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ABSTRACT 
In this paper, idempotent matrices over skew field have been researched and some properties of idempotent matrices 
were extended from general complex domain to skew field. In this paper, the following conclusions were obtained: (1) 
the four equivalent conditions of idempotent matrices over skew field;(2) the necessary and sufficient conditions which 
could infer that the linear combinations 1 2A A+  and 1 2A A− of idempotent matrices over skew field 21 AA， were also 
idempotent matrices; (3) the necessary and sufficient conditions of nonsingularity of correlative left linear 
combinations 2211 AcAc + and 1 1 2 2 2 1,c A A c A A+ where 

1 21 2 ,, A Ac c K∈ of idempotent matrices over skew field 1 2,A A . 
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1. INTRODUCTION 
 
Some properties of linear combinations of idempotent matrices in general complex domain had been proved in the 
papers available. In 2011, Liu xiaochuan and He mei studied idempotent matrices in number field F using the theory 
and method of linear space and obtained some equivalent conditions of idempotent matrices [3]; then the equivalent 
conditions of idempotent matrices in number field were extended to skew field in this paper and four equivalent 
conditions of idempotent matrices over skew field were achieved. In addition, the relationship between idempotent 
matrices over skew field and their right null space, right column space and rank were discussed, meanwhile, the 
necessary and sufficient conditions which could infer that the linear combinations 1 2A A+ and 1 2A A− of idempotent 

matrices over skew field 1 2,A A were also idempotent matrices were proved. In 2006, Shan jun researched the 
nonsingularity problems of non trivial linear combinations of two idempotent matrices by using the null space of the 
matrices in complex domain and carried out several necessary and sufficient conditions of nonsingularity of linear 
combinations of two idempotent matrices[6];however, in this paper, those conclusions were extended to skew field and 
the necessary and sufficient conditions of nonsingularity of correlative left linear combinations 2211 AcAc + and

1 1 2 2 2 1c A A c A A+ ( )1 21 2 ,where , A Ac c K∈  of idempotent matrices over skew field 21 AA，  were summarized. 

 
In this paper, let K be a skew field, nmK × represents the set of the unit nm×  matrix, ( )KM n  represents the set of the 

unit nn×  matrix , nI  is nn×  identity matrix over skew field and 1×= nn KK . ( ) { }n
r KXAXAR ∈=  and 

( ) { n
r KXAN ∈= }0=AX  means the subspace of right vector space nK which are called right column space 

and right null space of A  respectively. { ofallforecommutativis
21 , xxK AA =  }21 andofelementsthe AA . 

 
Lemma 1: ( ) ( )AIRARK nrr

n −+= . 
 
Lemma 2: ( ) ( ) ( ) ( )ArnANArAR rr −== dim,dim . 
 
Lemma 3: Let ( )KMA n∈ , then A  is nonsingular if and only if ( ) { }0=ANr . 
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2. MAIN CONCLUSIONS 
 
(1)The idempotency of linear combinations of two idempotent matrices over skew field 
 
Theorem 1:  Let ( )KMA n∈ , then the following statements are equivalent: 

(1) AA =2
；（2） ( ) ( )AIRAN nrr −= ；（3） ( ) ( ) nAIrAr n =−+ ；（4） =nK    ( ) ( )AIRAR nrr −⊕ .   

 
Proof: 
( ) ( )1 2 :⇒ For arbitrary ( ),ANx r∈  0=Ax is known, so =−= Axxx ( ) ( )AIRxAI nrn −∈− . Conversely, 

for every ( )AIRx nr −∈ , there exists nKy∈ , such that ( ) ,yAIx n −= then ( ) 02 =−= yAAAx , and that is 

( )ANx r∈ ,hence ( ) =ANr ( )AIR nr − . 
 
( ) ( )2 3 :⇒ From Lemma 2, ( ) ( ) ( ) ( )ArnANAIRAIr rnrn −==−=− dimdim , thus ( ) ( ) nAIrAr n =−+ . 
 

( ) ( )3 4 :⇒ According to Lemma 1,it is clear that ( ) ( )AIRARK nrr
n −+=  and ( ) ( ) nAIrAr n =−+ , so 

( ) ( )( )dim dimn
r r nK n R A R I A= = + −

 

                      ( ) ( ) ( ) ( )( )dim dim dimr n r r nR A I A R A R I A= + − − −  

                      

( ) ( ) ( ) ( )( )
( ) ( )( )

dim

dim
n r r n

r r n

r A r I A R A R I A

n R A R I A

= + − − −

= − −




 

 
It is obvious that ( ) ( )( )dim 0,r r nR A R I A− = and that is ( ) ( ) { }0r r nR A R I A− = , accordingly, 

( ) ( )AIRARK nrr
n −⊕= . 

( ) ( )4 1 :⇒  For arbitrary ( ) ( ) ( ) ( ),,, AIRAxAIARxAIAKx nrnrn
n −∈−∈−∈ because

( ) ( ) ( )xAAAxAIxAIA nn
2−=−=− , ( ) ( ) ( ) { }02 =−∈− AIRARxAA nrr  , from which ( ) 02 =− xAA is 

known, which illustrates 2AA = . 
 
Theorem 2: Let ( )KMAA n∈21， .If 21 AA， are all idempotent matrices, then 21 AA + is idempotent matrix if and 

only if 01221 == AAAA  which follows that  

( ) ( ) ( )2121 AARARAR rrr +=⊕  and ( ) ( ) ( )2121 AANANAN rrr += . 
 
Proof: Sufficiency: In view of the conditions above, ( ) ( )( )2121

2
21 AAAAAA ++=+  

21
2
21221

2
1 AAAAAAAA +=+++= , which shows that 21 AA + is idempotent matrix. 

Necessity: Because of what is known, ( ) +++=+=+ 1221
2

121
2

21 AAAAAAAAA 2
2 1 2 1 2 2 1,A A A A A A A= + + +

which leads to 01221 =+ AAAA and that is =21AA 12 AA− .Further, 1211212121 AAAAAAAAAA ==−= ,so

01221 == AAAA ,from which, it is clear that ( ) ( )21 ANAR rr ⊆ , ( ) ( )12 ANAR rr ⊆ ，and ( ) ( ) { }021 =ARAR rr 
. 
Obviously, ( ) ( ) ( )2121 ARARAAR rrr ⊕⊆+ .For any ( ) existsthereif,1ARx r∈ nKy∈ such that  

( ) ( ) ,12112
2

1
2

11 yAAAyAAAyAyAx +=+=== then ( )⊆1ARr ( )21 AARr + . 
 
Similarly, ( ) ( )212 AARAR rr +⊆  and then ( ) ( ) ( )2121 AARARAR rrr +⊆⊕ , consequently, 

( ) ( ) ( )2121 AARARAR rrr +=⊕ . 

Besides, it is easy to know that ( ) ( ) ( )2121 AANANAN rrr +⊆ . Moreover, for every ( )21 AANx r +∈ ,

( ) ( ) ( ) ( )2 2 2 2
1 1 1 1 2 1 1 2 2 1 2 2 1 2 2 20 ,A x A x A A A x A A A x A A A x A A A x A x A x= = + = + = = + = + = =  then  

( ) ( ) ( )2121 ANANAAN rrr ⊆+ . Above with the previous, ( ) ( ) ( )2121 AANANAN rrr += . 
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Corollary 1: Let ( )1 2, nA A M K∈ . If 21 AA， are all idempotent matrices, then 21 AA −  is idempotent matrix if and 

only if 21221 AAAAA == which follows that  

( ) ( ) ( )2121 AANARAN rrr −=⊕  and ( ) ( ) ( )2121 AARANAR rrr −= . 
 
Proof:  
Sufficiency: In terms of what are given in the theorem, 

( )2 2 2
1 2 1 1 2 2 1 2 1 2 1 2 2 1 1 2 ,A A A A A A A A A A A A A A A A− = − − + = + − − = − which means that 21 AA − is 

idempotent matrix. 
 
Necessity: From the conditions above, ( )21 AAIn −−  is idempotent matrix and so ( ) 21 AAIn +− .In the same way,

1AIn − is idempotent matrix, too. On the basis of Theorem 2, ( ) ( ) 01221 =−=− AIAAAI nn , which completes 

21221 AAAAA == .Further, 

( ) ( ) ( ) ( )( )1 2 1 2 1 2r n r r n r nR I A R A R I A A R I A A− ⊕ = − + = − −  and 

( ) ( ) ( ) ( )( )1 2 1 2 1 2 .r n r r n r nN I A N A N I A A N I A A− = − + = − −  
 
Combined with ( ) ( )21 ⇒  in Theorem 1, 

 ( ) ( ) ( )1 2 1 2r r rN A R A N A A⊕ = −  and ( ) ( ) ( )2121 AARANAR rrr −= . 
 
(2) The nonsingularity of left linear combinations of two idempotent matrices over skew field 
 
Theorem 3: Let ( )KMAA n∈21， and 21 AA， be idempotent matrices. If a left linear combination 2211

~~ AcAc +  

about 21 and AA is nonsingular for some nonzero 
21 ,21

~,~
AAKcc ∈ satisfying 0~~

21 ≠+ cc ,then 2211 AcAc + is 

nonsingular for all nonzero
21 ,21, AAKcc ∈ satisfying 021 ≠+ cc .   

 
Proof: For every nonzero 

21 ,21
~,~

AAKcc ∈ such that 0~~
21 ≠+ cc , consider ∈x ( )2211 AcAcNr + , then  

( ) 02211 =+ xAcAc  and so xAcxAc 2211 −=                                                                                (2.1) 
 
Premultiplying both sides of（2-1）by 21 AA， respectively yields  

xAAcxAc 21211 −=                                                                                                                         (2.2) 

xAcxAAc 22121 −=                                                                                                                         (2.3) 
 
From (2.1), (2.2), (2.3) and notice that 0,0 21 ≠≠ cc , then 

xAAxAxAAxA 121212 == ，                                                                                                         (2.4) 
 
However, ( ) 2

2
2122121211

2
1

2
2211

~~~~~~~~ AcAAccAAccAcAcAc +++=+ , according to（2.4), then 

( )2 2 2
1 1 2 2 1 1 1 2 1 2 1 2 2 1 2 2c A c A x c A x c c A A x c c A A x c A x+ = + + +       

 

                              
( ) ( )

( )( )

2 2
1 1 1 2 2 1 2 1 2 2

1 1 2 1 2 1 2 2

1 2 1 1 2 2

c A x c c A x c c A x c A x
c c c A x c c c A x

c c c A c A x

= + + +

= + + +

= + +

     

     

   

 

 
Under the conditions that 2211

~~ AcAc + is nonsingular, then 

( ) ( ) xAcxAcxAcAcxcc 2211221121
~~~~~~ +=+=+                                                                            (2.5) 

 
Premultiplying both sides of (2-5) by 1A entails xAAcxAcxAcxAc 212111211

~~~~ +=+ and that is xAAxA 211 = .In the 

light of (2-2), ( ) 0121 =+ xAcc and then xAAxA 211 0 == . 
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Combining those with (2-4), it is sure that 02 =xA .Evidently, ( ) 0~~

21 =+ xcc according to (2-5), which under the 

assumption that 0~~
21 ≠+ cc is equivalent to 0=x .This means that ( ) { }02211 =+ AcAcNr . From Lemma 3,

2211 AcAc + is nonsingular. 
 
Corollary 2: Let ( )1 2, nA A M K∈ , and 21 AA， be idempotent matrices. If 21 AA + is nonsingular, then for all 

nonzero 
21 ,21, AAKcc ∈ satisfying 021 ≠+ cc , 2211 AcAc + is nonsingular, too. 

 
Theorem 4: Let ( )KMAA n∈21， , and 21 AA， be idempotent matrices, then for any nonzero 

21 ,21, AAKcc ∈ ,the 

following statements are equivalent:（1） 21 AA −  is nonsingualr; (2) 2211 AcAc +  and 21AAIn −  are nonsingular. 
 
Proof: 
( ) ( )1 2 :⇒ From the proof of Theorem 3,it is known that if ∈x ( )2211 AcAcNr + , then x  satisfies equalities (2.4), 

which implicates that ( ) =− xAA 2
21 ( ) 02

21221
2

1
2
21221

2
1 =+−−=+−− xAxAAxAAxAxAAAAAA . Moreover, 

21 AA −   is nonsingualr, then 0=x , which means that ( ) { }02211 =+ AcAcNr , then 2211 AcAc + is nonsingular. In 

a similar way, for any ( )21AAINx nr −∈ , ( ) 021 =− xAAIn and that is xAAx 21= .Premultiplying both sides of the 

equality above by 21 AA， , respectively entails xxAAxA == 211  and xAxAA 212 = , so 

( ) 0212211
2

21 =+−−=− xAxAAxAAxAxAA . 
 
As previously, ( ) { }021 =− AAIN nr , and then 21AAIn − is nonsingular. 
 

( ) ( )2 1 :⇒  For every ( )21 AANx r −∈ , ( ) 021 =− xAA and then xAxA 21 = . 

Premultiplying both sides of the equality above by 21 AA， , respectively yields =xA1 xAA 21  and xAAxA 122 = , so  

( )( ) ( )1 1 2 2 1 2 1 1 2 2 1 1 2 2 2 1 2 2 2 2 2 1 0nc A c A I A A x c A c A c A A c A A A x c A x c A A x+ − = + − − = − = Furthermore,

2211 AcAc + and 21AAIn − are all nonsingular, then 0=x ,which implicates that ( ) { }021 =− AANr ,thus 21 AA −  
is nonsingualr.s 
 
Corollary 3: Let ( )KMAA n∈21， , and 21 AA， be idempotent matrices, then the following statements are 

equivalent:（1） 21 AA −  is nonsingualr; (2) 21 AA +  and 21AAIn −  are nonsingular. 
 
Theorem 5: For any ( )KMAA n∈21，  which satisfies 21 AA，  are idempotent matrices, and any nonzero 

21 ,21, AAKcc ∈ such that 1 2 0,c c+ ≠ then 2211 AcAc + is nonsingular if and only if  

( )( ) ( )( ) { }01221 =−− AIARAIAR nrnr  as well as ( )1ANr ( ) { }02 =ANr . 
 
Proof: Sufficiency: For arbitrary ( )2211 AcAcNx r +∈ , from (2.2)、(2.3)、(2.4) in the proof of Theorem 3,it is 

known that ( ) +−=+=+ xAAcxAcxAcxAcc 2121211121 ( )xAIAcxAc n 21212 −= , then ( )( )211 AIARxA nr −∈ . 

In addition, ( ) +−=+ xAcxAcc 22121 ( )xAIAcxAAc n 122122 −−= ,so ( )( )121 AIARxA nr −∈ and therefore

( )( )211 AIARxA nr −∈ ( )( ) { }012 =− AIAR nr , which impletes 01 =xA .Similarly, 02 =xA .In terms of all of 

the above, ( ) ( ) { }021 =∈ ANANx rr  ,then 0=x .Obviously, ( ) { }1 1 2 2 0 ,rN c A c A+ = so 2211 AcAc +  is 
nonsingular. 
 
Necessity: From what is known in the conditions, for any ( )( )21 AIARx nr −∈ ( )( )12 AIAR nr − , if there exists

nK∈βα， such that  

       ( ) ( )( )αα 2
2

121 AIAAIAx nn −=−= ( )1ARr∈   

and                              ( ) ( )( ) ( )21
2

212 ARAIAAIAx rnn ∈−=−= ββ ,  then xAxAx 21 == . 
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Hence, 

( ) ( )1 1 1 2 2 1 1 1 2 2c c A c A x c c A x c A x+ = +
 

                                

( )
( ) ( )

1 1 1 2 1

1 1 2 1 1 1 2

c c A x c A x

c c c A x c c c x

= +

= + = +
 

                                

( ) ( )
( ) ( )
( ) ( ) ( )
( )( )( )

2
1 2 1 2 2 2 2

1 2 1 2 2 2

1 2 1 2 2 21 2

1 2 1 1 2 2 2

n

n n

n

c c c x c A c A

c c c x c A I A

c c c A I A c A I A

c c c A c A I A

α

α

α α

α

 = + + − 
= + + −  

 = + − + − 
= + + −

 

 
Besides, 2211 AcAc +  is nonsingular, then ( )( )α2211 AIccxc n −+= . Premultiplying both sides of the above 

equality by 1A produces ( ) ( ) ( )xccAIAccxAc n 21212111 +=−+= α , and that is ( )xccxc 211 += ,then 02 =xc . It 

is easy to know that 0=x , consequently, ( )( ) ( )( ) { }01221 =−− AIARAIAR nrnr  . 
 
On the other hand, for every ( ) ( )21 ANANx rr ∈ , 0,0 21 == xAxA ,and then ( )1 1 2 2 1 1 2 2 0.c A c A x c A x c A x+ = + =   
 
Since 2211 AcAc +  is nonsingular, 0=x , and then ( ) ( ) { }021 =ANAN rr  . 
 
Theorem 6: Let ( )KMAA n∈21， , and 21 AA， be idempotent matrices. If there exists nonzero 

21 ,21, AAKcc ∈

satisfying 021 ≠+cc , then 122211 AAcAAc +  is nonsingular if and only if 2211 AcAc + and 21 AAIn −− are all 
nonsingular. 
 
Proof: For ( )( ) −−−−+=−−+ 211122

2
112211212211 AAcAAcAcAcAcAAIAcAc n ( )122211

2
22 AAcAAcAc +−= , 

then 122211 AAcAAc +  is nonsingular if and only if 2211 AcAc + and 21 AAIn −− are all nonsingular. 
 
Corollary 4: Let ( )KMAA n∈21， , and 21 AA， be idempotent matrices, then 1221 AAAA + is nonsingular if and 

only if 21 AA + and 21 AAIn −− are all nonsingular. 
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