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ABSTRACT 
In this paper the structure of 𝑟𝑟-map have been defined and on the basis of that group extension of G of H have been 
solved for which S will be a left transversal to H in G. 
 
 
1.1 𝒓𝒓 −map 
 
Def 1.1.1: Let 𝐺𝐺 be a group with identity“𝑒𝑒”. A map “𝑟𝑟” from 𝐺𝐺 to 𝐺𝐺 satisfying the following properties 

(i) 𝑟𝑟(𝑒𝑒) = 𝑒𝑒 
(ii) 𝑟𝑟2 = 𝑟𝑟 
(iii) 𝑟𝑟(𝑎𝑎𝑎𝑎) = 𝑟𝑟�𝑎𝑎 𝑟𝑟(𝑏𝑏)�  is called 𝑟𝑟 −map. 
 

Through out this part it shall use [𝑟𝑟(𝑎𝑎)]−1 = 𝑟𝑟(𝑎𝑎)−1 and 𝑟𝑟(𝑎𝑎 ∙ 𝑏𝑏) = 𝑟𝑟(𝑎𝑎𝑎𝑎), where " ∙ " is group operation. 
 
Example 1.1.2: The identity map 𝑖𝑖 on the group 𝐺𝐺 is a 𝑟𝑟 map. 
 
Proposition 1.1.3: Let 𝐺𝐺 be a group with identity 𝑒𝑒. Let 𝐻𝐻 be a subgroup of 𝐺𝐺 and 𝑆𝑆 be a left transversal (with identity) 
to 𝐻𝐻 in 𝑆𝑆. Since each 𝑎𝑎 ∈ 𝑆𝑆 can be uniquely written as 𝑥𝑥ℎ where 𝑥𝑥 ∈ 𝑆𝑆 and ℎ ∈ 𝐻𝐻. Then the map 𝑟𝑟:𝐺𝐺 → 𝐺𝐺 defined by 
𝑟𝑟(𝑎𝑎) = 𝑥𝑥 is a 𝑟𝑟 −map. 
 
Proof:   𝑟𝑟(𝑒𝑒) = 𝑟𝑟(𝑒𝑒𝑒𝑒) = 𝑒𝑒 
 
Now      𝑟𝑟(𝑎𝑎) = 𝑟𝑟�𝑟𝑟(𝑎𝑎)� 
                      = 𝑟𝑟(𝑥𝑥) 
                      = 𝑥𝑥 
                      = 𝑟𝑟(𝑎𝑎) 
 
Which gives us 𝑟𝑟2 = 𝑟𝑟 
 
For the third property, let 

 𝑎𝑎 = 𝑥𝑥1ℎ1,𝑏𝑏 = 𝑥𝑥2ℎ2 where 𝑥𝑥1, 𝑥𝑥2 ∈ 𝑆𝑆 and ℎ1,ℎ2 ∈ 𝐻𝐻. 
 
Then       𝑟𝑟(𝑎𝑎) = 𝑥𝑥1 and 𝑟𝑟(𝑏𝑏) = 𝑥𝑥2 
 
Now       𝑎𝑎𝑎𝑎 = 𝑥𝑥1ℎ1𝑥𝑥2ℎ2                                                                                                                                                   (1) 
 
Let         𝑥𝑥ℎ = 𝑥𝑥1ℎ1𝑥𝑥2                                                                                                                                                       (2) 
 
Therefore 𝑟𝑟(𝑥𝑥ℎ) = 𝑟𝑟(𝑥𝑥1ℎ1𝑥𝑥2) 

  ⇒ 𝑥𝑥 = 𝑟𝑟�𝑎𝑎 𝑟𝑟(𝑏𝑏)�                                                                                                                                                    (3) 
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Using (1) and (2) it follows 

𝑎𝑎𝑎𝑎 = 𝑥𝑥ℎℎ2 
 
Therefore 𝑟𝑟(𝑎𝑎𝑎𝑎) = 𝑟𝑟(𝑥𝑥ℎℎ2) 
           ⇒ 𝑟𝑟(𝑎𝑎𝑎𝑎) = 𝑥𝑥 
 
Hence 𝑟𝑟(𝑎𝑎𝑎𝑎) = 𝑟𝑟�𝑎𝑎 𝑟𝑟(𝑏𝑏)�   (by (3)) 
 
Proposition 1.1.4: Let 𝐺𝐺 be the group with identity 𝑒𝑒. Let 𝐻𝐻 be a subgroup of 𝐺𝐺 and 𝑆𝑆 be a left transversal (with 
identity) to 𝐻𝐻 in 𝐺𝐺. Let 𝑟𝑟 be a map defined in prop 1.1.3. Then the following: 

(i) 𝑟𝑟(𝑟𝑟(𝑎𝑎)𝑏𝑏) = 𝑟𝑟(𝑎𝑎)𝑟𝑟(𝑏𝑏)∀𝑎𝑎, 𝑏𝑏 ∈ 𝐺𝐺. 
(ii) 𝑟𝑟(𝑥𝑥) = 𝑥𝑥 ∀𝑥𝑥 ∈ 𝑆𝑆. 
(iii) 𝑟𝑟(ℎ) = 𝑒𝑒∀ℎ ∈ 𝐻𝐻. 

 
Proof: (i) Let 𝑎𝑎 = 𝑥𝑥1ℎ1,𝑏𝑏 = 𝑥𝑥2ℎ2 where 𝑥𝑥1, 𝑥𝑥2 ∈ 𝑆𝑆 and ℎ1,ℎ2 ∈ 𝐻𝐻. 
 
Then 𝑟𝑟(𝑎𝑎) = 𝑥𝑥1 and 𝑟𝑟(𝑏𝑏) = 𝑥𝑥2. 
 
Now 𝑎𝑎𝑎𝑎 = 𝑥𝑥1ℎ1𝑥𝑥2ℎ2                                                                                                                                                         (1) 
 
Let 𝑥𝑥ℎ = ℎ1𝑥𝑥2ℎ2                                                                                                                                                               (2) 
 
Therefore  
         𝑟𝑟(𝑥𝑥ℎ) = 𝑟𝑟(ℎ1𝑥𝑥2ℎ2) 

 ⇒ 𝑥𝑥 = 𝑟𝑟(𝑥𝑥1
−1𝑥𝑥1ℎ1𝑥𝑥2ℎ2) 

 ⇒ 𝑥𝑥 = 𝑟𝑟(𝑟𝑟(𝑎𝑎)−1𝑎𝑎𝑎𝑎)                                                                                                                                                      (3) 
 
Then using equation (1) and (2), it follows 

𝑎𝑎𝑎𝑎 = 𝑥𝑥1𝑥𝑥ℎ 
 
Therefore 𝑟𝑟(𝑎𝑎𝑎𝑎) = 𝑟𝑟(𝑥𝑥1𝑥𝑥ℎ) 

⇒ 𝑟𝑟(𝑎𝑎𝑎𝑎) = 𝑥𝑥1𝑥𝑥  
⇒ 𝑟𝑟(𝑎𝑎𝑎𝑎) = 𝑟𝑟(𝑎𝑎)𝑟𝑟(𝑟𝑟(𝑎𝑎)−1𝑎𝑎𝑎𝑎)         (by (3))                                                                                                          (4) 

 
Substituting 𝑎𝑎 = 𝑟𝑟(𝑎𝑎) in equation (4), it follows 
𝑟𝑟(𝑟𝑟(𝑎𝑎)𝑏𝑏)  = 𝑟𝑟�𝑟𝑟(𝑎𝑎)�𝑟𝑟 �𝑟𝑟�𝑟𝑟(𝑎𝑎)�−1� 𝑟𝑟(𝑎𝑎)𝑏𝑏 

= 𝑟𝑟(𝑎𝑎)𝑟𝑟(𝑟𝑟(𝑎𝑎)−1𝑟𝑟(𝑎𝑎)𝑏𝑏) 
= 𝑟𝑟(𝑎𝑎)𝑟𝑟(𝑏𝑏)      (by (ii) property of  𝑟𝑟 −map) 

 
(ii) Let 𝑥𝑥 ∈ 𝑆𝑆 then 𝑥𝑥 = 𝑥𝑥𝑥𝑥 
 
Therefore  

𝑟𝑟(𝑥𝑥) = 𝑟𝑟(𝑥𝑥𝑥𝑥) = 𝑥𝑥 
 
(iii) Let ℎ ∈ 𝐻𝐻 then ℎ = 𝑒𝑒ℎ. Therefore 𝑟𝑟(ℎ) = 𝑟𝑟(𝑒𝑒ℎ) = 𝑒𝑒 
 
Proposition 1.1.5: Let 𝐺𝐺 be a group with identity 𝑒𝑒 and 𝑟𝑟:𝐺𝐺 → 𝐺𝐺 be a 𝑟𝑟 −map, then 𝑟𝑟(𝑟𝑟(𝑎𝑎)−1𝑎𝑎) = 𝑒𝑒 
 
Proof: Let 𝑎𝑎 ∈ 𝐺𝐺. Then  
          𝑎𝑎 = 𝑟𝑟(𝑎𝑎)𝑟𝑟(𝑎𝑎)−1𝑎𝑎  
      ⇒ 𝑟𝑟(𝑎𝑎) = 𝑟𝑟(𝑟𝑟(𝑎𝑎)𝑟𝑟(𝑎𝑎)−1𝑎𝑎) 
      ⇒ 𝑟𝑟�𝑟𝑟(𝑎𝑎)� = 𝑟𝑟�𝑟𝑟(𝑟𝑟(𝑎𝑎)𝑟𝑟(𝑎𝑎)−1𝑎𝑎)� [by (i) and (ii) properties of 𝑟𝑟 −map] then,  
           𝑟𝑟(𝑟𝑟(𝑎𝑎)−1𝑎𝑎) = 𝑒𝑒. 
 
Proposition 1.1.6: Let 𝐺𝐺 be a group with identity 𝑒𝑒 and 𝑟𝑟:𝐺𝐺 → 𝐺𝐺 be a 𝑟𝑟 −map. Then the set  𝐻𝐻 = {𝑎𝑎 ∈ 𝐺𝐺: 𝑟𝑟(𝑎𝑎) = 𝑒𝑒} is 
a subgroup of 𝐺𝐺. 
 
Proof: (i) Since 𝑟𝑟(𝑒𝑒) = 𝑒𝑒 ⇒ 𝑒𝑒 ∈ 𝐻𝐻 
 
So 𝐻𝐻 is non-empty 
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(ii) Let ℎ1,ℎ2 ∈ 𝐻𝐻. Then 

𝑟𝑟(ℎ1ℎ2) = 𝑟𝑟�ℎ1𝑟𝑟(ℎ2)� 
= 𝑟𝑟(ℎ1𝑒𝑒) 
= 𝑟𝑟(ℎ1) 
= 𝑒𝑒 

 
So it follows ℎ1ℎ2 ∈ 𝐻𝐻 
 
(iii) Let ℎ ∈ 𝐻𝐻. Then  

𝑒𝑒 = 𝑟𝑟(𝑒𝑒) 
= 𝑟𝑟(ℎ−1ℎ) 
= 𝑟𝑟�ℎ−1𝑟𝑟(ℎ)� 
= 𝑟𝑟(ℎ−1𝑒𝑒) 
= 𝑟𝑟(ℎ−1)    (By using the properties of 𝑟𝑟 −  𝑚𝑚𝑚𝑚𝑚𝑚) 

 
So ℎ−1 ∈ 𝐻𝐻 
 
Proposition 1.1.7: Let 𝐺𝐺 be a group with identity and 𝑟𝑟 : 𝐺𝐺 → 𝐺𝐺 be a 𝑟𝑟 −𝑚𝑚𝑚𝑚𝑚𝑚. 
 
Then the subset 𝑆𝑆 = {𝑟𝑟(𝑎𝑎):𝑎𝑎 ∈ 𝐺𝐺} of 𝐺𝐺 is a left transversal with identity to the subgroup 𝐻𝐻 = {𝑎𝑎 ∈ 𝐺𝐺: 𝑟𝑟(𝑎𝑎) = 𝑒𝑒} in 𝐺𝐺. 
 
Proof: Suppose 𝑆𝑆 = {𝑟𝑟(𝑎𝑎):𝑎𝑎 ∈ 𝐺𝐺} is not left transversal to 𝐻𝐻 = {𝑎𝑎 ∈ 𝐺𝐺: 𝑟𝑟(𝑎𝑎) = 𝑒𝑒} in 𝐺𝐺. Therefore some 𝑎𝑎 ∈ 𝐺𝐺 can be 
written as 𝑎𝑎 = 𝑟𝑟(𝑎𝑎1)ℎ1 = 𝑟𝑟(𝑎𝑎2)ℎ2 where ℎ1,ℎ2 ∈ 𝐻𝐻 & ℎ1 ≠ ℎ2 and    𝑟𝑟(𝑎𝑎1), 𝑟𝑟(𝑎𝑎2) ∈ 𝑆𝑆 & 𝑟𝑟(𝑎𝑎1) ≠ 𝑟𝑟(𝑎𝑎2) 
So               𝑟𝑟(𝑟𝑟(𝑎𝑎1)ℎ1) = 𝑟𝑟(𝑟𝑟(𝑎𝑎2)ℎ2) 

⇒ 𝑟𝑟(𝑟𝑟(𝑎𝑎1)𝑟𝑟(ℎ1) = 𝑟𝑟(𝑟𝑟(𝑎𝑎2)𝑟𝑟(ℎ2)     < By (iii) property of 𝑟𝑟 − 𝑚𝑚𝑚𝑚𝑚𝑚> 
⇒ 𝑟𝑟(𝑟𝑟(𝑎𝑎1)) = 𝑟𝑟(𝑟𝑟(𝑎𝑎2)𝑒𝑒)                  < Given by definitionof  𝐻𝐻 > 
⇒ 𝑟𝑟(𝑟𝑟(𝑎𝑎1)) = 𝑟𝑟(𝑟𝑟(𝑎𝑎2)) 
⇒ 𝑟𝑟(𝑎𝑎1) = 𝑟𝑟(𝑎𝑎2)                               < By (ii) property of 𝑟𝑟 −𝑚𝑚𝑚𝑚𝑚𝑚> 

 
And there fore ℎ1 = ℎ2 which is contradiction to the assumption. Thus each element 𝑎𝑎 ∈ 𝐺𝐺 can be uniquely written as 
𝑟𝑟(𝑎𝑎)ℎ where ℎ ∈ 𝐻𝐻 and 𝑟𝑟(𝑎𝑎) ∈ 𝑆𝑆. This shows that 𝑆𝑆 is the left transversal to 𝐻𝐻 in 𝐺𝐺. 
 
Also 𝑒𝑒 = 𝑟𝑟(𝑒𝑒) ⇒ 𝑒𝑒 ∈ 𝑆𝑆. 
 
Definition 1.1.8: A left loop is a groupoid (𝑆𝑆,∘) with an identity element in which the equation 𝑥𝑥 ∘ 𝑋𝑋 = 𝑦𝑦 possesses a 
unique solution for the unknown 𝑋𝑋. Groupoid (𝑆𝑆,∘) is called a loop if the equation 𝑌𝑌 ∘ 𝑥𝑥 = 𝑦𝑦 also possesses a unique 
solution for the unknown 𝑌𝑌. 
 
Proposition 1.1.9: Let 𝐺𝐺 be a group with identity 𝑒𝑒 and 𝑟𝑟 : 𝐺𝐺 → 𝐺𝐺 be a 𝑟𝑟 −𝑚𝑚𝑚𝑚𝑚𝑚. 
 
Let 𝑎𝑎1,𝑎𝑎2 ∈ 𝐺𝐺. Let 𝑆𝑆 be a subset defined in proposition 8.1.7. Define a binary operation ′ ∘ ′ on 𝑆𝑆 by  

𝑟𝑟(𝑎𝑎1) ∘ 𝑟𝑟(𝑎𝑎2)) = 𝑟𝑟(𝑟𝑟(𝑎𝑎1)𝑟𝑟(𝑎𝑎2)). for all 𝑟𝑟(𝑎𝑎1), 𝑟𝑟(𝑎𝑎2) ∈ 𝑆𝑆. Then (𝑆𝑆,∘) is a left loop. 
 
Proof: Let 𝑟𝑟(𝑎𝑎1), 𝑟𝑟(𝑎𝑎2) ∈ 𝑆𝑆 to show that the 𝑟𝑟(𝑎𝑎1) ∘ 𝑋𝑋 = 𝑟𝑟(𝑎𝑎2)  possesses a unique solution for the unknown 𝑋𝑋 in 𝑆𝑆 
and also contain the identity element. Now, show that  𝑋𝑋 = 𝑟𝑟(𝑎𝑎1)−1𝑟𝑟(𝑎𝑎2) is the unique solution  
 
Therefore, 

     𝑟𝑟(𝑎𝑎1) ∘ 𝑋𝑋 = 𝑟𝑟(𝑎𝑎2) 
⇒ 𝑟𝑟(𝑟𝑟(𝑎𝑎1)𝑋𝑋) = 𝑟𝑟(𝑎𝑎2)  (by definition of ′ ∘ ′′)                                                                                                         (1) 

 
Put 𝑋𝑋 = 𝑟𝑟(𝑎𝑎1 )−1𝑟𝑟(𝑎𝑎2) in 𝑒𝑒𝑒𝑒(1), 
 
It follows 𝑟𝑟(𝑎𝑎1) = 𝑟𝑟(𝑎𝑎2)   (by (ii) property of 𝑟𝑟 −𝑚𝑚𝑚𝑚𝑚𝑚) 
 
Now, let 𝑋𝑋 = 𝑟𝑟(𝑧𝑧1), 𝑟𝑟(𝑧𝑧2) be two solution in 𝑆𝑆, for some distinct 𝑧𝑧1, 𝑧𝑧2 ∈ 𝐺𝐺, of equation(1). 
Then 
Now 𝑟𝑟�𝑟𝑟(𝑎𝑎1)𝑟𝑟(𝑧𝑧1)� = 𝑟𝑟(𝑎𝑎2) = 𝑟𝑟(𝑟𝑟(𝑎𝑎1)𝑟𝑟(𝑧𝑧2)) 
    ⇒ 𝑟𝑟(𝑟𝑟(𝑎𝑎1)𝑧𝑧1) = 𝑟𝑟(𝑎𝑎2) = 𝑟𝑟(𝑟𝑟(𝑎𝑎1)𝑧𝑧2)  (by (iii) property of 𝑟𝑟 −𝑚𝑚𝑚𝑚𝑚𝑚) 
 
Since  𝑆𝑆 is a left transversal, so two distinct elements 𝑟𝑟(𝑎𝑎1)𝑧𝑧1, 𝑟𝑟(𝑎𝑎2)𝑧𝑧2 in 𝐺𝐺 can not be written as  

𝑟𝑟(𝑎𝑎1)𝑧𝑧1 = 𝑟𝑟(𝑎𝑎2)ℎ1 
and   𝑟𝑟(𝑎𝑎1)𝑧𝑧2 = 𝑟𝑟(𝑎𝑎2)ℎ2 for distinct  ℎ1,ℎ2 in 𝐻𝐻. 
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Therefore 𝑧𝑧1 = 𝑧𝑧2 and hence 

  𝑟𝑟(𝑧𝑧1) = 𝑟𝑟(𝑧𝑧2) 
 
Also 𝑆𝑆 contains the identity element (by proposition 1.1.7) 
 
Remark 1.1.10: Let 𝐺𝐺 be a group with identity 𝑒𝑒 then corresponding to a 𝑟𝑟 − 𝑚𝑚𝑚𝑚𝑚𝑚 from 𝐺𝐺 𝑡𝑡𝑡𝑡 𝐺𝐺,𝐺𝐺 can factorized as 
𝐺𝐺 = 𝑆𝑆𝑆𝑆 where 𝑆𝑆 and 𝐻𝐻 are as defined above. Thus each element 𝑎𝑎 ∈ 𝐺𝐺 can be uniquely written as 𝑎𝑎 = 𝑥𝑥ℎ where 𝑥𝑥 ∈ 𝑆𝑆 
and ℎ ∈ 𝐻𝐻. 
 
Def 1.1.11:  Let 𝐺𝐺 be a group with identity 𝑒𝑒 and 𝑋𝑋 be a set. A map 𝜃𝜃:𝐺𝐺 × 𝑋𝑋 → 𝑋𝑋 is called a left action of on 𝑋𝑋 if  

(i) 𝑒𝑒𝑒𝑒𝑒𝑒 = 𝑥𝑥 
(ii) 𝑎𝑎1𝑎𝑎2𝜃𝜃𝜃𝜃 = 𝑎𝑎1𝜃𝜃(𝑎𝑎2𝜃𝜃𝜃𝜃) 

 
Proposition 1.1.12: Let 𝐺𝐺 be a group with identity 𝑒𝑒 and 𝑟𝑟:𝐺𝐺 → 𝐺𝐺 be a 𝑟𝑟 − 𝑚𝑚𝑚𝑚𝑚𝑚. Let 𝑆𝑆 be a left transversal to 𝐻𝐻 in 𝐺𝐺,  
 
Let us define 𝜃𝜃:𝐻𝐻 × 𝑆𝑆 → 𝑆𝑆 
 
By ℎ𝜃𝜃𝜃𝜃 = 𝑟𝑟(ℎ𝑥𝑥) 
 
The 𝜃𝜃 is a left action of 𝐻𝐻 𝑎𝑎𝑎𝑎 𝑆𝑆. 
 
Proof: Let 𝑥𝑥 ∈ 𝑆𝑆 and ℎ1,ℎ2 ∈ 𝐻𝐻 

(i) 𝑒𝑒𝑒𝑒𝑒𝑒 = 𝑟𝑟(𝑒𝑒𝑒𝑒) = 𝑟𝑟(𝑥𝑥) = 𝑥𝑥 
(ii) Now, show that  

(ℎ1ℎ2)𝜃𝜃𝜃𝜃 = ℎ1𝜃𝜃(ℎ2𝜃𝜃𝜃𝜃) 
𝐿𝐿.𝐻𝐻. 𝑆𝑆 =  (ℎ1ℎ2)𝜃𝜃𝜃𝜃 

= 𝑟𝑟((ℎ1ℎ2)𝑥𝑥) 
= 𝑟𝑟(ℎ1𝑟𝑟(ℎ2𝑥𝑥))   (by (iii) property of 𝑟𝑟 − 𝑚𝑚𝑚𝑚𝑚𝑚) 
= ℎ1𝜃𝜃𝜃𝜃(ℎ2𝑥𝑥) 
= ℎ1𝜃𝜃(ℎ2𝜃𝜃𝜃𝜃) = 𝑅𝑅.𝐻𝐻. 𝑆𝑆 

 
1.2. NORMALITY, STABILITY AND PERFECT STABILITY OF 𝑯𝑯  
 
In this section, by showing left loop (𝑆𝑆,∘) to be a group and using some definition and results from previous 
propositions it will be shown that 𝐻𝐻 can be a normal, stable and perfectly stable subgroup. 
 
Proposition 1.2.1: Let 𝐺𝐺 be a group with identity 𝑒𝑒 and 𝑟𝑟:𝐺𝐺 → 𝐺𝐺 be a 𝑟𝑟 − 𝑚𝑚𝑚𝑚𝑚𝑚. Let 𝑆𝑆 be a left transversal with 
identity to 𝐻𝐻 in𝐺𝐺. If 𝑟𝑟 − 𝑚𝑚𝑚𝑚𝑚𝑚 satisfies the condition 𝑟𝑟(𝑟𝑟(𝑎𝑎)𝑏𝑏) = 𝑟𝑟(𝑎𝑎)𝑟𝑟(𝑏𝑏) for all 𝑎𝑎, 𝑏𝑏 ∈ 𝐺𝐺 .Then the left loop (𝑆𝑆,∘) is a 
group. 
 
Proof: Let 𝑟𝑟(𝑎𝑎), 𝑟𝑟(𝑏𝑏) ∈ 𝑆𝑆. 
 
Then 𝑟𝑟(𝑎𝑎) ∘ 𝑟𝑟(𝑏𝑏) = 𝑟𝑟�𝑟𝑟(𝑎𝑎)𝑟𝑟(𝑏𝑏)� 

= 𝑟𝑟(𝑎𝑎)𝑟𝑟�𝑟𝑟(𝑏𝑏)� 
= 𝑟𝑟(𝑎𝑎)𝑟𝑟(𝑏𝑏) 

 
Therefore (𝑆𝑆,∘) is a group. 
 
Now let us consider the following definition and proposition:- 
 
It is well known that if 𝑆𝑆 be a non empty set and 𝑇𝑇(𝑆𝑆) denote the set of all bijective maps for 𝑡𝑡𝑡𝑡 𝑆𝑆. Then 𝑇𝑇(𝑆𝑆) is a 
group with respect to the binary operation ′ ∙ ′ defined by 

(𝑓𝑓 ∙ 𝑔𝑔)(𝑥𝑥) = 𝑔𝑔�𝑓𝑓(𝑥𝑥)�∀𝑓𝑓,𝑔𝑔 ∈ 𝑇𝑇(𝑠𝑠) and 𝑥𝑥 ∈ 𝑆𝑆  
 
This group is called the transformation group. Observe that any subgroup 𝐻𝐻 of 𝑇𝑇(𝑆𝑆) acts faithfully from left on 𝑆𝑆 
through an action 𝜃𝜃 given by 𝑓𝑓𝑓𝑓𝑓𝑓 = 𝑓𝑓(𝑥𝑥) for all 𝑥𝑥 ∈ 𝑆𝑆 and 𝑓𝑓 ∈ 𝐻𝐻. 
 
So, for a left loop (𝑆𝑆, 𝑜𝑜) define a map 𝑓𝑓𝑠𝑠(𝑧𝑧𝑧𝑧) from 𝑆𝑆 to 𝑆𝑆 as follows consider 𝑓𝑓𝑠𝑠(𝑧𝑧𝑧𝑧)(𝑥𝑥) to be unique solution of the 
equation   (𝑧𝑧𝑧𝑧𝑧𝑧)𝑜𝑜𝑜𝑜 = 𝑧𝑧𝑧𝑧 (𝑦𝑦𝑦𝑦𝑦𝑦) where 𝑥𝑥,𝑦𝑦, 𝑧𝑧  ∈ 𝑆𝑆 and 𝑋𝑋 is unknown in the equation [9] that the map. 𝑓𝑓𝑠𝑠(𝑧𝑧,𝑦𝑦)  ∈ 𝑇𝑇(𝑆𝑆) 
 
Def 1.2.2: The subgroup of 𝑇𝑇(𝑆𝑆) generated by the subset {𝑓𝑓𝑠𝑠(𝑧𝑧,𝑦𝑦): 𝑧𝑧,𝑦𝑦 ∈ 𝑆𝑆} is called the group torsion. It is doneted 
by 𝐺𝐺𝑠𝑠. 
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Remark 1.2.3: (𝑧𝑧𝑧𝑧𝑧𝑧)𝑜𝑜𝑜𝑜 = 𝑧𝑧𝑧𝑧 (𝑦𝑦𝑦𝑦𝑦𝑦) implies that 𝑓𝑓𝑠𝑠(𝑧𝑧,𝑦𝑦)(𝑒𝑒) = 𝑒𝑒 for all 𝑧𝑧,𝑦𝑦 ∈ 𝑆𝑆. Thus 𝐺𝐺𝑠𝑠 is the subgroup of       
 𝑇𝑇(𝑆𝑆 − {𝑒𝑒}) also. 
 
Proposition 1.2.4:  A left loop (𝑆𝑆, 𝑜𝑜) is a group if and only if its group torsion 𝐺𝐺𝑠𝑠 is trivial  
 
Proof: 𝐺𝐺𝑠𝑠 = {𝐼𝐼𝑠𝑠} if and only if 𝑓𝑓𝑠𝑠(𝑧𝑧,𝑦𝑦) = 𝐼𝐼𝑠𝑠 for all 𝑧𝑧,𝑦𝑦 ∈ 𝑆𝑆, that is (𝑧𝑧𝑧𝑧𝑧𝑧)𝑜𝑜𝑜𝑜 = 𝑧𝑧𝑧𝑧(𝑦𝑦𝑦𝑦𝑦𝑦)  ∀𝑥𝑥,𝑦𝑦, 𝑧𝑧 ∈ 𝑆𝑆. Thus the result 
follows by observing that a left loop 𝑆𝑆 is a group if and only if the binary operation ′𝑜𝑜′of the left loop is associative. 
 
Corollary 1.2.5:  Let 𝐺𝐺 be a group with identity 𝑒𝑒 and 𝑟𝑟:𝐺𝐺 → 𝐺𝐺 be a 𝑟𝑟 −𝑚𝑚𝑚𝑚𝑚𝑚 satisfying the condition 

 𝑟𝑟(𝑟𝑟(𝑎𝑎1)𝑎𝑎2) = 𝑟𝑟(𝑎𝑎1)𝑟𝑟(𝑎𝑎2) for all 𝑎𝑎1,𝑎𝑎2 ∈ 𝐺𝐺 
 
Then group torsion 𝐺𝐺𝑆𝑆 of every left loop determined by every left transversal 𝑆𝑆 of subgroup 𝐻𝐻 in 𝐺𝐺 is trivial. 
 
Proof: Proof follows from the proposition(1.2.1), (1.2.4). 
 
Proposition 1.2.6: A subgroup 𝐻𝐻 of a group 𝐺𝐺 is normal if and only if the group trosion of every left transversal of 𝐻𝐻 
in 𝐺𝐺 is trivial. 
 
Proof: Proof follows from the Corollary(1.2.5). 
 
Corollary 1.2.7: Let 𝐺𝐺 be a group with identity 𝑒𝑒 and 𝑟𝑟:𝐺𝐺 → 𝐺𝐺 be a  𝑟𝑟 −𝑚𝑚𝑚𝑚𝑚𝑚 satisfying the condition  

𝑟𝑟(𝑟𝑟(𝑎𝑎1)𝑎𝑎2) = 𝑟𝑟(𝑎𝑎1)𝑟𝑟(𝑎𝑎2) 
 
For all 𝑎𝑎1,𝑎𝑎2 ∈ 𝐺𝐺, then the subgroup 

𝐻𝐻 = {𝑎𝑎 ∈ 𝐺𝐺: 𝑟𝑟(𝑔𝑔) = 𝑒𝑒} of group 𝐺𝐺 is normal. 
 
Proof: Proof follows from Corollary (1.2.5) and proposition(1.2.6). 
 
Definition 1.2.8: A subgroup 𝐻𝐻 of a group 𝐺𝐺 is called stable if group. Torsions of all left transversals to 𝐻𝐻 in 𝐺𝐺. 
 
Definition 1.2.9: A subgroup 𝐻𝐻 of a group 𝐺𝐺 is called perfectly stable if all left transversals to 𝐻𝐻 in 𝐺𝐺 are isomorphic   
(as left loop)  
 
Remark 1.2.10: If 𝐻𝐻 be a normal subgroup of a group 𝐺𝐺 then group Torsions of all left transversals to 𝐻𝐻 in 𝐺𝐺 are trivial 
(by proposition 1.2.6). So 𝐻𝐻 is stable. And also if 𝐻𝐻 be a normal subgroup of a group 𝐺𝐺 then all left transversals to 𝐻𝐻 in 
𝐺𝐺 are isomorphic (as left loop) to the quotient group 𝐺𝐺/𝐻𝐻. Then 𝐻𝐻 is group with identity ′𝑒𝑒′ and 𝑟𝑟:𝐺𝐺 → 𝐺𝐺 be a           
𝑟𝑟 − 𝑚𝑚𝑚𝑚𝑚𝑚 satisfying the condition 𝑟𝑟(𝑟𝑟(𝑎𝑎1)𝑎𝑎2) = 𝑟𝑟(𝑎𝑎1)𝑟𝑟(𝑎𝑎2) 
 
For all 𝑎𝑎1,𝑎𝑎2 ∈ 𝐺𝐺, then the subgroup 𝐻𝐻 = {𝑎𝑎 ∈ 𝐺𝐺: 𝑟𝑟(𝑎𝑎) = 𝑒𝑒} of group 𝐺𝐺 is both stable and perfectly stable (by 
Corollary (1.2.7). 
 
Proposition 1.2.11: Let 𝐺𝐺 be a group with identity ′𝑒𝑒′. Then the total number of distinct 𝑟𝑟 − 𝑚𝑚𝑚𝑚𝑚𝑚 on 𝐺𝐺 is the total 
number of distinct factorizations of 𝐺𝐺 as 𝑆𝑆𝑆𝑆 where 𝐻𝐻 is a subgroup of 𝐺𝐺 then and 𝑆𝑆 is a left transversals (with identity) 
to 𝐻𝐻 in 𝐺𝐺. 
 
Proof: Since every 𝐺𝐺 can be written as 𝐺𝐺 = 𝑆𝑆𝑆𝑆 where 𝐻𝐻 is a subgroup of 𝐺𝐺 and 𝑆𝑆 is a left transversals to 𝐻𝐻 in 𝐺𝐺. 
𝑟𝑟(𝑎𝑎) = 𝑟𝑟(𝑥𝑥ℎ) = 𝑥𝑥  as a 𝑟𝑟 −𝑚𝑚𝑚𝑚𝑚𝑚 (proposition 1.1.3). But if defined any other map except this then it cannot satisfy the 
condition 𝑟𝑟2 = 𝑟𝑟. Therefore it is not a 𝑟𝑟 − 𝑚𝑚𝑚𝑚𝑚𝑚 hence the result. 
 
1.3. EXTENTION OF 𝑯𝑯 
 
Let 𝐺𝐺 be a group with identity ′𝑒𝑒 and 𝑟𝑟:𝐺𝐺 ∈ 𝐺𝐺 be a 𝑟𝑟 − 𝑚𝑚𝑚𝑚𝑚𝑚. Let 𝐻𝐻 & 𝑆𝑆 be as defined in proposition 1.1.6 and 1.1.7 
respectively. Let 𝑥𝑥,𝑦𝑦 ∈ 𝑆𝑆 and ℎ ∈ 𝐻𝐻 then it can easily observed that 𝑥𝑥 ∙ 𝑦𝑦 = 𝑟𝑟(𝑥𝑥𝑥𝑥)𝑓𝑓(𝑥𝑥,𝑦𝑦) and ℎ ∙ 𝑥𝑥 = 𝑟𝑟(ℎ𝑥𝑥)𝜎𝜎𝑥𝑥(ℎ) for 
some 𝑓𝑓(𝑥𝑥,𝑦𝑦),𝜎𝜎𝑥𝑥(ℎ) and 𝑟𝑟(𝑥𝑥𝑥𝑥), 𝑟𝑟(ℎ𝑥𝑥) ∈ 𝑆𝑆 and, 𝑓𝑓 is a map for 𝑆𝑆 × 𝑆𝑆 to 𝐻𝐻 and for a fixed 𝑥𝑥 ∈ 𝑆𝑆,𝜎𝜎𝑥𝑥  is a map from 
𝐻𝐻 𝑡𝑡𝑡𝑡 𝐻𝐻. 
 
Theorem 1.3.1: Let 𝐺𝐺 be a group with identity ′𝑒𝑒′ and 𝑟𝑟:𝐺𝐺 → 𝐺𝐺 be a 𝑟𝑟 − 𝑚𝑚𝑚𝑚𝑚𝑚. Let 𝐻𝐻 & 𝑆𝑆 be as defined in proposition 
1.1.6 and 1.1.7 respectively. Let 𝐻𝐻 act on 𝑆𝑆 from left through an action 𝜃𝜃 as defined in proposition 1.1.12. Then the 
following:  

(i) 𝜎𝜎𝑥𝑥(ℎ1ℎ2) = 𝜎𝜎𝑟𝑟(ℎ2𝑥𝑥)(ℎ1)𝜎𝜎𝑥𝑥(ℎ2)  
(ii) 𝑟𝑟�𝑥𝑥(𝑦𝑦𝑦𝑦)� = 𝑟𝑟(𝑟𝑟(𝑥𝑥𝑥𝑥)𝑓𝑓(𝑥𝑥,𝑦𝑦)𝑧𝑧) 
(iii) 𝑟𝑟(ℎ(𝑥𝑥𝑥𝑥)) = 𝑟𝑟(𝑟𝑟(ℎ𝑥𝑥)𝜎𝜎𝑥𝑥(ℎ)𝑦𝑦) 
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(iv) 𝑓𝑓(𝑥𝑥, 𝑟𝑟(𝑦𝑦𝑦𝑦))𝑓𝑓(𝑦𝑦, 𝑧𝑧) = 𝑓𝑓(𝑟𝑟(𝑥𝑥𝑥𝑥), 𝑟𝑟(𝑓𝑓(𝑥𝑥,𝑦𝑦)𝑧𝑧))𝜎𝜎𝑧𝑧(𝑓𝑓(𝑥𝑥,𝑦𝑦)) 
(v) 𝜎𝜎𝑟𝑟(𝑥𝑥𝑥𝑥 )(ℎ)𝑓𝑓(𝑥𝑥,𝑦𝑦) = 𝑓𝑓(𝑟𝑟(ℎ𝑥𝑥), 𝑟𝑟(𝜎𝜎𝑥𝑥(ℎ)𝑦𝑦))𝜎𝜎𝑦𝑦(𝜎𝜎𝑥𝑥(ℎ)), where 𝑥𝑥,𝑦𝑦, 𝑧𝑧 ∈ 𝑆𝑆 and ℎ,ℎ1,ℎ2,∈ 𝐻𝐻. 

 
Proof: 
(i) Let 𝑥𝑥 ∈ 𝑆𝑆 and ℎ1,ℎ2,∈ 𝐻𝐻 
 
Then using ℎ ∙ 𝑥𝑥 = 𝑟𝑟(ℎ𝑥𝑥)𝜎𝜎𝑥𝑥(ℎ) and associativity of 𝐺𝐺 it follows 
𝑟𝑟�(ℎ1ℎ2)𝑥𝑥�𝜎𝜎𝑥𝑥(ℎ1ℎ2) = (ℎ1∙ℎ2) ∙ 𝑥𝑥 

= ℎ1 ∙ (ℎ2 ∙ 𝑥𝑥) 
= ℎ1�𝑟𝑟(ℎ2𝑥𝑥)𝜎𝜎𝑥𝑥(ℎ2)� 
= �ℎ1𝑟𝑟(ℎ2𝑥𝑥)�𝜎𝜎𝑥𝑥(ℎ2) 
= 𝑟𝑟��ℎ1𝑟𝑟(ℎ2𝑥𝑥)��𝜎𝜎𝑟𝑟(ℎ2𝑥𝑥)(ℎ1)𝜎𝜎𝑥𝑥(ℎ2) 
= 𝑟𝑟��ℎ1(ℎ2𝑥𝑥)��𝜎𝜎𝑟𝑟(ℎ2𝑥𝑥)(ℎ1)𝜎𝜎𝑥𝑥(ℎ2) 

 
So it follows that 
𝑟𝑟�(ℎ1ℎ2)𝑥𝑥� = 𝑟𝑟��ℎ1(ℎ2𝑥𝑥)�� ⇒ 𝐻𝐻 acts on 𝑆𝑆 from left and 𝜎𝜎𝑥𝑥(ℎ1ℎ2) = 𝜎𝜎𝑟𝑟(ℎ2𝑥𝑥)(ℎ1)𝜎𝜎𝑥𝑥(ℎ2) 
 
(ii) and (iii)  
 
Let 𝑥𝑥,𝑦𝑦, 𝑧𝑧 ∈ 𝑆𝑆. Then using 𝑥𝑥 ∙ 𝑦𝑦 = 𝑟𝑟(𝑥𝑥𝑥𝑥)𝑓𝑓(𝑥𝑥,𝑦𝑦) and associativity of 𝐺𝐺, it follows 
𝑟𝑟�𝑥𝑥(𝑦𝑦𝑦𝑦)�𝑓𝑓�𝑥𝑥, 𝑟𝑟(𝑦𝑦𝑦𝑦)�𝑓𝑓(𝑦𝑦, 𝑧𝑧) = 𝑟𝑟�𝑥𝑥𝑥𝑥(𝑦𝑦𝑦𝑦)�𝑓𝑓�𝑥𝑥, 𝑟𝑟(𝑦𝑦𝑦𝑦)�𝑓𝑓(𝑦𝑦, 𝑧𝑧) 

 = �𝑥𝑥 ∙ 𝑟𝑟(𝑦𝑦𝑦𝑦)�𝑓𝑓(𝑦𝑦, 𝑧𝑧) 
 = 𝑥𝑥 ∙ �𝑟𝑟(𝑦𝑦𝑦𝑦)𝑓𝑓(𝑦𝑦, 𝑧𝑧)� 
 = 𝑥𝑥 ∙ (𝑦𝑦 ∙ 𝑧𝑧) 
 = (𝑥𝑥 ∙ 𝑦𝑦) ∙ 𝑧𝑧 
 = �𝑟𝑟(𝑥𝑥𝑥𝑥)𝑓𝑓(𝑥𝑥,𝑦𝑦)�𝑧𝑧 
 = 𝑟𝑟(𝑥𝑥𝑥𝑥)(𝑓𝑓(𝑥𝑥,𝑦𝑦)𝑧𝑧) 
 = 𝑟𝑟(𝑥𝑥𝑥𝑥) �𝑟𝑟(𝑓𝑓(𝑥𝑥,𝑦𝑦)𝑧𝑧)𝜎𝜎𝑧𝑧�𝑓𝑓(𝑥𝑥,𝑦𝑦)�� 
 = �𝑟𝑟(𝑥𝑥𝑥𝑥)𝑟𝑟(𝑓𝑓(𝑥𝑥,𝑦𝑦)𝑧𝑧)�𝜎𝜎𝑧𝑧�𝑓𝑓(𝑥𝑥,𝑦𝑦)� 
 = 𝑟𝑟��𝑟𝑟(𝑥𝑥𝑥𝑥)𝑟𝑟(𝑓𝑓(𝑥𝑥,𝑦𝑦)𝑧𝑧)��𝑓𝑓�𝑟𝑟(𝑥𝑥𝑥𝑥), 𝑟𝑟(𝑓𝑓(𝑥𝑥,𝑦𝑦)𝑧𝑧)�𝜎𝜎𝑧𝑧�𝑓𝑓(𝑥𝑥,𝑦𝑦)� 
 = 𝑟𝑟�𝑟𝑟(𝑟𝑟(𝑥𝑥𝑥𝑥)𝑓𝑓(𝑥𝑥,𝑦𝑦)𝑧𝑧)�𝑓𝑓�𝑟𝑟(𝑥𝑥𝑥𝑥), 𝑟𝑟(𝑓𝑓(𝑥𝑥,𝑦𝑦)𝑧𝑧)�𝜎𝜎𝑧𝑧�𝑓𝑓(𝑥𝑥,𝑦𝑦)� 
 = 𝑟𝑟(𝑟𝑟(𝑥𝑥𝑥𝑥)𝑓𝑓(𝑥𝑥,𝑦𝑦)𝑧𝑧)𝑓𝑓�𝑟𝑟(𝑥𝑥𝑥𝑥), 𝑟𝑟(𝑓𝑓(𝑥𝑥,𝑦𝑦)𝑧𝑧)�𝜎𝜎𝑧𝑧�𝑓𝑓(𝑥𝑥,𝑦𝑦)� 

 
Thus 𝑟𝑟�𝑥𝑥(𝑦𝑦𝑦𝑦)� = 𝑟𝑟(𝑟𝑟(𝑥𝑥𝑥𝑥)𝑓𝑓(𝑥𝑥,𝑦𝑦)𝑧𝑧) 
 
and 𝑓𝑓�𝑥𝑥, 𝑟𝑟(𝑦𝑦𝑦𝑦)�𝑓𝑓(𝑦𝑦, 𝑧𝑧) = 𝑓𝑓�𝑟𝑟(𝑥𝑥𝑥𝑥), 𝑟𝑟(𝑓𝑓(𝑥𝑥,𝑦𝑦)𝑧𝑧)�𝜎𝜎𝑧𝑧�𝑓𝑓(𝑥𝑥,𝑦𝑦)� 
 
(iii) and (iv) 
 
Let 𝑥𝑥,𝑦𝑦 ∈ 𝑆𝑆 and ℎ ∈ 𝐻𝐻 then similarly using ∙ 𝑦𝑦 = 𝑟𝑟(𝑥𝑥𝑥𝑥)𝑓𝑓(𝑥𝑥,𝑦𝑦) , ℎ ∙ 𝑥𝑥 = 𝑟𝑟(ℎ𝑥𝑥)𝜎𝜎𝑥𝑥(ℎ) and associativity of 𝐺𝐺, it follows  

 𝑟𝑟(ℎ(𝑥𝑥𝑥𝑥)) = 𝑟𝑟(𝑟𝑟(ℎ𝑥𝑥)𝜎𝜎𝑥𝑥(ℎ)𝑦𝑦) 
and 

𝜎𝜎𝑟𝑟(𝑥𝑥𝑥𝑥 )(ℎ)𝑓𝑓(𝑥𝑥,𝑦𝑦) = 𝑓𝑓(𝑟𝑟(ℎ𝑥𝑥), 𝑟𝑟(𝜎𝜎𝑥𝑥(ℎ)𝑦𝑦))𝜎𝜎𝑦𝑦(𝜎𝜎𝑥𝑥(ℎ)) 
 
Proposition 1.3.2: Let 𝐺𝐺 be a group with identity "𝑒𝑒" and 𝑟𝑟:𝐺𝐺 → 𝐺𝐺 be a 𝑟𝑟 − 𝑚𝑚𝑚𝑚𝑚𝑚. Let 𝐻𝐻 and 𝑆𝑆 be as defined in 
proposition 1.1.6 and 1.1.7 respectively.  
 
Let 𝑥𝑥 ∈ 𝑆𝑆. Then  

(i) 𝜎𝜎𝑥𝑥(𝑒𝑒) = 𝑒𝑒 
(ii) 𝜎𝜎𝑒𝑒 = 𝐼𝐼𝐻𝐻 ,where 𝐼𝐼𝐻𝐻  is identity map on 𝐻𝐻 
(iii) 𝑓𝑓(𝑥𝑥, 𝑒𝑒) = 𝑒𝑒 = 𝑓𝑓(𝑒𝑒, 𝑥𝑥) 

 
Proof: 
(i) 𝜎𝜎𝑥𝑥(𝑒𝑒) = 𝜎𝜎𝑥𝑥(𝑒𝑒 ∙ 𝑒𝑒) 

= 𝜎𝜎𝑟𝑟(𝑒𝑒𝑒𝑒 )(𝑒𝑒)𝜎𝜎𝑥𝑥(𝑒𝑒)                              
= 𝜎𝜎𝑟𝑟(𝑥𝑥)(𝑒𝑒)𝜎𝜎𝑥𝑥(𝑒𝑒) 
⇒ 𝜎𝜎𝑥𝑥(𝑒𝑒) = 𝑒𝑒 
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(ii) Let ℎ ∈ 𝐻𝐻. 
 
Then ℎ𝑒𝑒 = 𝑟𝑟(ℎ𝑒𝑒)𝜎𝜎𝑒𝑒(ℎ) 

⇒ ℎ = 𝑒𝑒𝜎𝜎𝑒𝑒(ℎ) 
⇒ ℎ = 𝜎𝜎𝑒𝑒(ℎ) 
⇒ 𝜎𝜎𝑒𝑒 = 𝐼𝐼𝐻𝐻  

 
(iii) 𝑒𝑒𝑒𝑒 = 𝑟𝑟(𝑒𝑒𝑒𝑒)𝑓𝑓(𝑒𝑒, 𝑥𝑥) 
⇒ 𝑥𝑥 = 𝑟𝑟(𝑥𝑥)𝑓𝑓(𝑒𝑒, 𝑥𝑥) 
⇒ 𝑥𝑥𝑥𝑥 = 𝑥𝑥𝑥𝑥(𝑒𝑒, 𝑥𝑥) 
⇒ 𝑒𝑒 = 𝑓𝑓(𝑒𝑒, 𝑥𝑥) 

 
Similarly, it can be easily observed that 𝑓𝑓(𝑥𝑥, 𝑒𝑒) = 𝑒𝑒. 
 
Theorem 1.3.4: Let 𝐺𝐺 be a group with identity 𝑒𝑒 and 𝑟𝑟:𝐺𝐺 → 𝐺𝐺 be a 𝑟𝑟 −𝑚𝑚𝑚𝑚𝑚𝑚. Let 𝐻𝐻 and 𝑆𝑆 be as defined in proposition 
1.1.6 and 1.1.7 respectively. Then 𝐺𝐺 be an extension of the subgroup 𝐻𝐻 with a left transversal 𝑆𝑆 to 𝐻𝐻 in 𝐺𝐺. 
 
Proof: Let 𝐺𝐺 = 𝑆𝑆𝑆𝑆 denoted the Cartesian product of 𝑆𝑆𝑆𝑆. Let us denoted an ordered pair (𝑥𝑥,ℎ) by 𝑥𝑥ℎ. 

𝑥𝑥𝑥𝑥 ∙ 𝑦𝑦𝑦𝑦 = 𝑟𝑟�𝑥𝑥(𝑎𝑎𝑎𝑎)�𝑓𝑓�𝑥𝑥, 𝑟𝑟(𝑎𝑎𝑎𝑎)�𝜎𝜎𝑦𝑦(𝑎𝑎)𝑏𝑏                                                                                                               (1) 
 
Associativity of the binary operation " ∙ " is as follows:- 
 
Let ℎ, 𝑘𝑘, 𝑙𝑙 ∈ 𝐻𝐻 and 𝑥𝑥,𝑦𝑦, 𝑧𝑧 ∈ 𝑆𝑆 then 
(𝑥𝑥𝑥𝑥 ∙ 𝑦𝑦𝑦𝑦) ∙ 𝑧𝑧𝑧𝑧 
                  = �𝑟𝑟�𝑥𝑥(𝑎𝑎𝑎𝑎)�𝑓𝑓�𝑥𝑥, 𝑟𝑟(𝑎𝑎𝑎𝑎)�𝜎𝜎𝑦𝑦(𝑎𝑎)𝑏𝑏� ∙ 𝑧𝑧𝑧𝑧 
                  = 𝑟𝑟 �𝑟𝑟�𝑥𝑥(𝑎𝑎𝑎𝑎)�𝑟𝑟�𝑓𝑓�𝑥𝑥, 𝑟𝑟(𝑎𝑎𝑎𝑎)�𝜎𝜎𝑦𝑦(𝑎𝑎)𝑏𝑏𝑏𝑏�� 𝑓𝑓 �𝑟𝑟�𝑥𝑥(𝑎𝑎𝑎𝑎)�, 𝑟𝑟�𝑓𝑓�𝑥𝑥, 𝑟𝑟(𝑎𝑎𝑎𝑎)�𝜎𝜎𝑦𝑦(𝑎𝑎)𝑏𝑏𝑏𝑏�� 𝜎𝜎𝑧𝑧�𝑓𝑓�𝑥𝑥, 𝑟𝑟(𝑎𝑎𝑎𝑎)�𝜎𝜎𝑦𝑦(𝑎𝑎)𝑏𝑏�𝑐𝑐 

                  = 𝑟𝑟 �𝑟𝑟�𝑥𝑥(𝑎𝑎𝑎𝑎)�𝑟𝑟�𝑓𝑓�𝑥𝑥, 𝑟𝑟(𝑎𝑎𝑎𝑎)�𝜎𝜎𝑦𝑦(𝑎𝑎)𝑏𝑏𝑏𝑏�� 𝑓𝑓 �𝑟𝑟�𝑥𝑥(𝑎𝑎𝑎𝑎)�, 𝑟𝑟�𝑓𝑓�𝑥𝑥, 𝑟𝑟(𝑎𝑎𝑎𝑎)�𝜎𝜎𝑦𝑦(𝑎𝑎)𝑏𝑏𝑏𝑏�� 

                             𝜎𝜎𝑟𝑟�𝜎𝜎𝑦𝑦 (𝑎𝑎)𝑟𝑟(𝑏𝑏𝑏𝑏𝑏𝑏 )� �𝑓𝑓�𝑥𝑥, 𝑟𝑟(𝑎𝑎𝑎𝑎)�� 𝜎𝜎𝑟𝑟(𝑏𝑏𝑏𝑏) �𝜎𝜎𝑦𝑦(𝑎𝑎)� 𝜎𝜎𝑧𝑧(𝑏𝑏)𝑐𝑐 

                  = 𝑟𝑟 �𝑟𝑟�𝑥𝑥(𝑎𝑎𝑎𝑎)�� 𝑟𝑟�𝑟𝑟�𝜎𝜎𝑦𝑦(𝑎𝑎)𝑏𝑏�𝑧𝑧�𝑓𝑓 �𝑥𝑥, 𝑟𝑟 �𝑎𝑎 �𝑦𝑦�𝑟𝑟(𝑏𝑏𝑏𝑏)���� 𝑓𝑓 �𝑟𝑟(𝑎𝑎𝑎𝑎), 𝑟𝑟 �𝜎𝜎𝑦𝑦(𝑎𝑎)𝑟𝑟(𝑏𝑏𝑏𝑏)��𝜎𝜎𝑟𝑟(𝑏𝑏𝑏𝑏) �𝜎𝜎𝑦𝑦(𝑎𝑎)� 𝜎𝜎𝑧𝑧(𝑏𝑏)𝑐𝑐 

                  = 𝑟𝑟 �𝑥𝑥 �𝑎𝑎�𝑦𝑦(𝑏𝑏𝑏𝑏)��� 𝑓𝑓 �𝑥𝑥, 𝑟𝑟 �𝑎𝑎�𝑦𝑦(𝑏𝑏𝑏𝑏)���𝜎𝜎𝑟𝑟�𝑦𝑦𝑦𝑦 (𝑏𝑏𝑏𝑏 )�(𝑎𝑎)𝑓𝑓�𝑦𝑦, 𝑟𝑟(𝑏𝑏𝑧𝑧)�𝜎𝜎𝑧𝑧(𝑏𝑏)𝑐𝑐 

                  = 𝑥𝑥𝑥𝑥 ∙ �𝑟𝑟�𝑦𝑦(𝑏𝑏𝑏𝑏)�𝑓𝑓�𝑦𝑦, 𝑟𝑟(𝑏𝑏𝑏𝑏)�𝜎𝜎𝑧𝑧(𝑏𝑏)𝑐𝑐� 
                  = 𝑥𝑥𝑥𝑥 ∙ (𝑦𝑦𝑦𝑦 ∙ 𝑧𝑧𝑧𝑧) 
 
𝑒𝑒𝑒𝑒 is the identity element of 𝐺𝐺 = 𝑆𝑆𝑆𝑆 
 

Inverse of 𝑥𝑥𝑥𝑥 is 𝑟𝑟(𝑎𝑎−1𝑥𝑥 ′)𝜎𝜎𝑥𝑥 ′(𝑎𝑎−1)�𝑓𝑓(𝑥𝑥, 𝑥𝑥 ′)�
−1

. 
 
REFERENCE 
 

1. Artin, M. [2000] Algebra, Prentice Hall of India. 
2. Lal, R. [1996] Transversals in Groups, Journal of Algebra, 181, 70-81.  
3. Lal, R. [1996] Some Problems on Dedekind type Groups, Journal of Algebra, 181, 223-234. 
4. Lal, R. and Shukla, R. P. [1996] Perfectly Stable Subgroups of Finite Groups, Com. Alg. 24 (2), 643657.  
5. Lal, R. and Shukla, R. P. [2005] Transversals in Non-discrete groups, Proc. Ind. Acad. Sc. Vol. 115 No.4,  

429-435. 
6. Lal, R.  [2000], Algebra, Vol I, Shail Publications.  
7. Lal, R.  [2000], Algebra, Vol II, Shail Publications.  
8. Robinson, D.J.S. [1982] A course in the theory of groups, Springer- Verlag, New York. 
9. Henry, V.V. Srivastava,S. Paul, A[2016] Left Quasi Groups and Group Extension, International Journal of 

Modern Sciences and Engineering Technology (IJMSET), Volume 3, Issue 2, 2016, pp.39-45. 
 

 Source of Support: Nil, Conflict of interest: None Declared 
 

[Copy right © 2016, RJPA. All Rights Reserved. This is an Open Access article distributed under the terms of 
the International Research Journal of Pure Algebra (IRJPA), which permits unrestricted use, distribution, 
and reproduction in any medium, provided the original work is properly cited.] 
 


