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ABSTRACT
Molodtsov [1999] introduced the concept of soft set as a new mathematical tool for dealing with uncertainties that is
free from the difficulties that have troubled the usual theoretical approaches. Jun [2008] applied first the notion of soft
set by Molodtsov to the theory of BCK/BCl-algebra. In this paper, the notion of soft a-ideals and a-idealistic soft
BCl-algebra are introduced, and then investigated their basic properties. Using soft sets, characterizations of (fuzzy)
a-ideals in BCI algebra are given. Relations between fuzzy a-ideals and a-idealistic soft BCl-algebras are provided.
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SECTION1 - INTRODUCTION

To solve complicated problems in economics, engineering, and environment, we cannot successfully use classical
methods because of various uncertainties typical for those problems. There are three theories: theory of probability,
theory of fuzzy sets, and the interval mathematics which we can consider as mathematical tools for dealing with
uncertainties. But all these theories have their own difficulties. Uncertainties cannot be handled using traditional
mathematical tools but may be dealt with using a wide range of existing theories such as the probability theory, the
theory of (intuitionist) fuzzy sets, the theory of vague sets, the theory of interval mathematics, and the theory of rough
sets.

The most appropriate theory for dealing with uncertainties is the theory of fuzzy sets developed by Zadeh [1965]. Maji
et al. [2002] described the application of soft set theory to a decision making problem. Maji et al. [2003] also studied
several operations on the theory of soft sets. However, all of these theories have their own difficulties which are pointed
out in Molodstsov [1999]. Maji et al. [2002, 2003] and Molodtsov [1999] suggested that one reason for these
difficulties may be due to the inadequacy of the parameterization tool of the theory. To overcome these difficulties,
Molodtsov [1999] introduced the concept of soft set as a new mathematical tool for dealing with uncertainties that is
free from the difficulties that have troubled the usual theoretical approaches. Molodtsov pointed out several directions
for the applications of soft sets. At present, works on the soft set theory are progressing rapidly.

Chen et al. [2005] presented a new definition of soft set parameterization reduction, and compared this definition to the
related concept of attributes reduction in rough set theory. The algebraic structure of set theories dealing with
uncertainties has been studied by some authors.

The author (together with colleagues) applied the fuzzy set theory to BCK-algebras (Jun [2008]; Jun & Park [2008];
Jun & X [2001a, 2001b, 2001c] Meng [1994];), BCC-algebras ( Chen et.al. [2005]; Dudek & Stojokovic [2001];),
fuzzy B-algebra ( Jun et.al. [2002]), hyper BCK-algebras (Jun & Shim [2005]), MTL-algebras (Jun & Zhang [2005] ),
hemi rings (Jun & Oztark [2004]), implicative algebras (Jun [2001]), and lattice implication algebras (Chaudhry [1990].
Jun [2008] applied the notion of soft sets by Molodtsov to the theory of BCK/BCl-algebras. He introduced the notion
of soft BCK/BCl-algebras and soft sub algebras, and then derived their basic properties.

Jun and Park [2008] dealt with the algebraic structure of BCK/BCl-algebras by applying soft set theory. They discussed
the algebraic properties of soft sets in BCK/BCl-algebras. They introduced the notion of soft ideals and idealistic soft
BCK/BCl-algebras, and gave several examples. They investigated relations between soft BCK/BCl-algebras and
idealistic soft BCK/BCl-algebras.
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In this paper, the notion of soft sets is applied by Molodtsov to a-ideals in BCl-algebras. The notion of soft a-ideal and
a-idealistic are introduced in soft BCl-algebra, and then their basic properties are derived. Using soft sets,
characterizations of (fuzzy) a-ideals are given in BCl-algebras, relation between fuzzy a-ideal and a-idealistic in soft
BCl-algebra is provided.

SECTION 2 - BASIC RESULTS ON BCI-ALGEBRAS

(). A BCK-algebra is an important class of logical algebras introduced by Iski and was extensively investigated by
several researchers. Algebra (X; *, 0) of type (2, 0) satisfying the following axioms :(1) (X *y) * (x *2) * (z*y)) =0,
@ X*X*Y)*Y)=0;R)x*x=0,4)x*y=0andy*x=0imply x =y. Vx,y, z e X. If aBCl-algebra X
satisfies the following identity: (5) 0 * x = 0 for all x in X, then X is called a BCK-algebra. (II). In any BCK/BCI-
algebra X, define a partial order by putting x <y if and only if x *y = 0. (1lI). Every BCK/BCl-algebra’s X satisfies:
VX, Y, zeX, (X *y) * z = (X * z) *y.A non-empty subset S of a BCl-algebra X is a sub algebra of X if x *y € S,
VX, y € S. (IV). A subset H of a BCl-algebra X is an ideal of X if it satisfies the following axioms: (I11) 0 € H; (12)
Vxe X,y eHandx*y e Himplies x eH.(V). Any ideal H of a BCl-algebra X satisfies the following implication:
VX € X, Vy € H & <y —x e H. A subset H of a BCl-algebra X is called an a-ideal of X if it satisfies (11) and (13),
VxeX,zeX,yeHand(x*2z) *0*y) e H—-x *ye H. We know that every a-ideal of a BCl-algebra X is also an
ideal of X.

SECTION 3 - BASIC DEFINITIONS ON SOFT SETS

Definition 3.1 (Molodtsov, [1991]): Let U is an initial universe set and E is a set of parameters. Let P (U) denotes the
power set of U and A subset E. A pair (F, A) is a soft set over U, where F is a mapping given by F: A — P (U). In other
words, a soft set over U is a parameterized family of subsets of the universe U. For € € A, F(¢) may be considered as
the set of e-approximate elements of the soft set (F, A). Clearly, a soft set is not a set.

Definition 3.2 ([Maji et al. [2002, 2003]): Let (F, A) and (G, B) be two soft sets over a common universe U. The
intersection of (F, A) and (G, B) is defined to be the soft set (H, C) satisfying the following conditions: (i) C = AN B,
(ii) VeeC, H (e) = F (e) or G (e), (as both are same sets). In this case, we write (F, A) n (G, B) = (H, C).

Definition 3.3 ([Maji et al. [2002, 2003]): Let (F, A) and (G, B) be two soft sets over a common universe U. The
union of (F, A) and (G, B) is defined to be the soft set (H, C) satisfying the following conditions: (i) C = A U B,
(i) vee C,H((E) =F (e),ifeec A\B,G (e),ife e B\A; F(e) uG (e), ife e An B.In this case, write it as
(F, A)u (G, B)=(H,C).

Definition 3.4 ([Maji et al. [2002, 2003]): If (F, A) and (G, B) are two soft sets over a common universe U, then (F,
A) AND (G, B), denoted by (F, A)v(G, B) is defined by (F, A)v(G, B) = (H, (A X B), where H(a, B)= F(at) » G(B),
Vv (a,p) e AXB.

Definition 3.5 ([Maji et al. [2002, 2003]): If (F, A) and (G, B) are two soft sets over a common universe U, then™
(F, A) OR (G, B)" denoted by (F, A)W (G, B) is defined by (F, A)v(G, B) = (H, A X B), where H(a, B)= F(a) UG(B),
V(a, B) € AXB.

Definition 3.6 ([Maji et. al. [2002, 2003]): For two soft sets (F, A) and (G, B) over a common universe U. Then (F, A)
is a soft subset of (G, B) denoted by (F, A) < (G, B), if it satisfies: (i) A < B, (ii) F (¢) and G (¢) are identical
approximations for every € € A.

SECTION 4 - SOFT A-IDEAL

In what follows, let X and A be a BCl-algebra and a nonempty set, respectively, and R refers to an arbitrary binary
relation between an element of A and an element of X (is a subset of A x X without otherwise specified. A set valued
function F: A —P (U) can be defined as F(x) = {y in X: (X, y) in R} for all xe A. The pair (F, A) is a soft set over X

Definition 4.1: Let S is sub algebra of X. A subset | of X is called an ideal of X related to S (briefly, S-ideal of X),
denoted by I A S, if it satisfies: ()0 e I, (ii)V xe S,V yel,(x*y) e limpliesx € I.

Definition 4.2: Let S is sub algebra of X. A subset | of X is an a-ideal of X related to S (S-a-ideal of X), denoted by
I A .S, ifitsatisfies: (i) 0 e I, (ii) VX,ze S,Vy el, (x *2)*(0*y) € | implies x *ye I.
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Example 4.3: Let X= {0, 1, 2, a, b} be a BCl-algebra with the following Cayley table:

*

TN+ |O

TN~ |[O]| O
TN O[O -
T O, |[O|DN
TOIN|[F- O
Ol I N+ |O|T

Then S = {0, 1, 2, b} is a sub-algebra of X and 1= {0, 2, b} is S-a-ideal of X. Note that every S-a-ideal of X is an
S-ideal of X in BCK-algebra.

Definition 4.4: Let (F, A) be a soft set over X. Then (F, A) is a soft BCl-algebra over X if F(x) is sub algebra of
X, VX € A.

Definition 4.5: Let (F, A) be a soft BCl-algebra over X. A soft set (G, 1) over X is a soft ideal of (F, A) denoted by
(G,))) A (F, A), if it satisfies: (i) | c A, (ii))G(x)A Fx)VXx el

Definition 4.6: Let (F, A) be a soft BCl-algebra over X. A soft set (G, 1) over X is a soft a-ideal of (F, A), denoted by
(G, DA, (F,A)ifitsatisfies: () Ic A, ()G x)As FX) VX el.

Let us illustrate this definition using the following example.

Example 4.7 (soft a-ideal): Consider a BCl-algebra X = {0, 1, 2, a, b} which is given in (4.3). Let (F, A) be a soft set
over X, where A ={0, 1, 2, a}c X and F: A— P (U) is a set -valued function defined by F(x) = {ye X: y*(y * X) €
{0,1},vx € A. Then F (0) =F (1) =X, F (2) ={0, 1, a, b} and F (a) = f (0), which are sub algebras of X. Hence (F, A)
is as soft BCl-algebra over X. Let | = {0, 1, 2} A and G:—+ P (U) be a set-valued function defined by
G(X)=2Z[{0,1}], &ifx=2, [0]if x € {0, 1} where Z(0, 1) = {x € X :0%(0 * x) € {0, 1}. Then G(0) A , F(0),
G(1) AF(1)and G(2) A,F(2). Hence (G, I) is a soft a-ideal of (F, A).

Note that every soft a-ideal is a soft ideal.

But the converse is not true as seen in the following example.

*|!0|la|lbjc|d
0|0(0|0|0]|O
ala|0O|ala]|a
b|{b|b|O|b|b
c|lc|jc|c|0]|O0
d|d|d|{d|d]|O

Example 4.8 (not soft a-ideal): Let X = {0, a, b, ¢, d} be a BCK-algebra, and hence a BCl-algebra, with the following
Cayley table:

For A = X, define a set-valued function F: A— P(X) by F(x) ={y € X: y*(y*x)e{a, 0}}, Vx € A. Then (F, A) is a
soft BCl-algebra over X.

(1) Let (G, I) be a soft set over X, where I={a, b, ¢, d} and G: HP(X) is a set-value function defined by
G(x) ={y € X: y*(y* x) € {0, d}}, Vx € L Then G(a)= {0,b,¢c,d} A X =F(a), G(b)={0, a, ¢, d} A{0, a, c, d}= F(b)
and G (¢)={0, a, b, d}A{ 0, a, b, d}=F(c), G(d) = {0, a ,b, d} A {0, a, b, ¢} F(d). Hence (G, I) is a soft ideal of (F, A).
But (G, I) is not a soft a-ideal of (F, A), since (a *a)*(0*a) =0e G (a) and a ¢ G (a).

(2) For I ={a, b, c, d}, let H: > P(X) be a set -valued function defined by H (x) = {0} u {y € X: x<y}, Vx el
Then H(a)= {0, a} A X = F(a),H(b)={0, b}A{0, a, c, d}= F(b) and H(c)={0, c} A{0, a, b, d}= F(c),H(d) ={0, d} A
{0, a, b, c} =F(d). Therefore (H, 1) is a soft ideal of (F, A). But (H, 1) is not a soft a-ideal of (F, A) since. Since
(b *b)*(0*b) =0 H@andb ¢ H (a).

Theorem 4.9: Let (F, A) be a soft BCl-algebra over X. Then (G, l1) A, (F, A), (Gy, 12) Au(F, A) =(Gy, 1) (Gy, 15) A,
(F, A) for any soft sets (G, 1,) and (G, I,) over X.

Proof: Using (3.2), we can write (Gy, 11) A (G, 1,) = (G, 1), where | = 1A 1, and G(X)= G4(x) or G,(x) for all x € I.
Obviously, Ic A and G: | — P(X) is a mapping. Hence (G, 1) is a soft set over X. Since (G, 11) A, (F, A) and
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(Ga, 1)) A, (F, A), it knows that G (x) = Gi(x) Ay F(X) or G (X) = Ga(x) Ay F(X),¥X € I. Hence (Gy, I1) A (Gy, ) =
(G, I) A 5 (F, A). This completes the proof.

Corollary 4.10: Let (F, A) be a soft BCl-algebra over X. For any soft sets (G, 1) and (H, 1) over X. Then
(G, DA(F, A), H, DA (F,A) = (G D (H,D A (F, A).

Proof: Straightforward.

Theorem 4.11: Let (F, A) be a soft BCl-algebra over X, For any soft sets (G, 1) and (H, J) over X in which I and J are
disjoint, then (G, 1) A, (F, A), (H, J) Ai(F, A) —(G, ) (H, J) A, (F, A).

Proof: Assume that (G, I) A, (F, A) and (H, J) A, (F, A). By (3.3), we can write (G, 1) u (H, J) = (K, U), where
U=lu Jandforeveryx e U.KX)=G (x),ifxe NJ;H(X),ifxe J\I;, G(X) UH (X),ifx e I n J. Since
I nJ=0;eitherx e I\Jorx eJ\Ilforall x e U.Ifx e I'\], then H(x) = G (x) A; = F(x) since (G, I) A, (F, A). If
x e\, then K(x) = H(x) A, F(X), since. (H, J) A, (F, A). Thus H(x)A, F(x),vxeU, and (G, 1) A (H, J)=H, U) A, (F, A),

Example 4.12 (Union of soft a-ideals): If | and J are not disjoint in (4.11), the conclusion of (4.11) does not follow.
Let X ={0, 1, a, b, c} be a BCl-algebra with the following Cayley table:

O |T|(|k|IO|O

O |T|w |O|0(F

O |T|T|T

O |T|(D |k IO *
O Ol ||
O (OO0

For A = {0, 1} < X, let F: A— P(X) be a set -valued function defined by F(X) = {y € x: y *x =y}, VX € A. Then
F (0) =X and F (1) = {0, a, b, c}, which are sub algebras of X, and hence (F, A) is a soft BCl-algebra over X. If we
take | = A and define a set-valued function G: | - P(X) by G(x) = {y € X: X *(x *y) € {0, b}}, Vx e |, then we
obtain that G (0)= {0, 1, b} A, F(0) and G (1)={0, 1, b} A, F(1), This means that (G, DAg (F, A).

Now, consider J = {0} which is not disjoint with I, and let-H(X) be a set-valued function defined by
HX ={y e X: x *(x *y) € {0, c}}, Yx € J. Then H (0) = {0, 1, ¢} A= F (0), and so (H, J) A, (F, A). But if
(H, U) = (G, I) u (H, J), then H(0)= G (0) w H(0) = {0, 1, b, c}, which is not an a-ideal of X related to F(0) since
(a*0)*(b*0)=acH(0) and a € H(0). Hence (H, U) = (G, I) u (H, J) is not a soft a-ideal of (F, A).

SECTION 5 - A-IDEALISTIC SOFT BCI-ALGEBRA

Definition 5.1: Let (F, A) be a soft set over X. Then (F, A) is an idealistic soft BCl-algebra over X if F(x) is an ideal of
X, Vx e A

Definition 5.2: Let (F, A) be a soft set over X. Then (F, A) is a-idealistic soft BCl-algebra over X if F(x) is a-ideal of
X,Vx e A

Example 5.3: Consider a BCl-algebra X = {0, 1, 2, a, b} which is given in (4.3). Let (F, A) be a soft set over X, where
A =X and F: A> P(X) is a set -valued function defined by F(x) = Z {0, 1}, if x € {2, a, b}, X, if x € {0, 1}, where
Z {0, 1} ={x € X: 0 *(0 *x) {0, 1}}.

Then (F, A) is an a-idealistic soft BCl-algebra over X. For any element x of a BCl-algebra X, the order of x is defined
o(x)=min { n € N :0*x{n}= 0},where 0*x*{n} =( ... {0 *x}*x...) *x in which x appear n-times.

Example 5.4 (not a-idealistic soft BCl-algebra): Let X = {0, a, b, c, d, e, f, g} and consider the following Cayley
table:

*|0la|b|c|d|e|f]|g
0]0/0(0|0|g|g]|g]|g
alal0|0]|0|flglglyg
b b|b|0]|0|e|f|lg]|g
cic|bla|0|d|e|f]|g
d{d|e|f|g|0]0]0]|O0
ele|f|lg|lgla|0]|0]|O0
flflg|lg|lg|b|b|0]O0
g/g9/9fglgjc|blaloO
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Then (x;*, 0) is a BCl-algebra. Let (F, A) be a soft set over X, where A ={a, b, c}c X and F: A — P(X) is a set-valued
function defined as follows. F(x) = {y €X: o(x) = o(y)}, Vx € A. Then F (&) = F (b) = F(c) = {0, a, b, c} is an a-ideal of
X. Hence (F, A) is an a-idealistic soft BCl-algebra over X. But, if we take B = {a, b, d, f} = X and define a set-valued
function G: B— P(X) by G (x)={0} w{ye X: o(X)= 0o(y)}, VX e B, then (G, B) is not ana-idealistic soft BCl-algebra
over X since G (d)={0, d, e, f, g} is not a a-ideal of X.

Example 5.5: Every a-idealistic soft BCl-algebra over X is an idealistic soft BCl-algebra over X. Consider a BCI-
algebra X = {0, a, b, c} with the following Cayley table:

OO0 |T|T
ol |T(O |0

O (T|o |O| *
O |T| (OO0
|0 |0l |

Let A=X and F: AP(X) is a set -valued function defined as follows F(x) = {0, x}, VxeA. Then F(0)=(0);
F(a)={0, a}; F(b)= {0, b} and F(c)={0, c} which are ideals of X. Hence (F, A) is an idealistic soft BCl-algebra over X
(see [17]). Note that F(x) is an a-ideal of X for all xeA. Hence (F, A) is a a-idealistic soft-BCl-algebra over X.
Obviously, every a-idealistic soft BCl-algebra over X is an idealistic soft BCl-algebra over X, but the converse is
not true in the following example

Example 5.6: (an idealistic soft BCl-algebra over X need not be an a-idealistic soft BCl-algebra over X) Consider
a BCl-algebra X=Y x Z, where {Y, *, 0} is a BCl-algebra and (Z, -, 0) is the ad joint BCl-algebra of the additive group
(Z, +, 0) of integers. Let F: X — P(X) be a set-valued function defined as follows f{y, n} =Y x Ny, ifnin Ng {0, 0},
otherwise V(y, n)e X, where Ny is the set of all non-negative integers. Then (F, X) is an idealistic soft BCl-algebra
over X (see [17]).But it is not an a-idealistic soft BCl-algebra over X since {(0, 0)} may not be an a-ideal of X.

Theorem 5.7: Let (F, A) and (F, B) be soft sets over X where BcAcX. If (F, A) is an a-idealistic soft BCl-algebra
over X, then so is (F, B).

Proof: Straightforward.
The converse of (5.7) is not true in the following example.

Example 5.8: Consider an a-idealistic soft BCl-algebra (F, A) over X which is described in (5.4). If we take
B ={a, b, c,d} o A, then (F, B) is not a a-idealistic soft BCl-algebra over X since F (d) = {d, e, f, g} is not a a-ideal of
X.

Theorem 5.9: Let (F, A) and (G, B) be two a-idealistic soft BCl-algebras over X. If A n B # 0, then the intersection
(F, A) N (G, B) is an a-idealistic soft BCl-algebra over X.

Proof: Using (3.2), we can write (F, A) N (G, B) = (H, C), where C = An B and H (x) = F(x) or G (x) Vx € C. Note
that H: C— P(X) is a mapping, and therefore (H, C) is a soft set over X. Since (F, A) and (G, B) are a-idealistic soft
BCl-algebras over X, it follows that H (x) = F(x) is an a-ideal of X, or H (x) = G (X) is a a-ideal of X,V x € C. Hence
(H, C) = (F, A) n(G, B) is a-idealistic soft BCl-algebra over X.

Corollary 5.10: Let (F, A) and (G, A) be two a-idealistic soft BCl-algebras over X. Then their intersection
(F, A) n(G, A) is an a-idealistic soft BCl-algebra over X.

Proof: Straightforward.

Theorem 5.11: Let (F, A) and (G, B) be two a-idealistic soft BCl-algebras over X. If A and B are disjoint, then the
union (F, A) U (G, B) is an a-idealistic soft BCl-algebra over X.

Proof: Using (3.3), write this as (F, A) u (G, B) = (H, C), where C = A UB and for every xeC, H (X) = F(x), if
X € A\ B; G(x), if x € B\A; F(x) U G (x), if x eAn B. Since An B =0; eitherx ¢ A\Borx eB\Avx e C.If
xeA\ B, then H (X) = F(x) is an a-ideal of X since (F, A) is an a-idealistic soft BCl-algebra over X. If x eB \ A, then
H (x) = G(x) is an a-ideal of X since (G, B) is an a-idealistic soft BCl-algebra over X. Hence. (H, C) = (F, A) U (G, B)
is an a-idealistic soft BCl-algebra over X.
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Theorem 5.12: If (F, A) and (G, B) are a-idealistic soft BCl-algebras over X, then (F, A) n (G, B) is an a-idealistic soft
BCl-algebra over X.

Proof: By (3.4), it follows that (F, A) A (G, B) = {H, A x B}, where H (x, y) = F(X)n G (y) V(X, ¥) € Ax B. Since
F(x) and G (y) are a-ideals of X, the intersection F(x) N G (y) is also an a-ideal of X. Hence H (X, y) is an a-ideal of X
for all (x, y) €A x B, and therefore (F, A)A (G, B) = (H, A x B) is an a-idealistic soft BCl-algebra over X.

Definition 5.13: A a-idealistic soft BCl-algebra (F, A) over X is said to be trivial (resp., whole) if F(x) = {0} (resp.,
F(x) = X),VxeA.

Example 5.14(Trivial and whole a-idealistic soft BCl-algebras): Let X be a BCl-algebra which is given in Example
5.5, and let F: X>P(X) be a set -valued function defined by F(x) = {0} u{y € X: o(xX) = o(y)}; Vx € X. Then
F (0)= {0} and F (a) = F (b) = F(c) = X. We can check that {0} A, X and X A,X. Hence (F, {0}) is a trivial a-idealistic
soft BCl-algebra over X and (F, X\ {0} is a whole a-idealistic soft BCl-algebra over X. The proofs of the following
three lemmas are straight forward, so they are omitted.

Lemma 5.15: Let f: X — Y is an onto homomorphism of BCl-algebras. If | is an ideal of X, then f (1) is an ideal of Y.

Lemma 5.16: Let f: X =Y is an isomorphism of BCl-algebras. If | is an a-ideal of X, then f (I) is an a-ideal of Y. Let
f: X—>Y is a mapping of BCI -algebras. For a soft set (F, A) over X, (f (F), A) is a soft set over Y where
f (F): A —P(Y) is defined by f (F) (x) = f (F(x)), VX € A.

Lemma 5.17: Let f: X— Y is an isomorphism of BCl-algebras. If (F, A) is an a-idealistic soft BCl-algebra pover X,
then (f (F), A) is an a-idealistic soft BCl-algebra over Y.

Theorem 5.18: Let f: X —Y is an isomorphism of BCl-algebras and let (F, A) be an a-idealistic soft BCl-algebra over
X.

(1) If F(x) < kern () for all x €A, then (f (F), A) is a trivial a-idealistic soft BCl-algebra over Y.
(2) If (F, A) is whole, then (f (F), A) is a whole a-idealistic soft BCl-algebra over Y.

Proof:
(1) Assume that F(x) < kern (f), Vx €A. Then f (F) (x) = f (F(x)) = {0y} for all x €A. Hence (f (F), A) is a trivial
a-idealistic soft BCl-algebra over Y by (5.17) and (5.13).
(2) Suppose that (F, A) is whole. Then F(x) = X,¥x €A, and so {f (F) x) = f (F(x)) = f(X) = Y, Vx € A. It
follows from Lemma 5.17 and Definition 5.13 that (f (F), A) is a whole a-idealistic soft BCl-algebra over Y.

Definition 5.19: A fuzzy p in X is a fuzzy a-ideal of X if it satisfies the following assertions:
(i) (v x eX) (u(0) = p(x), (ii) (v, y, z € X) (u(x*y) = min {u{(x * 2)*(0 *y)), u(2)})

Lemma 5.20: A fuzzy set n in X is a fuzzy a-ideal of X if and only if it satisfies:
(Vtel0, 1)U (u;t) =0=U (u; t) is a a-ideal of X)

Theorem 5.21: For every fuzzy a-ideal pof X, there exists an a-idealistic soft BCI-algebra (F, A) over X.

Proof: Let p be a fuzzy a-ideal of X. Then U (u; t) = {x € X |u(x) >t} is an a-ideal of X for all te Im (p). If we take
A = Im (u) and consider a set-valued function F: A— P(X) given by$ F (t) = U ( p; t),Vte A, then F(f, A) isan
a-idealistic soft BCl-algebra over X.

Conversely, the following theorem is straightforward.

Theorem 5.22: For any fuzzy set u in X, if an a-idealistic soft BCl-algebra (F, A) over X is given by A = Im (u) and
F@{®)=U(ut), Vte A, thenis a fuzzy a-ideal of X.

Proof: Let p be a fuzzy setin X and let (F, A) be a soft set over X in which A =1Im (u) and F: A— P(X) is a set -
valued function defined by (V' t € A) (F (t) ={xe X: |u(x) + t> 1} t). Then there exists t € A such that F (t) is not an
a-ideal of X as seen in the following example.

Example 5.23 nor a-ideal): For any BCl-algebra X, define a fuzzy set p in X by u(0) = t; < 0.5 and p(x) =1 — to,

vx#0.Let A=Im (un) and F: A— P(X) is a set-valued function given by (5.2). Then F (1 — tg) = X \{0}, which is not
a-ideal of X.
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Theorem 5.24: Let p be a fuzzy set in X and let (F, A) be a soft set over X in which A = [0, 1] and F: A— P(X) is
given by (5.2). Then the following assertions are equivalent: (1) pn is a fuzzy a-ideal of X,(2) For every t €A with
F ()= 0, F (t) is an a-ideal of X.

Proof: Assume that p is a fuzzy a-ideal of X. Let t € A be such that F (t) = 0. If we select xe F(t), then
p0)+t>p(x)+t>1landso0 e F (t). Lett € Aand X, y, z eA be such thaty € F (t) and (x*2)*(0 *y)e F (t). Then
u(y) +t>1and p ((x *2) *(0 *y)) t > 1. Since p is a fuzzy a-ideal of X, it follows that

p(x*y) +t= min {u((x *2)*(0 *y)), n (2)} + t = min {p((x *2)*(0 *y)) +t, p(z) + t}>1.
So that xe F (t), Hence F (t) is an a-ideal of X, Vt € A with F (t) = 0.

Conversely, suppose that (2) is valid. If there exists ane X such that p(0) < p(a), then we can select t , € A such that
u(0) +t,< 1 < pu(a) +t,. It follows that ae F (t,) and 0 = F (t ), which is a contradiction. Hence u(0) > u(x), vx € X.
Now, assume that p (a *b) <min {u((a *c)*(0 *c)), u(b)}, for some a, b, ¢ € X. Then p(a) +Sp < 1< min p ((a *c)*
(0 *b)), u(c)}+S, for some SyeA, which implies that (a *c)*(0*c) € F (So) and beF (Sp), but agF (Sg). This is a
contradiction. Therefore p(x) > min {u((x *z)*(0 *y)), w(2)}, VX, y, z €X, and thus p is a fuzzy a-ideal of X.

Corollary 5.25: Let p  be a fuzzy set in X such that p (X) > 0.5 for some x € X, and let (F, A) be a soft set over X in
which A= {t € Im(w)|t > 0.5} and F: A—> P(X) is given by (5.2). If p is a fuzzy a-ideal of X, then (F, A) is an
a-idealistic soft BCl-algebra over X.

Proof: Straightforward.

Theorem 5.26: Let p be a fuzzy set in X and let (F, A) be a soft set over X in which A = (0.5, 1] and F: A> P(X) is
defined by (V t € A) (F (t) =U (u; t)). Then F (t) is an a-ideal of X for all t € A with F (t)= 0 if and only if

(1) (v x € X) (Max {u(0), 0.5} > u(x)); (2) (vx, y, z € X) (max {u(x *y), 0.5} = min {u {(x*2)*(0 *y), u(2)}).

Proof: Assume that F(t) is an a-ideal of X for all te A with F(t) #0. If there exists Xy,eX such that max {u(0), 0.5}
< u( Xp), then we can select toe A such that max{u(0), 0.5} <ty < u(Xy). It follows that p(0) < tyso that Xye F (tp) and
0¢F (to). This is a contradiction, and so (1) is valid. Suppose that there exist a, b, ¢ € X such that max {u(a), 0.5} <
min (u(@ *c)*(0 *c)), w(b)}.Then max {u(a), 0.5} < uy < Min {u((a *c)*(0*b)), u(b)}, for some udcA. Thus (a *c)*
(0 *b)eF (ug) and be F (up) but a ¢ F(uo). This is a contradiction, and so (2) is valid.

Conversely, suppose that (1) and (2) are valid. Let te A with F(t)=0, for any xeF(t), it gives that Max {u(0), 0.5} > u(x)
>t>0.5and so u(0)=t, (ie) 0 € F (t). Letx, y, z eX be such thaty € F (t) and (x *2)*(0 *y)e F (t). Thenu(y) >t and
p(x *z)*(0* y))>t. It follows from the second condition that Max {u(x), 0.5} >min {u((x * 2)*(z * y)), u(y)}= t >0.5, so
that u(x) > t, i.e., X e F (t). Therefore F (t) is an R-ideal of X, ¥t € A with F (t) = 0.
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