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Strongly n-Ding projective and injective Modules under Change of Rings
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ABSTRACT

In this paper, we mainly investigate some properties of strongly n-Ding projective and injective modules under the
extension of rings, which mainly including excellent extensions, polynomial extension and localizations.
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1. INTRODUCTION

Throughout the paper R is a commutative ring with identity element, and all R - module are unital. 1f M is any R -
module, we use pd, (M) andid; (M) to denote projective and injective dimensions of M .

In [5] and [7] the author introduced strongly Gorenste in flat and Gorenste in FP -injective module, which are
defined as follows:

Definition: Let n be a positive integer.

(1) An R -module M is called stongly Gorenste in flat module (we called Ding projective module) if there is an
exact sequence

P: - >P->P->P" 5P —..
Of projective right R -module with M = Ker‘(PO - Pl) such that HomR(—,Q) leaves the sequences
exact, where Q is a flat R-module.

(2) AnR -module M is called Gorenste in FP -injective module (we called Ding injective module) if there is an
exact sequence

E: +—>E —>E, ->E*>E' >

Of injective right R -module with M = Ker(Eo - El) such that HomR(I ,—) leaves the sequences exact,
where | is an FP -injective module.

The main purpose of this paper is to study some properties of strongly n-Ding projective and injective modules under
excellent extensions, polynomial extensions and localizations, respectively and we get some interesting results.

2. STRONGLY n-DINGPROJECTIVE AND INJECTIVE MODULES UNDER CHANGE OF RINGS

We begin with the following lemmas.

Lemma 2.1([11]): An R -module M is called stongly Ding projective module if and only if there exists a short exact
sequence0 > M — P — M — 0, where P is projective module and Exté (M , F)= O for all flat modules F .

Corresponding Author: Li Wang*1, 1Longqiao College of Lanzhou,
University of Finance and Economics, Gansu, 730101, China.

International Research Journal of Pure Algebra-Vol.-7(3), March — 2017 509


http://www.rjpa.info/�

Li Wang*l, Shuo Liul, Xiaohua Chen® and Zenghuan Zhangz /
Strongly n-Ding projective and injective Modules under Change of Rings / IRIPA- 7(3), March-2017.

Lemma 2.2([12]): An R-module Miscalled stongly Ding injective module if and only if there exists as hort exact
sequence 0 > M — E — M — 0, where E is injective module and EXxt; (Q, M ):O for all FP -injective
modules Q .

Definition 2.3: An R -module M is called strongly n-Ding projective module (S-n D- projective module for short) if
there exists a short exact sequence 0 — M — P — M — 0 with pd,(P)<n and Ext}™(M, F)=0for all flat
modules F .

Definition 2.4: An R -module M is called strongly n-Ding injective module (S-nD- injective module for short) if there
exists a short exact sequence 0—> M — E — M — 0 with id,(E)< n and Ext??(Q,M )=0 for all FP -
injective modules Q.

Proposition 2.5: Let R be a commutative ring and Q a projective R -module. If M is an S-nD-projective R -module,
then M ® Q is an S-nD-projective R -module.

Proof: Since M Is an S-nD-projective R-module, there is an short exact sequence 0 - M — P — M — Qwith
pd.(P)<n.Then0 > M ®Q - P®Q - M ®Q — 0and pd, (P ®Q)< nby [9, ch.2, Theorem3]. LetQ’

be any flat R -module. Then Ext;, (M ®p Q,Q'): Hom(Q, Ext/, (M ,Q')):O by[9,p.256,Lemma9.20] for all
i >n.Hence M ® Q is an S-nD-projective R-module.

Proposition 2.6: Let R and S be equivalent rings via equivalence F : R -Mod— S -Mod and G : S -Mod— R -Mod.
Then

(1) M is S-nD-projective R -Mod if and only if F(I\/I ) is S-nD-projective S -Mod.
(2) M is S-nD-injective R -Mod if and only if F(I\/I ) is S-nD-injective S -Mod.

Proof:

(1) Since M is an S-nD-projective R -module, there is the short exact sequence P:0 —-M — P — M — 0 where
pd.(P)<n .Then F(P):0—>F(M)—> F(P)>F(M)—0 is a exact sequence of S -Mod with
pdo(F(P))<n. LetQ be any flatS -Mod. Then Exti(F(M ),Q)= Exty(M,G(Q))=0for alli>n. Hence
F(I\/I ) is S-nD-projective S -Mod. By GF(M )E M.

(2) By analogy with the proof of (1).

A ring S is said to be an almost excellent extension of a ring R, if the following conditions are satisfied: (1) The ring
S is called right R -projective in case for any right S -module M ¢ with an S -sub module NR|M r implies Ng |M s -For

example, every nxn matrix ring Mn(R) is right R -projective. (2) The ring extension S > R is called a finite
n

normalization extension in case there is a finite subset {Sl,---,sn} of S such that S = ZSiR and S;R = Rs; for
i

i=1---,n (3) Afinite normalization extension S > R is called an excellent extension in case condition (1) is satisfied

and S, S, are free module with a common as is {Sl,---,sn}. For example, every nxnmatrix ring Mn(R)is an
excellent extension.

Proposition 2.7: Assume that S > R is an excellent extension, if ; M is a S-nD projective R -mod, then S ® M is a S-
n D projective S -mod.

Proof: There exists an exact sequence 0 >M — P —->M —0 in R -mod with de(P)S N .Then
05>S®M »>S®P —>S®M —0 isexactin S -mod, with pd, (S ® P)<n. LetQ be any flat S -mod,
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then Q is a flat R -mod, and so Ext} (S ® M, Q)= Ext},(M,Q)=0 by [9, p.258, 9.21] for all i > . It follows that
S ® M is a S-nD projective S -mod.

Proposition 2.8: Let R be a ring and letn > 1 be a natural number. Forany M € M n(R)-Mod. Then

(1) (1) g M is S-nD projective R -mod if and only if M n(R)® M is S-nD projective R -mod.

(2) (2) g M is S-nD injective R -mod if and only if HomR(M r](R), M )is S-nD injective R -mod.
If R is a ring, then R[X]is the polynomial ring. If M is a left R -module, write M [X]: R[X]®R M .Since R[X] is a
free R -module and since tensor product commutes with sums, we may regard the elements of M [X]a s’ vectors’

X' ®;Mm;, 120.m €M withalmostallm, =0.

Proposition 2.9: Let R be a commutative ring. If M is a S-nD projective R -mod, then M [X] is a S-nD projective
R[X]—mod.

Proof: There is an exact sequence 0 —>M —P—M —0 in R -mod with pd.(P)<n .o
0— M[x]— P[x] > M[x]— 0is exact in R[x]-mod and de[X](P[X])S N . LetQ be any flat R[x]-mod. Then
Q[x]zR[x]®Q=R" ®, Q= Q" Hence Q[x]isa flat R[x] -module, and so Q is a flat R -module. Thus

EXt;[X](M [x], Q)= Ext,(M,Q)=0by[9, p.258, 9.21], for all i > N, and hence M [x|is an S-nD projective R[x]-
module.

Let R be a commutative ring and S a multiplicatively closed set of R .Then S™'R = R x S/~= {a/s|a eR,se S}

is a ring and S™M =M ><S/~:{X/S|Xe M,se S} is an SR -module. If P is a prime ideal of R and
S =R—P, then we will denote S™*M , SR by M ,, R, respectively.

Proposition 2.10: Let R be a commutative ring and S a multiplicatively closed set of R .If M is a S-nD projective R -
module, then S ™M s an S-nD projective S 'R -mod.

Proof: Since M is a S-nD projective R -module, there exists an exact sequence0 > M — P —- M — Qin R -mod
with de(P)S n.Then0 - S™M — S™P — S™'M — Qisexactin S 'R -mod and pd ., (S 71P)S n.LetQ
be any flat S R -mod, then 6 is a flat R -module by [11, Lemma 3.20], so

Ext! . (S’lM Q)= Extl,, (S*lR M ,6) = Exty (M ,6) =0 by [9, p.258,9.21] for all i>n,
Hnece S™M isan S-nD projective SR -mod.

Proposition 2.11: Let R be a commutative ring and S a multiplicatively closed set of R .IfS™'Riis a projective R -
module, then

(1) 1f M is an S-nD injective R -module, then Hom(S “R,M ) is an S-n D injective S 'R -module.
(2) For any R -module M , Hom(SflR, M )is an S-n D injective R -module if and only if Hom(SflR, M )is

an S-n D injective S 'R -module.

Proof: There is an exact sequence 0 —>M —E—>M —0 in R -mod with id,(E)<n .Then
0—> Hom(S’lR, M )—) Hom(S*lR, E)—) Hom(SflR, M )—)0 is exact in SR -mod and
id . (Hom(S‘lR, E))S Nby [6, Theorem 3.2.9]. Let | be any injective SR -module. Then | is an injective R-
module by [4, lemmal.2].So EXtiS,1R (T, Hom(S‘lR, M )); EXtiR (T, M ):Oby [9, p.258, 9.21] for alli >N, and
hence Hom(S “R,M ) is an S-n D injective S 'R -module.
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(2) is obvious.

Since Hom(S‘lR, M) is an S-n D injective SR -module, then there exists an exact sequence
0—> Hom(SflR, M )—)E - Hom(S “R,M )—) 0inS™'R - mod with Id ( )< N .Then E is an injective R -

module. Let | be any injective R -module. Then S 1 is an injective S R -module. So
EXt; (I , Homs-lR (S 'R, Hom, (S “R,M ))); EXtis_1R (S 2, Hom(S R,M )): 0 by [8, proposition 5.17] and by

[9, p.258,9.21] for alli > N ,and hence Hom(S “R,M )is an S-n D injective R -module.
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