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ABSTRACT 

In this paper we introduce a new class of Algebra nFT  called as Knot Symmetric Algebras.We define 

multiplication in nFT  and prove the associativity. when 1,x =  the algebra 
n

FT   is the symmetric  group 

 algebra  .nFS  

__________________________________________________________________________________________ 

 

INTRODUCTION: 

 

Let G  be a group of linear transformation on a vector space V  and let 
nπ ⊗

be the representation of G  on 
n

V  

=  ...... ,V V V⊗ ⊗ ⊗   the n-th tenser power of V . In [Br], R. Brauer defined algebras motivated by the 

problem of decomposing 
nπ ⊗

  in to irreducible representations of G . In [PK], M. Parvathi and M. Kamaraj 

introduced the signed Brauer’s algebras which are generalization of Brauer’s algebras. In [PS], the signed 

Brauer’s algebras have been realised as centralizer of direct product of two orthogonal groups. The symmetric 

group algebra 
n

FS     have graphs without horizontal edges as generators, whereas Brauer’s algebras and signed 

Brauer’s algebras are generated by the graphs also with horizontal edges. These concepts motivated us to 

generalize the symmetric group 
n

FS  . In this paper we introduce a class of algebras called as Knot symmetric 

algebras which are the generalization of symmetric group algebras. when 1,x =  the Knot symmetric  algebras 

become as the symmetric group algebras. In this paper, we use set theoretic notions of generators, instead of 

graphs. 

 

1. PRELIMINARY: 

 

Throughout this paper let F  denote a field. Let M  be a finite   monoid with identity e  . 

 

Algebra: 

 

Definition: 1.1 An Algebra A  over a field F  is a ring A   with an identity element which is at the same time a 

vector space F .  More over the scalar multiplication in the vector space and ring multiplication are required to 

satisfy the axiom  ( ) ( ) ( )a b a b a bα α α= =  

 

Formal sums: 

Definition 1.2   Let M be a finite monoid of order n . The collection { : , }
m M

FM y y m Fαα α
∈

= = ∈�   is  
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constructed. This collection is said to be a collection of formal sums. Two elements y  and z  from this 

collection are considered to be equal if and only if they have the same coefficients. 

 

The operations on the formal sums and products are defined as follows: 

 

( )

( ) ( )

m M m M m M

m M m M m M

m m m

m m m m

α β α β

α β ε β

α β α β

α β αβ

+
∈ ∈ ∈

∈ ∈ ∈

+ = +

=

� � �

� � �
 

 

With these definitions the set of all formal sums FM  forms an algebra. FM is called a monoid algebra of M  

over F . 

 

Remark: If M  is a group, then FM  is called group algebra. 

 

2. KNOT SYMMETRIC ALGEBRA: 

 

We introduce a new class of algebras which we call them as Knot Symmetric Algebras. Let 
n

S  denote the set of 

all Brauer diagrams (graphs), with 2n  vertices and without horizontal edges. For Brauer diagrams see[ ]w . Let 

nS∈π  the vertices of π  are represented in two rows such that each row contains n  vertices. The vertices of 

each row are indexed with 1, 2 , n��  from left to right in order.  Let ( )E π  denote the set all edges of π . 

(i.e) ( ) { ( , ( ) );1 }
i

E e i i i nπ π= = ≤ ≤  

 

Define ( )S π  as a subset of ( ) ( )E Eπ π×   such that ( ) {( , ) , }i jS e e i jπ = � . It is obvious that 

( 1)
( )

2

n n
S π

−
=  

 

 

 
 

Here  
1 2 3 4

3 4 2 1
π

� �
= � �
� �

 

1 2 3 4( ) { (1,3), (2,4), (3,2), (4,1) }E e e e eπ = = = = =  

 

1 2 1 3 1 4 2 3 2 4 3 4( ) {( , ), ( , ) , ( , ), ( , ), ( , ), ( , ) }S e e e e e e e e e e e eπ =  

 

Let fπ  be a mapping from ( )S π  to { 1,0,1}−  such that 

 

0 ( ) ( )
( , )

1 ( ) 1 ( ) ( )
i j

if i j
f e e

or if i j
π

π π

π π

�
= 	

−


�

�

 

 

Knot mapping: 

 

Definition: 2.1   A mapping fπ  defined above is called a Knot mapping. 
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knot Number: Define ( ) {( ) ( ) ; ( ) ( )}i jK e e S i jπ π π π= ∈ �  

 

Definition: 2.2  ( )k π  is called Knot number of π . 

 

Result 1:    The number of Knot mappings of π   is 
( )

2 .
K π

 

 

Result 2:     If ( , ) ( )i je e K π∈   then ( , ) 0i jf e eπ ≠   for  any  arbitary  knot mapping πf . 

 

Result 3:     If ( , ) ( )
i j

e e K π∈ , then ( , ) ( , ) 0
i j i j

f e e g e eπ π+ =  if and only if   ( , ) ( , )
i j i j

f e e g e eπ π≠ . 

 

Let x  be indeterminate. Define ( )N π =  { ; ,m
x f m z fπ π∈  is a Knot Mapping}. For any two Knot 

Mapping fπ  and gπ , Define ( , ) {( , ) ( ); ( , ) ( , ) 0}i j i j i jE f g e e K f e e g e eπ π π ππ= ∈ + =  

 

Knot Relation: 

 

Define a relation ~ in )(πN  such that ~m l
x f x gπ π   if either   m l=  and  f gπ π=  , or  

( , ) ( , )

2 ( , )
i j

i j

e e E f g

l m f e e
π π

π
∈

− = �  

 

The relation defined above is called Knot Relation. Our aim is to prove that Knot Relation is an equivalence 

relation. First we will prove the following Lemma. 

 

Lemma: 2.3 Let ,f gπ π  and ( )h Nπ π∈ , Then  ( ) ( ) ,A B B A C− ∪ − =  where 

( , ) , ( , ), ( , ) .A E f g B E g h C E f hπ π π π π π= = =  

 

Note: In this proof, ,f gπ π   and  hπ    are denoted by ,f g  and h    respectively. 

 

Proof of the Lemma: Claim A B C− ⊆  

Let ( , )
i j

e e A B∈ −  

(i.e) ( , ) ( , ) 0i j i jf e e g e e+ =    and ( , ) ( , ) 0i j i jg e e h e e+ ≠  

(i.e) ( , ) ( , ) 0i j i jf e e g e e+ =   and   ( , ) ( , )i j i jg e e h e e= . 

 

Thus ( , ) ( , ) 0i j i jf e e h e e+ =  

 

Hence ( , )i je e C∈  

 

Therefore A B C− ⊆  

 

similarly we can prove that  B A C− ⊆  

 

Therefore ( ) ( ) ,A B B A C− ∪ − ⊆  

 

Conversely to prove that ( ) ( )C A B B A⊆ − ∪ −  

 

Suppose  ( , )i je e C∈  

(i.e)  ( , ) ( , ) 0
i j i j

f e e h e e+ =                                                                                                                            (1) 

 

To prove that ( , ) ( ) ( )i je e A B B A∈ − ∪ −  
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Suppose ( , )i je e A B∉ −  

( , ) ( , )
i j i j

e e A or e e B∉ ∈  

 

suppose ( , )i je e A∉  

Then  ( , ) ( , ) 0
i j i j

f e e g e e+ ≠     

(i.e) ( , ) ( , )i j i jf e e g e e=   

 

Using (1) we get 

( , ) ( , ) 0
i j i j

g e e h e e+ =  at  ( , )
i j

e e B∈  

 

Therefore ( , )
i j

e e B A∈ −  

 

If ( , )i je e B∈  

then   ( , ) ( , ) 0
i j i j

g e e h e e+ =  

 

suppose   ( , )i je e A∈  

(i.e) ( , ) ( , ) 0
i j i j

f e e g e e+ =  

( , ) ( , ) ( , ) ( , ) 0i j i j i j i jf e e g e e g e e h e e+ + + =  

( , ) ( , ) 2 ( , ) 0i j i j i jf e e h e e g e e+ = − ≠  

 

This implies that  ( , )
i j

e e C∉  

 

Hence ( , )i je e A∉  

 

Therefore ( , )i je e B A∈ −  

 

Therefore   if  ( , )i je e A B∉ −  then ( , )i je e B A∈ −  

 

Therefore ( ) ( )C A B B A⊆ − ∪ −  

 

Hence   ( ) ( )A B B A C− ∪ − =  

 

Theorem: 2.4   The Knot relation defined above is an equivalence relation. 

 

Proof: To prove the Equivalence relation, we need to prove the following three properties namely reflexive, 

symmetric, and transitive properties. 

 

Reflexive Property: Reflexive property is obvious from the definition. If there is no confusion we will denote 

,f g  and h  instead of ,f gπ π   and hπ  respectively. 

 

Symmetric Property: 

Let ~m lx f x g  

If m l=  and  f g=   then clearly  ~l m
x g x f  

Otherwise 

( , )

2 ( , )
i j

i j

e e A

l m f e e
∈

− = �  

Now     

( , )

2 ( , )
i j

i j

e e A

m l f e e
∈

− = − �     

( , )

2 ( , )
i j

i j

e e A

f e e
∈

= −�     
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( , )

2 ( , )
i j

i j

e e A

g e e
∈

= �     since     ( , ) ( , ) 0i j i jf e e g e e+ =  

Hence   ~l m
x g x f  

 

Transitive Property: 

Let ~m lx f x g     and   ~l px g x h  If  m l=  and , f g= , l p=  and g h=  

 

Then clearly m p=  and f h=  

(i.e)  ~m px f x h  

 

If     ,m l f g= = and  

( , )

2 ( , )
i j

i j

e e B

p l g e e
∈

− = �     

Therefore 

( , )

2 ( , )
i j

i j

e e C

p m f e e
∈

− = �    

Hence ~m p
x f x h  

 

Similarly   we can prove that, 

if 

( , )

2 ( , )
i j

i j

e e A

l m f e e
∈

− = �  and   ,p l g h= =  

 

If      

( , )

2 ( , )
i j

i j

e e A

l m f e e
∈

− = �  and   

( , )

2 ( , )
i j

i j

e e B

p l g e e
∈

− = �  

 

p m l m p l− = − + −  

( , ) ( , )

2 ( , ) 2 ( , )
i j i j

i j i j

e e A e e B

f e e g e e
∈ ∈

= +� �  

2= {

( , ) ( ) ( , ) ( ) ( , ) ( ) ( , ) ( )

( , ) ( , ) ( , ) ( , )
i j i j i j i j

i j i j i j i j

e e A B e e A B e e B A e e B A

f e e f e e g e e g e e
∈ − ∈ ∩ ∈ − ∈ ∩

+ + +� � � � } 

 

2=  {

( , ) ( ) ( , ) ( ) ( , ) ( ) ( , ) ( )

( , ) ( , ) ( , ) ( , )
i j i j i j i j

i j i j i j i j

e e A B e e B A e e A B e e B A

f e e g e e f e e g e e
∈ − ∈ − ∈ ∩ ∈ ∩

+ + +� � � �  } 

 

2=  { )),(),((),(),(

)(),()(),()(),(

jij

BAee

ij

ABee

ij

BAee

i eegeefeegeef

jijiji

+++ ���
∩∈−∈−∈

  } 

 

Since if ( , ) ,i je e A∈    we have  ( , ) ( , ) 0i j i jf e e g e e+ =  

 

2= {

( , ) ( ) ( , ) ( )

( , ) ( , )
i j i j

i j i j

e e A B e e B A

f e e g e e
∈ − ∈ −

+� � } 

( , ) ( ) ( )

2 ( , )
i j

i j

e e A B B A

f e e
∈ − ∪ −

= �  

 

( , )

2 ( , )
i j

i j

e e C

f e e
∈

= �   since   ( ) ( )A B B A C− ∪ − =  

 

Hence ~m p
x f x h  .  Hence the Knot relation is an Equivalence relation. 

 

Let ( ) ( ) / ~N Nπ π= . That is )(πN   is the collection of disjoint equivalence classes with respect to the Knot 

relation. 

 

Define =nT  { ( , ) : , ( )m

nx f S f Nπ ππ π π∈ ∈   and m is an integer} 

 

we   define  multiplication in nT  as follows. 
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Let , na b T∈  and  ( , ) , ( , )m l
a x f b x gπ ππ σ= =  

 

Define ( , )m lab x hα
σ ο πσ ο π + += , where α  and ποσh  are defined as follows. 

 

Let 
, ,( , ) ( ) , ( , ) ( ) , ( , ) ( ) , , { ( ) , ( )}i j i j p qe e S u u S v v S p q i jσ ο π π σ π π∈ ∈ ∈ ∈  

 

( , )i jf u u uπ =   and    ( , )p qg v v vσ =  

 

Now 
, ,

, ,

( , ) ( )

( , )

i j

i j

e e s

e e
σ ο π

α α
∈

= �      where  
, ,( , ) ( )i je e u v u vα = +  and 

, ,

,( , ) ( )(1 ),
i j u v

h e e u vσ οπ δ= + −  

 

where    
0

( , )
1

if u v
u v

if u v
δ

≠�
=	

=

 

 

KNOT MULTIPLICATION: 

 

Definition: 2.5 The multiplication defined above   is called Knot multiplication. Let ( , ) ( ) ,
i j

e e S γ ο σ ο π∈  

then there exists  ( , ) ( ) ,i ju u S π∈  ( , ) ( ) , ( , ) ( )p q r sv v S w w Sσ γ∈ ∈ such that { , } { ( ), ( )}p q i jπ π= and  

{ , } { ( ), ( )}r s i jσ ο π σ ο π=  

 

Lemma 2.6   If , {0,1, 1}u v ∈ −   and vu ≠  then 0)( =+ vuvu  

 

Proof:  suppose 0 0u or v= =  then   the result is obvious, otherwise ,    if 1u =  then 1,v = −  hence 

0)( =+ vuvu  

similarly, if 1,u = − then 1,v = , therefore  ( ) 0u v u v+ =  

 

Result 2.7 If , {0,1, 1}, , 0u v u v v∈ − ≠ ≠ , then  0)( =+ vuu  and ( ) 0u u v+ =  

 

Proof:  If 0u = , the result is obvious, otherwise  0u v+ =  that  is  ( ) 0u u v+ =  

 

Theorem 2.8   The Knot multiplication is associative  in  
n

T . 

 

Proof: Let , , , ( , ) , ( , ) , ( , )m l t

n
a b c T a x f b x g c x pπ σ γπ σ γ∈ = = = . 

Claim  ( ) ( )ab c a bc= . we   know that  . ( ) ( )γ ο σ ο π γ ο σ ο π= . Let ( , )m l
ab x h

α
σ ο πσ ο π + += . where  

α  and hσ ο π  are as follows: 

 

Let 
, ,( , ) ( ) , ( , ) ( ), ( , ) ( )

i j i j p q
e e S u u S v v Sσ ο π π σ∈ ∈ ∈ . Where  { , } { ( ), ( )}p q i jπ π= . 

 

Let ( , ) , ( )i j p qf u u u g v v vπ σ= =  

 

Now  
, ,

, ,

( , ) ( )

( , ) ,

i j

i j

e e s

e e
σ ο π

α α
∈

= �  where 
, ,( , ) ( )i je e u v u vα = +  

, ,

,( , ) ( ) (1 )i j u vh e e u vσ ο π δ= + −  

 

Let  ( )( ) ( ( ), )m l t
ab c x h

α β
γ ο σ ο πγ ο σ ο π + + + += . Where β  and  ( )hγ ο σ ο π   are as follows: 

 

Let  ( , ) ( ( ) ), ( , ) ( )i j r se e S w w Sγ ο σ ο π γ∈ ∈ . where  { , } {( ) ( ), ( )( )}r s i jσ ο π σ ο π= . 
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Let  
, ,( , ) , ( , )

i j r s
h e e e p w w wσ ο π γ= =  

 

Now  

( , ) ( ( ))

( , )
i j

i j

e e S

e e
γ ο σ ο π

β β
∈

= �  

 

( ) ,

( , ) ( )

( , ) ( ) (1 )

i j

i j e w

e e e w e w

h e e e wγ ο σ ο π

β

δ

= +

= + −
 

 

Let 
,( , ) ,l t

bc x h
η

γ οσγ ο σ + +=  where  η  and σογ
,

h are defined as follows: 

 

Let  
, ,( , ) ( ),

p q
v v S γ ο σ∈  

 

Now 
, ,( , )

p q
v vη η=�  

, ,

, , ,

,

( , ) ( )

( , ) ( ) (1 )

p q

p q v w

v v v w v w

h v v v wγ οσ

η

δ

= +

= + −
 

 

Let 
,

( )( ) ( ( ) , ),m l t
a bc x h

η ξ
γ οσ ο πγ ο σ ο π + + + +=  where  ξ  and 

,

( )h γ οσ ο π are   defined as follows: 

 

Let { , } ( ( ), ( )) ,p q i jπ π=  

, , ,( , )p qh v v yγ οσ =  

 

Now  

( , ) (( ) )

( , )
i j

i j

e e S

e e
γ οσ ο π

ξ ξ
∈

= �    

 ( , ) ( )i je e u y u yξ = +  

,

( ) ,( , ) ( ) (1 )
i j u y

h e e u yγ οσ ο π δ= + −  

 

Claim: ( ) ( )ab c a bc=  

 

We know that ( ) ( )γ ο σ ο π γ ο σ ο π=  

 

Let  ( , ) ( )i je e S γ ο σ ο π∈  

 

By the definition of    ( ),N γ ο σ ο π  we should prove  either 

,

( ) ( )( , ) ( , )
i j i j

h e e h e eγ ο σ ο π γοσ ο π=  and 
, , , ,( , ) ( , ) ( , ) ( , )

p q i j i j i j
v v e e e e e eη ξ α β+ = +   

 and  (or) 
, , ,

( ) ( )( , ) ( , ) 0
i j i j

h e e h e eγ ο σ ο π γοσ ο π+ =    

 

and 
, , , ,

( )( , ) ( , ) ( , ) ( , ) 2 ( , )
p q i j i j i j i j

v v e e e e e e h e eγ ο σ ο πη ξ α β+ − − =   

 

case 1: u v w= =  

 

 

, ,

,

, , 2

( , ) ( ) (1 ) 0

( , ) ( ) 2 2 sin

i j u v

i j

h e e u v e

e e u v u v u u u ce u u

σ ο π δ

α

= + − = =

= + = = =
                                                              (1) 
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( ) ,

,

0,

( , ) ( ) (1 )

(1 )

(1 )

( , ) ( )

0

i j e w

o w

u

i j

h e e e w

w

u

e e e w e w

γ ο σ ο π δ

δ

δ

β

= + −

= −

= −

= +

=

                                                                                                                 (2) 

 

, ,

,

,

, ,

,

( ) ,

,

( , ) ( ) (1 )

0

(sin ; 1)

( , ) ( )

2

( , ) ( ) (1 )

(1 ) (4)

( , ) ( )

0

p q v w

v w

p q

i j u y

u o

i j

h v v v w

y ce v w

v v v w v w

u u

h e e u y

u

e e u y u y

γ οσ

γ ο σ ο π

δ

δ

η

δ

δ

ξ

= + −

=

= = =

= +

=

= + −

= − →

= +

=

                                                                                                                (3) 

Hence  
,

( ) ( )( , ) ( , )i j i jh e e h e eγ ο σ ο π γοσ ο π=  and 
, , , ,( , ) ( , ) ( , ) ( , )p q i j i j i jv v e e e e e eη ξ α β+ = +  

 

case 2: u v w= ≠  

 
, ,

,

, ,

( ) , 0,

, ,

,

, ,

( , ) ( ) (1 ) 0

( , ) 2 2

( , ) ( ) (1 ) ( ) (1 )

( , ) ( ) 0

( , ) ( ) (1 ) ( )

( , ) ( )

i j u v

i j

i j e w w

i j

p q v w

p q

h e e u v e

e e u u u

h e e e w w

e e e w e w

h v v v w v w y

v v v w v w

σ ο π

γ ο σ ο π

γ οσ

δ

α

δ δ

β

δ

η

= + − = =

= =

= + − = −

= + =

= + − = + =

= +

 

 

,

( ) , , ,

0 (2.6)

( , ) ( ) (1 ) ( ) (1 ) (2 ) (1 )

( , ) ( ) ( ) ( ) (2 ) ( )

i j u y u v w u v w

i j

by the lemma

h e e u y u v w u w

e e u y u y u v w u v w u w u u w

γ οσ ο π δ δ δ

ξ

+ +

=

= + − = + + − = + −

= + = + + + = + +

 

 

Subcase 1: 0w=  

( )

,

( )

, ,

, ,

( , ) 0

( , ) 0

( , ) 2

( , ) 0

( , ) 2

i j

i j

i j

p q

i j

h e e

h e e

e e u

v v

e e u

γ ο σ ο π

γ οσ ο π

α

η

ξ

=

=

=

=

=

 

Hence    
,

( ) ( )( , ) ( , )
i j i j

h e e h e eγ ο σ ο π γοσ ο π=  

 and        
, ,( , ) ( , ) 2i j i je e e e uα β+ =                                                 

                                                      
, ,( , ) ( , )

p q i j
v v e eη ξ= +  



M. Kamaraj* and R. Mangayarkarasi ** / KNOT SYMMETRIC ALGEBRAS/RJPA- 1(6), Sept.-2011, Page: 141-151 

© 2011, RJPA. All Rights Reserved                                                                                                                                        149                                                       

 

Subcase 2: 0w ≠  

( )

,

( )

, ,

, ,

( , )

( , ) (2 )

( , ) 0

( , ) 0, (2.7)

( , ) 2

i j

i j

p q

i j

i j

h e e w

h e e u w

v v

e e by the result

e e u

γ ο σ ο π

γ οσ ο π

η

ξ

α

=

= +

=

=

=

 

   

If   0u =  

      ( ) ( , )
i j

h e e wγ ο σ ο π =  

      
,

( ) ( , )
i j

h e eγοσ ο π=     and 

      

, ,

, ,

( , ) ( , ) 0

( , ) ( , )

i j i j

p q i j

e e e e

v v e e

α β

η ξ

+ =

= +
 

 

If  0u ≠  then 0u w+ =  

      
,

( ) ( )( , ) ( , ) 2( ) 0i j i jh e e h e e u wγ ο σ ο π γοσ ο π+ = + =  

                                               
, , , ,

( )( , ) ( , ) ( , ) ( , ) 2 2 ( , )i j i j p q i j i je e e e v v e e u h e eγ οσ ο πα β η ξ+ − − = =  

                                          

Case 3: u v w≠ =  

 

we can  prove this case , by similar arguments in case  (2) 

 

Case 4: u v w≠ ≠  

, ,

,

, ,

( ) , ,

( , ) ( ) (1 )

( , ) ( ) 0

( , ) ( ) (1 ) ( ) (1 )

( , ) ( ) ( )

i j u v

i j

i j e w u v w

i j

h e e u v u v e

e e u v u v

h e e e w u v w

e e u v w u v w

σ ο π

γ ο σ ο π

δ

α

δ δ

β

+

= + − = + =

= + =

= + − = + + −

= + + +

 

, ,

,

, ,

( , ) ( ) (1 )

( )

( , ) ( )

0

p q v w

p q

h v v v w

v w

y

v v v w v w

γ οσ δ

η

= + −

= +

=

= +

=

 

 
,

( ) , ,( , ) ( ) (1 ) ( ) (1 )
i j u y u v w

h e e u y u v wγοσ ο π δ δ += + − = + + −  

 

( , ) ( ) (i je e u v w u v wξ = + + +  

 

Subcase 1: 0u =  

 

since 0, 0u v= ≠  
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( ) ,

,

( ) 0,

( , ) ( ) (1 )

( , ) ( ) ( ) 0

( , ) ( ) (1 )

( , ) 0

i j v w

i j

i j v w

i j

h e e u w v w

e e v w vw v w w

h e e v w

e e

γ ο σ ο π

γ οσ ο π

δ

β

δ

ξ

+

= + − = +

= + = + =

= + −

=

 

   

If                  0w =  

 
,

( ) ( )

, , , ,

( , ) ( , )

( , ) ( , ) 0 ( , ) ( , )

i j i j

i j i j p q i j

h e e v h e e

e e e e v v e e

γ ο σ ο π γ οσ ο π

α β η ξ

= =

+ = = +
 

 

otherwise   0v w+ =  

                     

,

( ) ( )

, , , ,

( , ) 0 ( , )

( , ) ( , ) 0 ( , ) ( , )

i j i j

i j i j p q i j

h e e h e e

e e e e v v e e

γ ο σ ο π γ οσ ο π

α β η ξ

= =

+ = = +
 

 

Subcase: 2: 0u ≠  

 

Now either  0 ( ) 0v or u v= + =  

                   ( , ) ( )i je e u v w v wξ = + + +  

 

]If    0w = then  0=+ vu  

( ) ,0( , ) ( ) (1 ) 0i j u vh e e u vγ ο σ ο π δ += + − =  

                  

        

,

( )

( , ) 0

( , ) 0

( , ) 0

i j

i j

i j

e e

e e

h e eγ ο σ ο π

β

ξ

=

=

=

 

 

Hence  
,

( ) ( )( , ) ( , )
i j i j

h e e h e eγ ο σ ο π γοσ ο π=  

and                 
, ,( , ) ( , ) 0i j i je e e eα β+ =  

                                         
, ,( , ) ( , )

p q i j
v v e eη ξ= +  

If 0w ≠  then 0v =  

(or) 0v w+ =  and  0u v+ =  

 

If        0v =  

( ) ,

( )

( , ) ( ) (1 )

0 ( ( ) 0 )

( , ) 0

( , ) ( )

( , ) ( )

i j u w

i j

i j

i j

h e e u w

either u w or u w

h e e

e e u w u w u w

e e u w u w u w

γ ο σ ο π

γ οσ ο π

δ

β

ξ

= + −

= = + =

=

= + = +

= + = +

 

Hence ( ) ( , ) 0i jh e eγ ο σ οπ =  

                                      

,

( )

, ,

( , )

( , ) ( , )

i j

i j i j

h e e

e e e e u w

γ ο σ ο π

α β

=

+ = +
 

                                      
, ,( , ) ( , )p q i jv v e eη ξ= +  
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If     0v w+ =  and  0u v+ =  

             

( )

,

( )

( , )

( , ) 0

( , )

( , ) 0

i j

i j

i j

i j

h e e u

e e

h e e u

e e

γ ο σ ο π

γ οσ ο π

β

ξ

=

=

=

=

 

 

Therefore 
( ) ( , )

i j
h e e uγ ο σ ο π =  

                                 
,

( ) ( , )
i j

h e eγ οσ ο π=  

and   
, ,( , ) ( , ) 0

i j i j
e e e eα β+ =  

                             
, ,( , ) ( , )

p q i j
v v e eη ξ= +  

Hence the result. 

 

Theorem: 2.9   
n

FT  is algebra. 

 

Proof: 
n

FT  is the algebra generated by the elements of 
n

T  over the field F . 

 

Corollary: 2.10   When 1x =   the Knot symmetric algebras 
n

FT  become as the symmetric group algebras 

n
FS . 

 

Proof:  when 1,
n n

x T S= = . 
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