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ABSTRACT

In this paper we prove common fixed theorem using the concept of weakly compatible mappings. The results can be
considered as an extension of theorems to G-metric space.
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INTRODUCTION

The study of common fixed points of mappings satisfying various contractive conditions has been the centre of rigorous
research activity. The concept of commuting maps was replaced by weakly commuting maps introduced by Sessa [4].
The concept of weakly commuting maps was further generalized by Jungck who introduced the concept of compatible
mappings [1, 2, 3] and then weakly compatible mappings. Common fixed point theorems have been proved using these
concepts in metric space, 2 metric space. Sims [5, 6] have shown that most of the results related to D-metric spaces are
invalid. Therefore they introduced the concept of. G-metric space. The purpose of this paper is to obtain common fixed
point theorem for mappings satisfying condition of weak compatibility

Theorem: Let (X, G) be a complete G-metric Space. Let f and g be self mappings of X satisfying the following
conditions
(i) f(X)<g(X), f(X) is closed subset of g(X)
(if) fand g are compatible mappings
(iii) G(fx, fy, fz) < a G(gx, gy, 9z) + B G(gx, fx, fx,) + v G(ay, fy, fy) +0 G(gz, fz, fz) +
n max {G(gx, gy, 92), G(gx, fx, fx), G(gx, fy, fy), G(gy. fy, fy),G(ay. fx, fx), G(gy. fz, f2),
G(gz, fz, fz), G(gz, fx, x), G(gz, fy, fy)} forall X, y, z, €X, where o+ B+ y+6 +n<1/2

Then f and g have a unique common fixed point in X.

Proof: Let xq be an arbitrary point in X. By (1) we can choose a point x; in X such that fx, = gx;, In general we can
choose X, such that
Vo= = 0%, N=0,1,2, ...

From (3) we can write
G(fXn, TXns1, TXne2) < 0 G(GXn, GXnsts OXnez) + B G(OXn, TXn, TXn) + ¥ G(OXns1, Xns1, Xni1) + 8 G(OXns2, TXns2, TXni2)
+ 1 max {G(gXn, OXn+1, GXn+2)s G(O%n, X, TXn), G(OXn, PXne1, TXnea)y G(OXn+1, PXne1s TXns1),
G(an+1, an, fxn)’ G(an+1, an+2; fxn+2)l G(an+2, an+2; an+2), G(an+2, an, fxn)’
G(an+2, an+1’ an+1)}
Or
G(Yns Yoty Yne2) < & G(Yn-t, Yo Ynet) + B G(Yn-ts Yoy Yn) +Y G(Yn, Ynet, Ynet) + 0 G(Ynet, Ynezs Yne2)
+ m max {G(yn—lv Yn, yn+1)v G(yn-lv Y yn)v G(yn-lv Yn+1s yn+l)! G(yn! Yn+ts yn+1)v G(yn! Yy yn)!
G(Yn: Ynets Yns1)s G(Ynets Ynvzr Yns2)s G(Ynets Yoo Yn)s G(Ynets Vs, Ynen)}

<0 G(Yn-1, Yo Y1) + 2 B G(Ynts Yo Yos1) + 27 G(Yny Ve, Yoe2) + 2 8 G(Yiny Ynets Yne2)
+ 1 Max{G(Yn-1, Yn, Yn+1): 2G(Yn-1 ¥n, Yns1)s 2G(Yn-1, Yoo Yne1)s 2G(Yn, Ynets Yne2)s 26 (Vs Yoet, Yoe2),
2 G(Yn, Yns1s Yne2)s 2 G(Yn, Yoot Yns2)}
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<0 G(Yn-1, Yo Yne1) + 2B G(Yn-1, Yoy Yoer) + 27 G(Yny Vst Yae2) + 28 G(Yn, Yne1, Yoe2)
+ 1 max {2 G(Yn-1, Yo Yne1)s 2 G(Yn, Ynets Yne2)}

< (o + 2B) G(Yn-1, Yo Yner) + (27 + 28) G(Yn, Ynet, Yne2) + 1 Max {2 G(Yn-1, Yo, Yns1).
2 G(yn’ Yn+1s yn+1)}

We have following cases

Case -1: max = 2 G(Yn-1, Yo, Yns1)

G(Yn Yn+1, Yne2) S (20 + o+ 2B) G(Ynts Yy Yaet) + (27 + 28) G(Yn, Vs, Yne2)

G( ) < M G( )
Yo Yoty Yne2) = 1_ 2}/_ 25 Yn-1r Yny Yo+t

G(Yns Ynets Yoe2) < G(Ynt, Yy Yne) @S a+ B+3 +y+n <12

Case- 11: max = 2 G(Yn, Yns1, Yne2)

G(Ynr Ynets Yoe2) < (0 + 2 B) G(Yn-1, Yy Yne1) + (2y + 28 + 21) GV, Yiet, Yne2)

a+2p o )
1_ 2}/_ 25— 277 Yn-1r Yni Y1

G(Yn Ynets Yoe2) < G(Ynt, Yoy Yne) @S a+ B+3 +y+n <12

G(Yn, Y+t yn+2) < |:

Similarly now we find
G(an+1, an+2: an+3) <o G(ng.l, OXn+2, an+3) + B G(an+1, an+1’ an+1) + Y G(an+2, an+2’ an+2)
+ 8 G(gXn+3, TXnea, ™Xnes) + 1 Max{G (9Xn+1, Gn+2, On+3)s G(OXn+1, TXnea, TXna1),
G(an+1, an+2’ an+2)’ G(an+2, an+2’ an+2). G(an+2, an+l: an+1): G(an+2, an+3’ an+3)’
G(9%n+3, Xnea, TXna3), G(OXnsa, TXna1, TXnen), G(OXnsa, Xns2, TXni2)}
Or
G(Yn+ts Yns2s Ynez) < & G(Yn, Yoty Yoe2) + B GV Yooty Yner) + 7 G(Yner, Ynezs Yie2) 8 G(Yns2s Yz, Yies)
+ 1 Max{G(Yn, Yn+1, Yn+2)s G(Yn, Ynet Yne1)s G(Yns Ynez Yne2)s G(Yners Ynez, Yoe2),
C(Yn+1s Ynets Yoe)s G(Ynet, Yoeas Ynes)s G(Ynez, Yness Ynes)y G(Vnszs Vet Yoer), G(Yns2, Ve, Yne2)}
Or
G(Yn+1, Yoz Yorz) < 0 G(Yn, Yorts Yor2) + 2B G(Yns Ynes Yne2) 27 G(Ynets Yiezs Ynes) + 28 G(Ynets Yiezs Ynea)
+ 1 Max{G(Yn, Yn+1, Yns2), 2G(Yns Ynes Yne2)s 2 G(Yns Yoes Yne2)s 2G(Ynets Ynezs Yinea)s
2G(Yn+1r Yne2r Ynea)s 2G(Ynets Ynezs Ynea)s 2G(Yne1, Yoz, Yne3)}
Or
< o G(Yn, Ynets Yne2) + 2B G(Yn, Ynets Yne2) + 27 G(Ynet, Ynezs Ynes) + 28 G(Yners Yiez: Yines)
+m max{2 G(Yn, Yn1, Yne2), 2G(Yns1, Ynez, Ynsa),

< (o + 2B) G(Yn, Yn+1, Yne2) + (27 + 28) G(Yne1, Yiezs Ynea) + 1 Max{2G (Yn, Yn+1, Yn+2),
2G(yn+1y Yn+2, Yn+3)}

We have following cases:

Case- I: max = 2 G(Yn, Yns1, Yns2)

C(Yn+1s Ynszr Yiwa) < (a0 + 2B + 21) G(Yn, Ynets Yne2) + (27 + 28) G(Yne1, Ve, Yne3)

a+2p+2n
- G ns n+ls n+.
1_27_25] (Yns Y1, Yne2)

G(Yn+1s Yns2r Yiea) < G(Yn, Ynets Yne2) @S a+ P +y+6 +n<1/2

G(yn+1: yl"l+2| yn+3) < [

Case- 11: max = 2 G(Yns1, Ynszr Ynsa),

G(Yn+1s Yns2r Yiea) < (00 + 2B) G(Yn, Yne1, Yne2) + (2y + 28 + 21) G(Ynets Yne2, Ynea)

G(Yn+1s Yns2r Yiea) < G(Yn, Ynets Yz) S+ B +y+6 +1n<1/2
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Similarly now we find
G(fXn+2, TXns3, Xnea) < o0 G(OXns2, OXnsz, GXnea) + B G(OXns2, FXns2s TXna2) + ¥ G(OXnea, TXnsz, TXnia) + 8 G(OXnsa, TXnvar Xnss)
+ 1 max {G(9%n+2, OXn+3, GXnsa)s G(OXns2, TXnsz, TXns2), G(9Xns2r TXnsa, TXnea), G(GXns3, FXns2, TXne2),
o G(an+3, an+4’ an+4). G(an+4, an+2’ an+2)’ G(an+4, an+3: an+3)}
r
G(Yn+2: Ynear Ynea) < & G(Ynetr Yiezr Ynea) + B G(Ynets Yos2r Yoe2) + 7 G(Yns2, Yoess Ynea) + O G(Vnsa, Yoeas Yinea)
+1 MaxX{G(Yns1, Yne2, Yn3),G(Ynets Yne2s Yns2)y G(Ynet, Yneas Yoea)s G(Yns2, Ynwzs Yne2)s G(Yns2s Yosas Ynsa),

G(yn+3: Yn+2, Yn+2), G(Yn+3: Yn+3s Yn+3)}
Or

C(Yn+2: Ynezr Yoea) < 0 G(Ynea, Ynez, Ynes) 728 G(Ynets Ynezs Yoes) + 27 G(Yns2, Ynezr Ynea) + 28 G(Ynez, Ynea Ynes)

+1 Max{G(Yn+1, Yn+2: Yn+3)s 2G(Yn+1, Yne2, Yne3)s 2G(Yne1s Ynszr Yiea)s 2G(Ynez, Yoeas Ynea)s 2G(Ynez, Yneas Ynea) }
Or

GC(Yne2) Yn+ar Ynea) < & G(Ynit Ynezr Ynes) T 2B C(Vnet, Ynszr Yoes) T 27 G(Yns2r Yoeas Ynea) + 28 G(Yne2, Yneas Ynea)
+ 1 max{2 G(Yn+1, Yn+2, Yns3)s 2G(Yns2, Ynear Ynea) }o

< (0+2B) G(Yne1, Ynez, Yne3) H(27+28) G(Ynez, Ve, Ynea)+1 MaX{2G(Yns1, Yne2, Yns3),2G(Yns2: Ynea: Ynea)}

We have following two cases:

Case- I: max = 2 G(Yn+1, Yn+2r Yn+3)s G(Ynezs Ynear Ynea) < (042B+21) G(Ynets Yoz Yoes) + (27 + 28) G(Ynsz, Yneas Ynta)

a+2L+2n
- G n+1s n+2s n+.
1_27_25j (Yn+1s Yne2: Ynsa)

G(Yns2 Yoz Ynea) < G (Ynsts Ve Ynea) @ o+ B+y+3 +1<1/2

G(yl"l+2! yl"l+3| yn+4) < [

Case-11: max = 2 G(Yns2, Ynsar Ynea),

G(Yn+2 Ynear Ynea) < (o + 2B) G(Yne1, Ynez, Yowa) + (27 + 28 +21) G(Yns2r Yness Ynea)

a+2p o )
1_ 27/_ 25 _277 Yn+1y Yn+2s Ynes

G(Yns2 Yoz Ynra) < G(Ynets Yiezs Ynez) @S a+ B +y+3 +n <%

G(yn+21 Yn+3, yn+4) < (

G(Ynr Yn Ym) < G(Yns Yn Yoer) + C(Vnets Vet Yoe2) + - + G(Ym-1, Ym-1, Ym)

<p" G(Yo, Y1, ¥2) + P" G(Yo, Y1, Y2) + oo +p™ G(Yo, Y1, Vo)

n+1 +

<P+ +p™) G(Yo, Y1, ¥2)

n

< [1p p} G(Yor Y1, ¥2) > 0asn—owo, p= a+p+y+n

Subsequence {fx,}, {g%.+1} converge to y. As f (X) is closed subset of g (X) Then there exist u € X such that gu =y

Now we shall prove that fu = y. So on the contrary Let fu = y.

Then consider on.

G(fu, X, X,) < o G(gu, gxn, 9Xn) + B G(gu, fu, fu) + v G(gX,, Xq, TXn) + 8 G(gXn, TXn, TX,) + 1 Max{G(gu, gx,, gxy),
G(qu, fu, gu), G(gu, X,, TX,), G(gX,, TXn, TX,), G(gX,, fu, fu), G(gX,, X, TX5), G(gX, X, TX,)
G(gxy, fu, fu), G(gx,, X, fX.)}

<a Gy, y,y)+B Gy fu,y) +yG(y,y,y) + 5 G(y, y,y) + n max{G (y, y, y), G(y, fu, y), G(y. ¥, ¥),
Gy, ¥, ¥), G (y, fu, fu), G(y, y, ¥), G(Y, ¥, ¥), G(y, fu, fu), G(y, y, ¥)}

=B G(y, fu, fu) + n max{G(fu, y,y) G(y, fu, fu)}
=B G(fu,y,y) + 2n G(fu, y, y)

=(B +2n) G(fu, y, y)
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Hence we get
(1-B-2n) G(fu,y,y)<0

=>fu=y

= fu=y =gu. As (f. g) are weakly compatible.
= gfu="fqu

=>gy=fy

Now we shall prove that fy = y. So on the contrary Let fy = y. So we can write
G(fgXn, TXn, TXn) < o0 G(9UXn, OXny OXn) + B G(90Xn, TOXn, TOXn) + v G(OXn, TXn, TXn) + 6 G(gXn, TXn, Xn)

+ 1 max{G(99%n, 9Xn, 9%n), G(a9Xn, TgXn, T9Xn), G(AGXn, TXn, TXn), G(GXn, TXn, TXn), G(GXn, TOXn, TOXn),
G(9%n, TXn, Xn), G(gXn, TXn, TXn), G(gXn, TgXn, FXn),  G(G%n, X, Xn)}

<aG(ay, Y, y) +B Gy, fy, fy) + v G(Y, ¥, ¥) + 3 G(Y, ¥, ¥) + n max{G (ay, ¥, ¥),
G(ay, fy, fy), G(ay, ¥, ¥), G(Y, ¥, ¥), G(Y, fy, fy), G(y, v, ¥), G(v. ¥, ¥), G(Y, fy, fy), G(v.y. ¥)}

<o G(fy, y,y) +n max{G (fy, y, y), G(fy. fy, fy), G(fy, y. y), G(y. fy, fy), G(y. fy, fy)}
<aG(fy, y.y) +2n G(fy. v, y)
=(a+2n) G(fy, v, y)

Or

(1-a-2n)G(fy,y,y)<0

=fy=y=gy

Uniqueness:-To prove this part we assume y; = Y is another fixed point of f and g.

Then consider on
G(yl! yv y) = G(fylv fy! fy)

<a G(gy, gy, 9y) + B G(gy, fy, fy) +v G(ay, fy, fy) + 6 G(gy, fy, fy) + n max{G(gy., gy, gy),
G(gy! fyla fyl)v G(QYL fyv fy)! G(gyv fy’ fy)! G(gy! fyla fyl)v G(gyv fy’ fy)! G(gy! fyv fy) G(gy! fylv fyl)y
5 G (ay, fy, fy)}
r
G(yn Y, Y) <aG(ys, Y, Y) + B G(y1, Y, Y1) + ¥ G(Y, ¥, ¥) + 8 G(Y, ¥, y) +n max{G(y1, ¥, ¥), G(Y, Y1. ¥) G (Y1, ¥, ¥),
5 Gy, Y, ¥), G(Y, Y1. ¥), G(Y, ¥, ¥), G(Y, Y, ¥), G(Y. Y1. ¥), G(Y, ¥, ¥)}
r
G(ysn ¥, Y) <a Gy, Y, y) +n max{G(yy, ¥, ¥), G(Y; Y1, Y1)
<aG(yn Y, y) +n max{G(ys ¥, ¥), G(Y, Y1 ¥) + G(y1, ¥, V)}
=aG(yy Y, y) +nmax{G(ys, ¥, ¥), 2G(ys ¥, V)}
5 =(a+2n) G(ys, ¥, Y)
r

(1-a-2n) G(yn Yy, ¥) <0
= Gy, y)=0
= Y=Y

Theorem 2: Let A, B, C, S, R and T be self mappings of a complete G-metric space (X, G) and
(1) A(X) < T(X), B(X) < S(X), C(X) < R(X) and A(X) or B(X) or C(X) is a closed subset of X.
(2) G(AX, By, Cz) < a G(By, Ax, Rx) + b G(Cz, By, Ty) + ¢ G(Ax, Cz, Sz)+ d max{G(Cz, By, Ty)
+ G(Ty, Ax, Rx) + G(AX, Cz, Sz), G(Sz, By, Ty) + G(By, Ax, Rx), G (Rx, Cz, Sz)}
wherea, b,c,d>0andat+b+2c+3d<1.
(3) The pairs (A, R), (B, T) and (C, S) are weakly compatible pairs. Then the mappings A, B, C, S, T and R have a
common fixed point in X.
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Proof: Let X, € X be n arbitrary point By (1) there exist X, X5, X3 € X such that Axy = Tx; = Yo, BX; = Sx, = y; and
Cx,; = Rx3 =y, Inductively we get a sequence (y,} in X such that
AXn = TXn+1 =Ym BXn+1 = SXn+2 = Yn+1, CXn+2 = RXr1+3 = Yo+ forn= 0, 1, 2, 3. {yn}

Now we shall prove that the sequence is a Cauchy sequence. Let
dn =G (Yn s Yn+1s Yne2)

Then we have

dn = G(Yn , Yns1, Yne2)

= G(AXq, BXn+1, CXne2)

<a G(BXn+1, AXy, RXy) + b G(CXpezy BXpa1, TXpe1) + € G (AXp, CXpe1y SXne1) + d Max{G(CXp+2, BXps+1, TXps1)
+ G(Txn+la Axna Rxn)a G(Axny an+21 an+2)1 G(an+21 an+la TXI’H—l)y G(an+1y Axny Rxn)a G(Rxny an+21 an+2)}

<aG(Yntt Yoo Yo1) + B G(Yns2s Yoets Yn) + € G(Yins Yot Vo) + d Max{G(Yn+2, Yn+1, Yn) + G(Yn, Yo Y1)
+ G(Yn Yni2s Yne1)y G(Yne1, Yorts Yn) + G(Ynets Yoo Yo-1)s G(Yn-ts Y2y Yne1) }

<adpy + bd, + cd, + d max{d, + d.1 + dp, dy + dpg, dp+ dng}
Clearly max will be last term
ie. dy+dyg
dh<adg +hbd, + Cd, +d (dy +dyy)
dy<(@+d)dyg + (b+c+d)d,

(1-b-c-d)dy<(a+d)dys

dn < [a—-i_bj dn-l
1-b-c-d

So we have
d, < doa

Next we find.
One1 = G(Yne1, Ynez, Ynes)

= G(AXn+1, BXns2, CXni3)

<a G(BXn+2, AXne1, RXps1) + b G(CXpea, BXni2, TXpi2) + € G(AXn+1, CXnezy SXpiz) + d Max{G (CXp+3, BXn+2, TXn+2),
G(Txn+2’ AXn+1: RXn+1)’ G(Axn+l ’ CXn+3, an+3)’ G(an+3’ BXr1+2: TXn+2)’ G(an+2’ AXn+2’ RXn+1),
G(Rxn+1’ an+3: an+3)}

<aG(Yniz Yoets Yn) + B G(Ynea, Ve, Yne1) + € G(Ynet, Ynes, Yne2) + 0 Max{G(Yn+3, ¥n+2, Yne1) G(Yn+1s Ynsts Y,
G(Yne1, Yneas Yne2), G(Ynezs Ynez Yner), G(Ynezs Yners Yo GV, Ynea, Yne2)}

Thus for every neN we have d, < d,.;. Further we can say d, < p d,.; where p = a+b+2c¢ +3d. Thus we have
dy = G(yny Yn+1s yn+2) <p G(Yn—la Yn Yn+1) <L S pn G (yOy Y1, yz)

And as G(x, X, y) < G(X, Y, z) we have G(Yn, Yn, Vns1) < P" G(Yo, Y1, Y2)

So,
G(Ynr Yn Ym) < G(Yns Yn Yoer) + C(Vnets Vet Yoe2) + oo + G(Ym-1, Ym-1, Ym)

<p" G(Yo, Y1, ¥2) + P" G(Yo, Y1, Y2) + oo +p™ G(Yo, Y1, Vo)

n+1 +

S (O +p™) G(Yo, Y1, ¥2)

{ P }G(yo,yl,yz)—>0asn—>oo
1-p
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So, the sequence {y,} is Cauchy sequence. in X, let it converge to a point y in X i.e. lim y, =y. So the subsequences
n—oo

{Ax}, {TXni1} {BXns1} {SXni2}, {Cxni2}.{RXn+3} all converge to y. As C (x) is Closed Subset of R(X) these exist
ueX such that Ru =y. Now we shall prove that Au =y

Consider
G(AU, BXq+1, CXpe2) < a G(BXps1, AU, RU) + b G(CXp+2, BXne1, TXpe1) + € G(AU, CXpi2, Spea)
+ d Mmax{G(Cxn+2, BXp+1, TXn+1)s G(TXne1, AU, RU), G(AU, CXps2, SXnr2)y G(SXn+2, BXns1, TXns1),
G (BXn+1, AU, RU), G (Ru, CXp+2, SXn42)}

<aG(y, Ay, Ru) +b G(y, vy, y) + ¢ G(Au, vy, y) +d max{G(y, v, y), G(y, Au, Ru),
G(Au, Y, Y), G(y, ¥, ¥), G(y, Au, Ru), G(Ru, y, y), G(y, Au, Ru), G(Ru, y, y)}

<aG(y, Ay, Ru) + ¢ G(Au, v, ¥) + d max{G(Au, Ru, y), G(Au, v, ¥), G(Ru, y, y),as Ru=y
o <aG(y, Au,y) + ¢ G(Au, y, y) +d max{G(Au, Y, y), G(AU, . Y), G(y. ¥, Y)}
Gr(Au, y,y) <(a+ctd) G(Au, Y, y)
= (l-a-c-d) G(Au, y,y)<0
=G (Au,y,y)=0
= Au=yasRu=y,Au=y
= Au=Ru=y

Now we will use the definition of weak compatibility of (R, A)
= ARuU=RAu

= Ay =Ry
Now we shall prove Ay =y and on the contrary Let Ay = y then we consider on
G(Ay: BXn+1’ an+2) <a G(an+1. Ay’ Ry) +b G(an+2’ BXn+1: TXn+1) +cd (Ay: CXn+2: an+2)
+d max{G(Cxns+2, BXn+1, TXn+1), G(TXn+1, AY, RY), G(AY, CXns2, SXn+2), G(SXn+20 BXns1, TXns1),
G(BXn+1, AY, RY), G(RY, CXus2, SXns2)}

<aG(y, Ay, Ry) +b G(y,y, y) +cd (Ay, vy, y) +d max{G(y, y, ¥), G(y, Ay, Ay), G(Ay, Y, y),
G (Y, Y, Y), G(y, Ay, Ay), G(Ay, Yy, )}

< aG(y,y, Ay) +cG(y,y, Ay) +d G(Ay, v,Y)
= G(Ay,y,y)<(a+c+d)G(Ay, v,Y)
= Ay=y=Ry.

Thus y is common fixed pointof Aand R. Asy = Ay < T (X) 3 w such that Tv = y. we shall now prove Bv=y
G (v, BV, Cxns2) = G (Ay, BV, CXq42)

<aG(Bv, Ay, Ry) + bG(CxXy+2, BV, TV)+C G(AY, CXpi2, SXns2)+dmax{G(Cx,.+2, Bv, TV),G(Tv, Ay, Ry),
G(AY, CXps2, SXns2), G(SXn42, B, TV), G(Bv, Ay, RY), G(RY, CXq+2, SXps+2),

<aG(Bv,y,y) +bG(y, Bv, Tv) + c G(Y, ¥, y) + d max{G(y, Bv, Tv), G(Tv, Ay, Ay), G(Y, Y, ¥),
G(y, Bv, Tv),G (Bv, y, y), G(AY, Yy, V)}

<aG(Bv,y,y) +bG(Bv,y,y) +d (Bv,y,y)
=(@-a-b-d) G(Bv,y,y)<0

=Bv=y
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Hence
Bv=y=Tv
By weak compatibility BTv = TBv hence By = Ty
Now we prove By =y. So on the contrary Let By =y

G(Ay, By, Cx,+2) < a G(By, Ay, Ry) + bG(Cxps2, By, Ty) + ¢ G(AY, CXqr2, SXps2) + d max{G(Cx.2, By, Ty),
G(Ty, Ay, Ry), G(AY, CXns2, SXns2), G(SXns2, BY, TY), G(BY, Ay, Ry), G(RY, CxXns2, SX ns2)}

<aG(Ty, Ay, Ry) +bG(y, By, y) + G(y, y, y) +d max{G(y, By, By),G(y, Y, ), G(y, ¥, ¥ ).G(y, ¥, ¥),
GBY,Y,Y).G(.Y.y)}

G(y, By, y) <b G(y, By, y) +d G(y, By, y)
= (1-b-d) G(y,By,y)< 0

Hence By =y =Ty. Asy = By e S (X) there exist w € X such that y = sw. We now prove that Cw = y.
G(y, y, Cw) = G(Ay, By, Cw)

<aG(By, Ay, Ry) + b G(Cw, By, Ty) + ¢ G(Ay, Cw, Sw) + d max{G(Cw, By, Ty), G(Ty, Ay, Ry),
G(Ay, Cw, Sw), G(Sw, By, Ty), G(By, Ay, Ry), G(Ry, Cw, Sw)}

<aG(y,y,y) +bG(Cw,y,y) +cG(y, Cw,y) +d max{G(Cw, y, y), G(Y, ¥, ¥), G(Y, Cw, y), G(Y, ¥, ¥),
G(y, Y, ¥), G(Cw, y, y),

<(b+c+b)G(ew,y,y)
Or
(1-b-c-d)G(cw,y,y)<0
=Cw=y

G(y, Y, Cy) = G(Ay, By, Cy)

<a G(By, Ay, Ry) + b G(Cy, By, Ty) + ¢ G(Ay, Cy, Sy) + d max{G (Cy, By, Ty), G(Ty, Ay, Ry),
G(Ay, Cy, Sy), G(Sy, By, Ty), G(By, Ay, Ry), G(Ry, Cy, Sy)}

<aG(y,y y) +bG(y,y, y) +cG(y, Cy,y) + d max{G(Cy, y, y), G(y, Y, y), G(y. Cy,y ), G(y. ¥, ¥ ).
G(y,y,y), G(y, Cy,y )}

<(b+c+d)G(y.y.y)
Or
G(Cy,y,¥)(1-b-c-d)<0
G(Cy.y.y)=0
Cy=yasSy=y = Sy =Cy=yi.e. yisacommon fixed point of S and C. Thus y will be the common fixed point of
AB,C S TandR
i.e
Ay=8y=By=Ty=Cy=Ry=y
Now we will prove the uniqueness. Lety' is another fixed point of A, B, C, S, T and R.
G(y. .y = G(Ay, By, Cy) <a G(By, Ay, Ry) + b G(Cy', By, Ty) + ¢ G(Ay, Cy', Sy) + d max{G(Cy", By, Ty)
+ G(Ty, Ay, Ry) + G(Ay, Cy', Sy), G(Sy, By, Ty) + G(By, Ay, Ry), G(Ry, Cy', Sy}

<aG(y,y,Y) +b Gy, Y, y), +c Gy, y,y) +dmax{G (Y, y,¥) + G(Y, ¥, ¥) + G(Y, ¥, ¥), G(Y' ¥, ¥)
+G(Y, Y, Y), G(Y, Y, ¥)}

<bG(Y,y,y) +2cG(y,y,y) +dmax{3 G(Y\, Y, y), G(Y, Y, ¥), 2G(Y., Y, ¥ )}

<(b+2c) Gly,y,y)+3dG(y,V,Y)
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Or

G(y,y,¥)<(b+2c+3d)G(Y,Y,Y)

(1-b-2c¢-3d) G(y,y,y)<0

Asa+b+2c+3d<1

WegetG(y,y,y)<0

=>y=y

Hence y is the unique common fixed point of A, B, C, S, T and R.

REFERENCES

1. Jungck, Compatible mappings and common fixed points, Int. J. Math. Sci., 9 (4) (1986), 771-779.

2. G. Jungck, Common fixed points for non continuous nonself maps on non-metric spaces, far East J. Math.
Sci., 4 (1996), 199-215.

3. G.Jungck,, B.E. Rhoades, fixed points for set valued functions without continuity, Indian J, Pure Appl. Math.
29 (1998), 227-238.

4. S. Sessa, On a weak commutativity condition of mappings in fixed point consideration, Publ. Inst. Math. Soc.
32 (1982), 149-153.

5. Z. Mustafa, B. Sims, Some remarks concerninig D-metric spaces, in Proceedings of the International Confer-
ences on Fixed Point Theory and Applications, pp. 189-198, Valencia, Spain, July 2003.

6. Z. Mustafa, B. Sims, A new approach to generalized metric spaces, J. Nonlinear Convex Anal. 7 (2006),

289-297.

Source of Support: Nil, Conflict of interest: None Declared

[Copy right © 2016, RJPA. All Rights Reserved. This is an Open Access article distributed under the terms of
the International Research Journal of Pure Algebra (IRJPA), which permits unrestricted use, distribution,
and reproduction in any medium, provided the original work is properly cited.]

© 2016, RIPA. All Rights Reserved 272



