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ABSTRACT

The intent of this paper is to initiate the concept of weak-compatibility and semi-compatibility in the context of fuzzy
metric spaces. The follow-up investigations by many other mathematicians in due course established a lot of interesting
results. Picked up some ideas from these results we established some common fixed point theorem on fuzzy metric
space for four mappings which is the generalization of results of Som [2] and Mukherjee [1].

MAIN RESULT

Theorem 1: Let A, B, Sand T be self mappings of a complete fuzzy metric space (X, M, *) satisfying
@ AX)=T(X), B(X) =S(X),
(b) one of A or S is continuous,
(c) the pair (A, S) is semi-compatible and (B, T) is weak-compatible,
(d) aM(AXx, By, t) - bM(Sx, Ty, t) > ¢ {M(Sx, Ty, t), M(Sx, Ax, t), M(Sx, By, t), M(Ty, Ax, t), M(Ty, By, t)},
where ¢ : (R")° — R" is continuous and strictly increasing in each co-ordinate variable such that for all x,y€X,a<b

+1 and for anyv <1, ¢ (v, v, a,v, av,v) >v, a;+a, =3. Then A, B, S and T have a unique common fixed point in X.

Proof: Let X, be any arbitrary point. Since A(X) < T(X) and B(X) < S(X) then there exists Xy, X, € X such that
AX,=TX1=Yy1, BXp = SXp = Y5,

Inductively, construct two sequences {y,} and {x,} in X such that
Vo1 = AXon = TXone,
Yons2 = BXons1 = SXonso; N=0,1,2,3, ...

Let M, = M(Yn, Yo+, 1); N=0,1,2,3, ...

We claim that {M,} is a increasing sequence, suppose on the contrary that My, > M1, for some n.

Putting X = X, and y = Xon4q in (d), we get
aM(AXan, BXane1, 1) - DM(SXan, TXon41, t) > (I){M(SXZny TXan+1, 1), M(SXan, AXan, 1), M(SX2n, BXans1, 1),
M(TXzn+1, AXan, 1), M(TXon41, AXonea, )}

= aM(Yzn+1, Yons2, 1) = DM(Y2n, Yons1, 1) > (I) {M(Yan, Yans, 1), M(Yon, Yonsg, 1), M(Y2n, Yon+2, 1)
M(Yzn+1s Yansts )y M(Yanets Yani2)}

= aMyy—b My, > ¢{M2n: Man, Mg + Mansa, 1, Manir}
> (I) {M2n+1y M2n+1, 2M2n+1 + M2n+l! M2n+l}

> Mansg
= M2n+1>7b Mzn
a-1
= Mazn+1> Mg, [‘ra<b+1]

which is a contradiction.
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Thus {M,} is increasing sequence of positive real number in [0, 1] and therefore |jm =1.

n—ow

Now, we show that {y,} is a cauchy sequence. Since |jmn =1, it is sufficient to show that {y.} is a cauchy

n—oo

sequence.

Suppose that it is not so, then there is an € > 0 such that for each integer 2k (k =0, 1, 2, ...) there exists even integer
2nk and 2mk with 2k < 2nk < 2mk such that
M(Yarks Yok £) <1 - €; forsomet > 0. (D)

Let for each even integer 2k, 2mk be the least positive integer exceeding 2nk satisfying (1), then
M(Yanks Yomk-2, ) > 1 —¢ and
M(Yank, Yomk, 1) < 1 - . @

As such, for each even integer 2k, we have
1- &> M(Yank Yamks ) > M(Yanks Yomk-2s 1/3) *M(Yamk-2: Yomie1, U3) *M(Yamkt, Yomk, U3).

So by (2) and as k — oo, we get
imM Yok, Yomio 1) =1 -¢. 3)

n—o

Now, using (3) in the triangular inequalities
M(Yanks Yomk-1: 1) > M(Yanks Yomio 12) * M(Yami, Yomke1, 1/2)
and
M(Yanks1s Yomiet, 1) > M(Yanksts Yok 1/3) * M(Yanko Yomio 1/3) * M(Yomik, Yomke1, 1/3).

Taking kK — oo, then
M(Yonks1, Yomker, ) > 1-¢ *1=1-¢
and
M(Yanket, Yomk, ) > 1*1-¢ *1=1-¢.

Then

M(Yana Yka) > M(Yany Yonk+1 t/Z) * M(Yan+1a Yomks t/Z)
= M(Yanks Yanks1, 12) * M(BXonk, AXomi-1, 1/2)
2

> M(Yank, Yonks1, 1/2) * g@ PYE {M(Sxzmi-1, TXank, 12),
M(SXzomi-1, AXomiet, 12), M(SXomi1, BXania 1/2),

b
M(TXankr AXomi-1, 1/2), M(TXonk, BXonk, t/2}+ E M(SXomk-1, TXank, t/2)
1
= M(Yankr Yonke1, 1/2) * gﬁD{M(Yzmk-l: Yanks 12), M(Yamk-1, Yomk, U2),
b
M(Yamk-1: Yonk+1, 12), M(Yank, Yamio 12) {MYanks Yonke1} + E M(Yomi-1, Yonks 1/2).

Ontakingk — oo

1
1-e>=¢p {1-£0,1-5,1-50}+ P (1-¢)
a

a
1 (1-s)+9(1-g) = 1+b (1.
a a a
= 1l-¢>1-¢€

which is a contradiction.

Hence {y,.} is a cauchy sequence in X. By completeness of X, {y,} converges to z € X. Hence, the subsequences
{AXZH} — Z, {SXZH} —>Z, (4)

{TX2n+1} —>Z, {BX2n+1} —Z (5)
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Since the limit of a sequence in fuzzy metric space is unique we obtain that
Az =Sz

Step-1: Now, we will prove that Az = z. Suppose on the contrary Az # z.

By putting X =z, ¥ = Xpn41 in (d) we have
aM(Az, BXon1, t) — BM(Sz, TXop41, ) 2(]){M(Sz, TXons1, 1), M(Sz, Az, t), M (Sz, BXons1, 1), M(TXone1, AZ, 1),
M(TXzn+1, BXons1, )}

= aM(Az, z,t) - bM(Az, z, t) > ¢{M(Az, z,t), M(Az, Az, t), M(Az, z, t), M(z, Az, t), M(z, z, 1)}
> O {M(Az, 2, 1), 1, M(Az, 7, 1), M(Az, 7, 1), 1}
> O {M(Az, 2, 1), M(AZ, 7, 1), 2M(Az,z, 1), M(Az, 7, 1), M(Az, z, 1)}

= (a-b) M(Az, z,t) > M(Az, z, 1)
which is a contradiction.

Hence z=Az=Sz.

Step-2: Since A(X) C T (X), there exists u € X such that
z=Az=Tu.

Now, we have to prove that z = Bu, suppose on the contrary that z = Bu

Putting X = Xn ¥ = U in (d) we get.
aM(Axz, Bu, t) = bM(Sxz,, Tu, t) = ¢{M(Sx2n, Tu, t), M(Sxzn, AXon, 1), M(SXan, Bu, t), M(Tu, Axan, t), M(Tu, Bu, t)}.

On taking limit as n — oo and using (4) we obtain that
aM(z, Bu, t) —bM(z, z,t) > ¢{M(z, z,t), M(z, z, t), M(z, Bu, t), M(z, z, t), M(z, Bu, t)}

> aM(z, Bu, t) —b > ¢ {1, 1, M(z, By, 1) 1, M(z, Bu, 1)}

aM(z, Bu, t) - bM(z, Bu, t) > (I){M(z, Bu, t), M(z, Bu, t), 2M(z, Bu, t), M(z, Bu, t), M(z, Bu, t)}

(a-b) M(z, Bu, t) >M(z, Bu, t)
which is a contradiction.

Hence z=Bu=Tu and the weak compatibility of (B, T) gives
TBu = Btu

i.e.Tz=Bz

Step-3: By putting x =z, y =z in (d) and assuming Az # Bz, we have.
aM(Az, Bz, t) - bM(Sz, Tz, t) > ¢{M(Sz, Tz, t), M(Sz, Az, t), M(Sz, Bz, t), M(Tz, Az, t), M(Tz, Bz, t)}

= aM(Az, Bz, t) - b M(Az, Bz, t) > (|){M(Az, Bz, t), M(Az, Az, t), M(Az, Bz, t), M(Bz, Az, t), M(Tz, Tz, t)}
= (a-b) M(Az, Bz, t) > (I){M(Az, Bz, 1), 1,(M(Az, Bz, t), M(Az, Bz, t), 1}
> (I){M(Az, Bz, t), M(Az, Bz, t), 2M(Az, Bz, t), M(Az, Bz, t), M(Az, Bz, t)}
= (a-b) M(Az, Bz, t) > M(Az, Bz, 1)
Which is a contradiction. Hence Az = Bz.

Combining the result from Steps 1, 2, 3 we obtain that
z=Az=Bz=S5Sz=Tz

Therefore z is a common fixed point of A, B, Sand T.
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Case-2: S is continuous

As S is continuous and (A, S) is semi-compatible, we have.
SAXsn — Sz, S%%p, —> Sz, ASXp, — Sz (6)

Thus, lim SAX,, = lim ASx,, =Sz

n—oo n—o0
We prove Sz = z, suppose on the contrary that Sz = z.

Step-4: Putting X = SXpp, Y = Xan41 in (d)
aM(ASXan, BXan+1, t) = BM(SSXzn, TXon41, 1) > ¢ {M(SSxzn, TXans+1, 1), M(SSXzn, ASXan, 1),_M(SSXzn, BXans1, 1),
M(TXzn+1, ASXzn, 1), M(TXzn41, BXons1, 1)}

= aM(Sz, z, t) - bM(Sz, z, ) zd){M(Sz, z,t), M(Sz, Sz, t), M(Sz, z, t), M(z, Sz, t), M(z, z, 1)}
> G {M(Sz, 2, 1), 1, M(Sz, 7, 1), M(Sz, 7, 1), 1}
> O {M(Sz, 2, 1), M(Sz, 2, 1), 2M(Sz, z, 1), M(Sz, Z, 1), M(Sz, z, 1)}

= (a-b) M(Sz, z,t) > M(Sz, z, 1)
which is a contradiction. Hence Sz = z.

Step-5: By putting X = z, ¥ = Xon41 in (d)
aM(Az, BXop+1, t) — BM(Sz, TXon41, t) > (I){M(Sz, TXone1, 1), M(Sz, Az, 1), M(Sz, BXone1, 1), M(TXon41, AZ, 1),
M(TXzn+1, BXans1, 1)}

= aM(Az, z,t) -bM(z, z, t) > (I){M(z, z, 1), M(z, Az, t), M(z, z, 1), M(z, Az, t), M(z, z, t)}
= aM(Az,z,t) b > O {1, M(Az, 7, 1), 1, M(Az, z, 1), 1)

= aM(Az, z,t) -b (Az, z, t) > (I){M(Az, z, 1), M(Az, z, 1), 2M(Az, z, t), M(Az, z, t), M(Az, z, t)}

= (a-b) M(Az, z,t) > M(Az, z, 1)
Which is a contradiction.

Hence Az=z=Sz.

Also Bz =Tz =z follows from step 1, 2 we get that
z=Az=Bz=Sz=Tz

Hence z is a common fixed point of A, B, Sand T.
UNIQUENESS

Let z; and z, be two common fixed points of the A, B, Sand T.
Thenz, = Az, =Bz, =Sz, =Tz;and z, = Az, =Bz, =Sz, = Tz,.

Suppose z; # z,. From (d), we have
aM(AZl! BZZ! t) - bM(Szlv TZZy t) 2¢ {M(Szl! TZZa t)v M(Szl! AZ]_, t)v M(SZ]_, BZZ! t)v M(TZZ! AZ]_, t)y
M(TZz, BZZ! t)}

= aM(er 221 t) - bM(er 221 t) 2 (I) {M(er 221 t)i M(Zli er t)i M(Zli 22, t), M(Zz, le t), M(Zz, 221 t)}
2 q){M(Zl! ZZ! t)! 11 M(Zly ZZ! t)y M(ZZy Zly t)! 1}
> d) {M(le 221 t)i M(Zli 225 t)i 2M(le 221 t)l M(ZZl 221 t)l M(Zli 225 t)}
= (a-b) M(z1, 2, 1) > M(zy, 25, 1)
which is a contradiction. Hence z; = z,,

Thus z is a unique common fixed point of A, B, Sand T.
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