly x' g ~x" f
Otherwise [ —m=2 Z fee;)

(e,-,e,)eA

Now m—Il= -2 Z f(e,'aej)

(epe))E A

=2 > —fle.e;)

(e,,ej)eA
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=2 > gle.e;,) since f(e.e,)+g(e,e,)=0
(e .€; EA

I
Hence x g~x" f

Transitive Property:
Let x" f~x'g and x' g~x"h1f m=[and,f=g.l=pand g=h

Thenclearly m= p and f =h
Ge) x" f~x"h

If m=[,f=gand p—I=2 Y gle,e)

(e € )eEB

Therefore p—m= 2 Z f(ei’ej)

(e; €; eC

Hence x" f ~x"h

Similarly we can prove that,

it [=m=2 ). f(e.e,)and p=I,g=h

(¢e))eA

It I-m=2 Y f(e.e)and p—I=2 Y gle,e)

(e;,e;)€A (e;.e))eB

p—-m=l-m+p-I

=2 Z fle,e)+2 z g(e.e;)

(q,ej)eA (ei,ej)eB
=2( D fleep+ D fle.e)+ Y. glee)+ Y. gle.e))
(e,,ej)e (A-B) (e,,ej )e(ANB) (e‘-,ej)e(BfA) (e .€; )e(BNA)

=2( D fle.ep+ D, glee)+ D fle.e)+ D, glee) )

(¢;.¢))<(A-B) (¢;.¢;)e(B-A) (¢;.¢;)€(ANB) (¢;.¢;)€(BNA)
=20 D flenepr D glenept Y (Fflenep+gleie)) )
(e;¢))€ (A-B) (e;¢j)€ (B-A) (e;,¢;)€ (ANB)

Since if (¢;,¢,)€ A, wehave f(e,e;)+g(e.e;)=0

=2{ Y fle.ep+ D gle.e) } =2 > flese)

(¢;.¢;)€ (A-B) (¢;.¢;)(B=A) (¢.¢;)€ (A=B)U(B-A)

=2 > fle.e,) sice (A-B)U(B-A)=C

(e,e I )eC
Hence x" f ~x” h . Hence the Knot relation is an Equivalence relation.

Let N(&)=N(x)/~ .Thatis N(z) is the collection of disjoint equivalence classes with respect to the Knot
relation.

Define 7,= { (7,x" f,):mwe S, ,f, € N(x) and mis an integer}

n?

we define multiplication in T, as follows.
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Let a,beT, and a=(7,x" f,), b=(c,x' g,)

m+l+a h
oorw

Defineab=(0 07, x ), where a and hg,, are defined as follows.

Let (¢,¢,)€ S(G07),(u,u,) € S(m),(v,,v,)€ S(0) , p,qe {7 (i), 7(j)}

Jr uu)=u and g, (v,,v)=v

oor

Now & = z a(e’,e;) where O((ei’,ej’):(u+v)|uv| and h (el.’,ej’):(u+v)(l—é;’v),

(e,‘,ef)e s(ocoxy

0 ifu=#v

where 5(14,\/):{1 if u=v

KNOT MULTIPLICATION:

Definition: 2.5 The multiplication defined above is called Knot multiplication. Let (¢;,e,)€ S (Y00 07),
then there exists (u;,u;)€ S(7), (v,,v,)€ S(O), (w,,w,)€ S(¥) suchthat { p,q} ={7(i),7(j)}and
{r.s}={oox(i),con())}

Lemma 2.6 If u,ve{0,1,—1} and u=v then (u+v)|uv|:0

Proof: suppose u =0 or v=0 then the result is obvious, otherwise , if # =1 then v=—1, hence

(u+v)|uv|=()

similarly, if # =—1,then v =1,, therefore (u +v)|u v| =0

Result 2.7 If u,ve{0,1,—1},u #v,v #0, then u@+v)=0 and |u |(u+v) =0
Proof: If u=0, the result is obvious, otherwise u+v =0 that is u(u+v)=0

Theorem 2.8 The Knot multiplication is associative in T .

n

Proof: Let a,b,ce T,,a=(x,x" f,),b=(0,x' g,),c=(y,x' p,)-

Claim (ab)c =a(bc).we knowthat .Y0(0COX)=(y00)OX.Let ab=(COT,x

m+l+o h

ox) - Where

O and h,  are as follows:
Let (¢/,¢;)eS(007),(u;,u;)eS(7),(v,,v,)€S(0). Where {p,q}={7@0),7(j)}.
Let f, (u;,u;)=u,g,(v,v,)=v

Now a= z al(e',e;), where (e e;)=(u +v)|u v|

(e,’,ej')e s(oor)

hyon(e;se;) =(u+v)(1-4,,)

m+l+t+o+f h

Let (ab)c=(yo(corx),x yo(wor)) - Where g and h are as follows:

yo(oor)

Let (¢,¢;,)€S(yo(oox)),(w,,w)eS(y). where {r,st={(cox)(),(cox)(j)}.
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Let ho‘o;r(eiy’e_j,)zea Py(W,, WS) =w

Now = > PBlese)
(¢;,e;)eS(yo(oon))

ﬁ(e,.,ej):(e+w)|ew|

h e;)=(e+w)(1-6,,)

ew

yo(oor) (ei ’

Let bc=(yoo0, X ), where 7 and iyoc are defined as follows:

yoo

Let (v,,v,)ES(y00),

Now 717 :Zﬂ(vp',vq’)
ﬂ(vp’,vq’) :(v+w)|v w|

R oo (v, v,) =(v+w) (1-9,,)

Let a(bc)=((yoo)or, xS ), where & and & are defined as follows:

(yoo)or (yoo)or

Let {p,q}=(7(@),7())),

hyoeW, v, )=y

Now &= D &lese))

(e;.¢,)eS((yoo)o x)
é:(ei’ej):(u + y)|u y|
W omon (€ve)) =+ ) (1-5,)

Claim: (ab)c=a(bc)

We know that (Y00)OZ=Y0(COT)

Let (¢,e,)€S(yooor)

By the definition of N(}/ 00 0 T), we should prove either

Byoisom (€:€) =N o onle;re,) and (v, v, ) +E(e; e,) =ale; e;)+ Blee))

and (o) 1y 50r (€€) I (0 ,, (€7 €) =0

and (v, v, )+&(e,e)—ale ,e;) = Ple,e)=2h,0, 0 (€ €,)
casel: u=v=w

haozr(eiq’ej’):(u+V)(1_5u,v) =0=e
1)

a’(el.’,ej’)z(u+v)|uv|=2uu |=2u sin ce |u2 |=|u |
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hyoivom (€5€;) =(e+w)(1-6, )

—w(1-6,,)

=u(1-6,,) )
ﬁ(ei,ej)=(e+w)|ew|

=0

h,o, v, )=(+w)(1-9,,)

=0

=y (since v=w;0, =1)

v,w

nw,,v,)=v+w) vw|

=2u|u |

h’<700.)0”(€i,ej)=(u+ )7) (1—5]4»)})
=u(1-4,,) —> @)

3

Eee;) =(u+y)|uyl
=0

Hence Ry 50n(€5€,) =N 10 0r(€5€;) and 17(v,", v, ) + S(e.e))=ale e )+ Ble.e;)
case2: U=VE#W

hyorle; ;) =(u+v)(1-6,,)=0=e
O((ei’,ej’):2u|u |:2u

Byroioom (€re)=(e+w)(1=6, )=(w)(1-6,,,)
Ble;e;)=(e+w)|ew|=0

Byoo v, v )=+ W) (1=6, ) =(v+w)=y

yoo

ﬂ(vp’,vq’):(v+w)|vw|

=0 by thelemma (2.6)

R omron(€se)) =+ y) (1=, ) =(u+v+w)(1-5, ) =Qu+w)(1-3,,,.)

VW

f(ei,ej)z(u+y)|u y|=(u+v+w)|u(v+w)|=(2u+w)|u(u+w)|

Subcase 1: w=0

h;fo(aozr) (ei’ej)zo
h,(;foa)ozt(ei’ej)zo
ale,e;)=2u
N, .v,)=0
$(e.e;)=2u

Hence /1,507 (€5€,) =R 00,.(€5€;)
and ale e )+ PBle;,e;)=2u
=n(,.v,)+&(e.e;)
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Subcase 2: w %0

hyoioor (€5€,)=W
B yooron(€ine;)=2u+w)
nw,,v,)=0
$(e,e;)=0, bythe result (2.7)
a(e e/ )=2u
If u=0

hyoioom (€5€;) =W

=h’(;,w)0”(ei,ej) and
ae e )+ fe,e;)=0
=n,.v,)+&(e.e;)

If u#0 then u+w=0

h e)t+h (e,€,)=2(u+w)=0

;/o(o—ozr)(ei’ yoo)or

a(ei”ej’) + ﬁ(ei’e_;)_ﬂ(vp”vq’) _Cf(ei’e_;) =2u :2h(yoa)ozr (ei’ej)
Case3:u#v=w

we can prove this case , by similar arguments in case (2)

Cased: UuZv#w

hyon(e e )=u+v)(1-6, )=utv=e
O((e,.’,ej’):(u+v)|uv|:0

h;fo(aozt) (ei’ej) :(€+W) (1_5g,w) :(u +V+W) (1_5L¢+V,W)
,B(ei,ej)z(u+v+w)|(u +v)w|
h,o, v, )=(+w)(1-6, )

=(v+w)

=y

ﬂ(vp’,vq’)z(v+w)|vw|

=0

R ooron(€se))=+y)(1=6, ) =(u+v+w)(1-96,,,,)
$(ee)) =(u+v+w)|u (v+w|

Subcase 1: u =0

since u =0,v#0
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hyoivom (€:€;) =@+w)(1=6,,)=v+w

ﬁ(e,-,e.)z(v+w)|vw |:(v+w)|w |=0
R ogron(€ire;) =(v+w)(1=6,

$(ee;)=0

V+W)

If w=0

Moo (€€ )ZVER"0000,(€15€))

ale,e))+PBle,e)=0=n,,v,)+S(e,e;)

otherwise v+w=0
h70(0'07l') (ei’ ej):() :h’(}’oo')o;r (ei > ej)

ale,e)+fe,e)=0=n,,v,)+&(e,e;)
Subcase: 2: u#0

Now either v=0 (or) u+v=0

f(ei,ej)=(u+v+w)|v+w|

1 w=0 then u+v=0

70(0"7”) (el’e ) (I/I+V)(1 u+v0):0

,B(ei,ej):()
f(eiaej):()

h’(yoo')ozz'(ei’ej) :O

Hence hyo(o‘o;r)(ei’ej):h,(yoa)ozt(ei’ej)
and Ot(e,.’,ej’)+,3(e,.,ej)=0
=0 (v, v,)+Eee))
If w#0 then v=0
(or) v+w=0 and u+v=0

If v=0
hypivor (€5€;) = +w)(1— o,.,)
=0 (either u=w (or) u+w=0)
(;/oo—)ozr(ez’e) 0
ﬂ(ei,ej)z(u+w)|uw|=u+w
f(ei,ej)z(u+w)|uw|=u+w
Hence N, ;0. (€;,€;) =0
:h’(;foa)ozr(ei’ej)
al(e e+ PBle,e)=u+w
=nW,,v,)+&(e.e;)
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If v+w=0and u+v=0

hyo(ao;r)(ei’ €j):l/t
Ble,e;)=0
h’(yoa)ozz'(ei’ej) =u
(e e,)=0

Therefore 1, ;) (€;,€;) =U

:h’<700>07r (ei’e.i)
and a(e'.e;) +ﬁ(el.,ej) =0
=W, v, )+&(e.e))

Hence the result.

Theorem: 2.9 FT), is algebra.
Proof: F'T is the algebra generated by the elements of T over the field F .

Corollary: 2.10 When x =1 the Knot symmetric algebras /T, become as the symmetric group algebras

ES

Proof: when x=1,T =S, .
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