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ABSTRACT

In this paper we have prove some common fixed point theorems for contractive mappings in the setting of Cone 2-
metric spaces. Our results improve, extend and generalize significant recent results of S.K. Tiwari et al. [17].
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1. INTRODUCTION

Fixed point theory is one of the most dynamic research subject in nonlinear analysis. The theory itself is a beautiful
mixture of analysis, topology and geometry .over the last years or so the theory of fixed points has been revealed as a
very powerful and important tool in the study of non- linear phenomena. In this area, the first important and significant
results was prove by banach [1] in 1922 for a contraction mapping in a complete metric space. The well knows banach
contraction theorems may be stated as follows:

“Every contraction mapping of a complete metric space in X.

The Banach fixed point theory is important as a source of existence and uniqueness theorem in different branches on
analysis. In this way theorem provides an impressive illustration of the unifying power of functional analytic method
and of the usefulness of fixed point theorems in analysis.

The study of fixed points of mappings satisfying certain contractive conditions has been very active area of research.
Recently Long-Guang and Xian [9] generalized the concept of a metric space, by introducing cone metric spaces, and
obtained some fixed point theorem for mappings satisfying certain contractive conditions. One can consider a
generalization of a cone metric space by replacing the triangle inequality by a more general inequality. As such, every
cone metric is a generalized cone metric space but the converse is not true The Banach fixed point theory or contraction
theorem concerns certain mapping of a complete metric space into itself. It states sufficient condition for the existence
and uniqueness of a fixed point (point that is mapped onto itself). The theorem also gives an iterative process by which
we can obtain approximation to the fixed point and error bounds.

Motivated by this work, several authors introduced similar concepts and prove analogous fixed point theorem in 2 —
metric and 2 — Banach space. Gahler ([2], [3], and [4]) investigated the concept of 2 — metric space and give the
definition as follows:

Definition 1.1: Let X be anonempty setand letd: X X X X X - R:,i.e.X3—R satisfying the following condition
a.d(x,y,z) = 0 if at least two of x, y, z are equal,

b.d(x,y,z) =d(p(x,y,2)) for all x,y,z € X and for all permutations p(x,y, z) of x,y, z.

cd(x,y,z) <d(x,y,w)+ d(x,w,z) + d(w,y,z) for all x,y,z,w € X. Then (X,d) is called a 2 — metric space
which sometimes be denoted simply by X, when there is no confusion it can easily seen that d is non-negative function.
Perhaps Iseki [5-7] obtained for the first time basic results on fixed point of operators in 2 — metric space and in 2 —
Banach space. After the work of iseki, several authors extended and generalized fixed point theorem in 2 — metric and
2- banach space for different type of operators of contractive type.
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Recently, L.G. Huang and X. Zhang [8 introduced cone metric space by generalized the concept of a metric space,
replacing the set of real numbers, by an ordered Banach space and obtained some fixed point theorems for contractive
mappings. By using both of the concepts, we define a new space, Cone 2-metric space by replacing real number in 2-
metric space by an ordered Banach space.

Subsequently, many authors have studied the strong convergence to a fixed point with contractive constant in cone
metric space, see for instance ([9], [10], [11], [12], [13], [14].) on the other hand S. Singh, S. Jain, and Bhagat [15]
introduce cone 2- metric space by replacing real number in 2 — metric space by an ordered Banach space and some
fixed point theorem for contractive mapping on complete cone 2 — metric space with assumption of normality on the
cone. In sequel, S.K. Tiwari et al. [17] extend and prove fixed point results for contractive mappings in setting of cone
2- metric spaces, which is generalize of the result [15].

The purpose of this paper is to extend, improves and generalize the common fixed point theorems of S.K. Tiwari et al.
[17].

2. PRELIMINARIES
First we recall some standard notation and definition in cone metric space with some of their properties [8]

Definition 2.1: Let E be a real Banach space and P a subset of E. P is called a cone if

1. P isclosed, nonempty and P # {0}.

2. a,be Rab 20,x,y€E P = ax+by €P.

3. x€ Pand —x €P = x=0.
Givenacone P c E, we define a partial ordering < in E with respect to P by x < y if and only if y —x € P. We shall
write x < y to indicate that x < y but x # y, while x < y will stand for y — x € intP, intP denotes the interior of P.

The cone is called normal if there exists a number K > 0 such that vx, ye P.
x <y implies ||x|] < K||y||

The least number satisfying above is called the normal constant of P. The cone P is called regular if every non-
decreasing sequence in P, which is bounded from above is convergent. That is, if {x,} is sequence such that

XS XSS XY
for some y in E, there exists x € P. Equivalently the cone P is regular if and only if every decreasing sequence which is
bounded from below is convergent. It can be easily proved that a regular cone is a normal cone.

Throughout this paper, we suppose that E is a real Banach space, P is cone in E with intP # ¢ and is partial ordering
in E with respect to P.

Remark 2.2 [16]: If E is a real Banach space with cone P and if a <Aa wherea € Pand0<A<1,thena = 0.

Definition 2.3[15]: Let X be a non empty set. Suppose the mapping d:X X X X X — X satisfies the following
condition;
1. 0<d(x,y,2z) Vx,y,z€ Xandd(x,y,z) = 0 iff at least two of x, y, z are equal
2. d(x,y,z)=d(p(x,y,z)) foralx,y,z € XandV permutation p(x,y,z) of x,y,z
3. dx,y,2)l < d(x,y,w)+d(x,w,z) +d(w,y,2),V x,y,z,w € X then d is called a cone 2- metric on
X, and (X, d) will be called a cone 2-metric space.

Example 2.4[15]: Let E = R?,p{(x,y) € E|x,y <0} = R?
X=R and X XX xX — E andsuchthatd(x,y, 2)=(p™ « p) where p = min(|x — y|, |y — z|,|z — x|)
and o< and n are some fixed positive integer. Then (X, d) is a cone 2- metric space.

Definition 2.5[15]:

(i) Let (X,d) be a cone 2-metric space with respect to a cone P in a real Banach space E. Let {x,,} be a sequence
in X and x € X. If for every c € E withO < c i.e. ¢ € intP there is N such that d(x,, x,a) «c forall a € X
and for all n > N. Then {x,} is said to be convergent to x. We denote it by lim,_, x, = x or x,, — x as
n — oo,

(if) Let (X, d) be a cone 2-metric space. Let {x,} be a sequence in X. If for every ¢ € E there is a N such that
d(xp, Xm, @) L cforall a € X and for all m,n > N, then {x,,} is said to be a Cauchy sequence in X.

(iii) Let (X,d) be a cone 2-metric space, if every Cauchy sequence is convergent in X, the X is said to be a
complete cone 2-metric space.

© 2017, RIPA. All Rights Reserved 763



S. K. Tiwari*', SK Md. Arif* /
Common Fixed Point Theorem in Cone 2 — Metric Space for Contractive Mapping/ IRJIPA- 7(6), June-2017.

Lemma 2.6:

(i) Let (X,d) be a cone 2-metric space, P be a normal cone with normal constant K. Let {x,} be sequence in X.
Then {x, } convergesto x € X ifand only if d(x,,x,a) > 0asn —w foralla € X.

(ii) Let (X, d) be a cone 2-metric space, P be a normal cone with normal constant K. Let {x,, } be a sequence in X.
Then limit of {x,,} is unique if it exists.

(iii) Let (X, d) be a cone 2-metric space, {x,} be a sequence in X. If {x,,} converges to x, then {x,} is a Cauchy
sequence.

(iv) Let (X, d) be a cone 2-metric space, P be a normal cone with normal constant K. Let {x,} be a sequence in X.
Then {x,,} is a Cauchy sequence if and only if d(x,, y,,a) = 0, (n,m —x), foralla € X.

(v) Let (X,d) be a cone 2-metric space, P be a hormal cone with normal constant K. Let {x,} and {y,} be two
sequencesin X, x, = x,¥, = y(n = ). Thend(x,, y,,a) = d(x,y,a) (n - o) foralla € X.

Definition 2.7: Let (X, d) be a cone 2-metric space. If for every sequence {x,} in X, there is a subsequence {x,;} of
{x,. } converging in X. Then X is called a sequentially compact cone 2-metric space

3. MAIN RESULTS
In this section we shall prove some fixed point theorems for contractive maps by using normality of the cone.

Theorems 3.1: Let (X,d) be a complete cone metric space. P be a normal cone with normal constant k. suppose the
mapping Ty, T,: X — X satisfy the contractive condition.

d(Tix, T,y,a) < ad(x,y,a) + a,d(Tyx,x,a) + a;d(T,y,y,a) + a,d(TLy, x,a) + asd(T;x,y,a)
for all x,y €X. and ai,i = 1,2,3,4,5, are all non negative constant with a; + a, + a; + a, + a; < 1. then T; and
T, have a unique common fixed point in X, for all x€ X. iterative sequence {T,°"*'x} and{T,*"*?x} is conversant to
common fixed point.

Proof: Let x,€X be fixed point.
Let X1 = Tx[], X3 = Tle = T31x0 TR
x2n+1 = TXZn = T2n+1x0 TR I TR
Similarly, we have Xy = szl,xg = Tzzxo,x4 = TzX3 = T24x0, TERIIRIE
X2n+2 = TX2n+1 = T2n+2x0 Sre een see nee san ses see wen nen e

From (2.1) Taking x = x,, and y = x,,_,, we have
d(Xon41, Xon, @) = d(T1X2n, ToXon—1, @)
< ayd(Xon Xon-1,a) + a2d(TyXzn, Xon, @) + a3d (ToXn_1, X2n—1, @)
+a,d(TyXon-1, Xon, @) + asd(TiX2n, Yon-1, @)
< ayd(Xom Xon-1,a) + a2d(Xoni1, Xon, @) + a3d (Xon, X2n-1, @)
+as[d(xn, Xon-1, @) + d(Xon, Xon41, @)]
< (@ + az + ag)d(xapn, Xn-1,0) + (a2 + a5) d(xzp, Xan41, @)

This implies
(11— ay = as) d(X2n+1, %20, @) < (a1 + a3 + as) d(Xap, X2n-1, @)
= d(Xone1, Xop, @) < Ld(Xopn, Xon_1,a) Where L = (a1t ast a5) )
(1-az—-as)
Hence < L{d(Xop-1, X2n-2, Q)}
S < LYF (0, %0, )} 3)

Also for k > t, we have
d X2k, X2k -1, X2¢) < Ld (Xgp—1, X2k—2, X2t)
< LPd(Xok—-1, Xak—2 X2¢)
< LPENA(Xpp ) Xop Xot)
=0 4)
Now for n > m, with using (3) and (4), we have
d(Xan) Xom, @) < d(Xon, Xom) X2n—1) + A(Xon, Xon-1, @) + d(Xon-1, Xom, @)

< LG_ld(xl,xo,a) + d(Xz2n—1, X2m) X2n—-2)
+ d(Xn-1,X2n—2,@) + d(X2p_2, Xon—3, @) + d(X2p_3, Xom, @)
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< (L4 12772 4 1273 d(xq, X, @) + d(Xpp—3) Xom, @)

S 4 22 4 L) (x4, X, @)
+ d(xm+1' Xm» a)
S AP 4 L2 4 e LI LMY d (%, X, @)
=LPMA+L+ L2+ L3+ .. L2 DY d(xg, X, @)
2m
< (iTL) d(xy,x9,a) asl<land P is closed.

Thus we have

LZm
1l dCezn Xzm DN < (=) 1 Ay, %0, @) |
This implies(d(xq,x9,a) = 0,(n,m — o), for all a€X.

Hence {x,} is a Cauchy sequence. in (X,d) is a complete cone 2 —metric space, then there exist, ueX such that
Xon = (N > 0.).limn - oox,, = u.Now for a € X, then we have
d(Tyu,u,a) <d (Tyu,u, Txy,) + d(Tyu, Thixop, @) + d(Tixe,,u,a)
< a;d(U, xpp, u) + a,d(Tyu, u, a) + azd(Tx, , x,, a)
+a,d(Tx,, ,u,a) + asd(Tyu, xp,a) + d(xneq1,U, Q)
< a d(u, xpp, u) + a,d(Thu,u, @) + azd(Txgnq , Xon, @)
+a,d(Txyp.q,u,a) +asd(Tiu, x3p,a) + d(xpn4q1,U, Q)
< a;d(u, xp,u) + ayd(Tyu, u, a) + as[d(u, x5, @) + d(Xgneq , U, @)l
+a4d(x2n+1 U, a)] + as [d (u! Xon, a) + d(Tlu! u, a)]+d(xn+1,u! Cl)

Q—a,—ax)d(Tyuu,a) < (a;+ az+ as)du,xp,a) + (as + ag)d( U, xy,41,a) +d(Xp4q1,u, Q)
a; + a; + as (az + as)
1—a2—a5 )d(u,xzn,a) +
1

(1-az-ay)

- d(Tlu, u, a) < ( d(x2n+1 » Xons a)

(11— a; — ay

+d(xyp41,u,a) >0

On taking limit as n—oo and by using 2.6, we get
d(Tyu,u,a) = 0.

This implies that T;u = u. So u is a fixed point of T; in X .Now if v is another fixed point of T; in, then
d(u,v,a) = (Tu,Tv,a)
<a;d(u,v,a) + a,d(Tyu,u,a) + a;d(T,v,v,a) + a,d(T,v,u,a) + asd(Tu, v, a)
=(ay+ a3+ az)d(uw,v,a)

By using remark 2.2 we obtain that d( u, v, a) = 0.and thus u = v. therefore the fixed point of T;is unique.

Similarly it can be established that T,u = u. Hence T,u = u = T,u. Thus u is common fixed point of T; and T, This
completes the proof.

Ontaking a; = k and a, = a; = a, = as = 0in theorem 3.1, we get the following corollary in the setting of cone 2 —
metric space.

Corollary 3.2: Let (X, d) be a complete cone metric space. P be a normal cone with normal constant k. suppose the
mapping Ty, T,: X — X satisfy the contractive condition

d(Tyx,T,y,a) < kd(x,y,a)
for all x,y,a €X where k€ [o,1] is a constant. then This is a unique fixed point in X .And for any x €X, iterative
sequence {T#"*1x} and {T2"*2x} is conversant to fixed point.

Corollary 3.3: Let (X,d) be a complete cone metric space. P be a normal cone with normal constant k. suppose the
mapping T;, T,: X — X satisfy the contractive condition

d(Tix, T,y,a) < ald(Tyx,x,a) + d(Tyy,y,a)] + Bld( Ty, x,a) + d(Tyx,y,a)]
forall x,y,a €X and a, B€ [0,1] are all non negative constant with a + f3;. then T, and T, have an unique common
fixed point in X. and for any x€ X, iterative sequence {T2"*1x} and {T#"*2x} is conversant to fixed point.

Proof: Putting a; = 0,a, = a; = a and a, = as = [ in theorem 3.1.we get the required results easily.
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Corollary 3.4: Let (X,d) be a complete cone metric space. P be a normal cone with normal constant k. suppose the
mapping T; ,T,: X — X satisfy the contractive condition.

d(Tix, T,y,a) <a;d(x,y,a)+ a,d(Tix,x,a) + azd(T,y,y,a) + a,[d(T,y,x,a) + d(Tyx,y,a)for all x,y,a €X
and a;,i = 1,2,3,4,. Are all non negative constant with a, + a, + a; + a, +as < 1. then Tyand T, have an unique
common fixed point in X .and for any x€ X ,iterative sequence {T2"*'x} and{T2"*2x} is conversant to fixed point.

Proof: Putting a, = as a in theorem 3.1, we get the required results easily.

Corollary 3.5: Let (X, d) be a complete cone metric space. P be a normal cone with normal constant k. suppose the
mapping T, T,: X — X satisfy the contractive condition

d(Tix, T,y,a) < ad(x,y,a)+ B[d(Tyx,x,a) + d(T,y,y,a)] for all x,y,a €X. and a, S [0,1] are all non negative
constant @ + 28 < 1.then Tyand T, have an unique common fixed point in X .and for any x€ X, iterative sequence
{T2"*1x} and {T#™*2x} is conversant to fixed point.

Proof: Putting a; = a,a, = a; = B,a, = as=0in theorem 3.1, then we get required results easily.

Theorems 3.6: Let (X, d) be a complete cone metric space. P be a normal cone with normal constant K. Suppose the
mapping T; ,T,: X — X satisfy the contractive condition.

d(Tyx, T,y,a) <a,d(x,y,a) + a,d(x,Tix,a) + a;d(y, Ty, a)+ta,[d(x, T,y, a) + d(y, Ty x, a)](3.6.1)
forall x,y €X.And a;,i = 1,2,3,4,. Are all non negative constant witha, + a, + az; + a,+< 1. then T; and
T, have unique fixed point in X.and for all x €X.Iterative sequence {T?"*'x} and {T2"*?x}} is conversant to
fixed point.

Proof: Let x,€X be fixed point. Let x; = Txg, x3 = Tyx; = TExg eor v .. Xons1 = Txoy = TP x, ...
- _ _ 72 _ _ 4 _ _ p2n+2
Similarly, we have x, = Tyx;,x3 = Txy, x5 = Toxs = Ty xg .. ... Xonaz = Txpner = T 2x,

From (3. 6) Taking x = x,, and y = x,,_,, we have
d(X2nt1, X2n, @) = d(T1X3n, ToXan—1 , @)
< a1d(x2n' x2n—1,a) + ayd (T X0, Xam, @) + a3d(x2n—1 Tyxon-1, a)
+au[d(n Toxon-1,a) + d(xn_q T1%p, @) ]
< ayd(Xom Xon-1,a) + @2 d (X2, Xpp41,0) + a3d (Xon—_1X50, @)
+a4([[d(xzn, Xon-1,0) + d(Xop, Xon41,0)]
S (@ + az+ ay )d(xan, Xn-1,0) + (az + a4) d(Xzn41 X2nQ)

(1 —a; — ay) d( Xan41 %20 @) < (a1 + az + ay) d(xzn, X2n-1,0)

d(Xzn41,%2n@)) < Ld(Xzn, Xon-1,Q)

Where [ = &1+t ds) (3.6.2)
(1-az—aq
<I? {d(x2n-1, X2n—2, @)}
S e S LHF (x4, (3.6.3)

Also for k > t , we have
d (k) Xap—1, X2¢) < Ld(Xap—1, Xok—2) X2¢)
< de(ka—z'ka—3 ,x2t)
< LZk_Zt_ld( Xoe+1) Xot Xot)
=0 (3.6.4)

Now for n > m , with using (3.63) and (3.6.4) , we have
d(Xon, Xom, @) < d(Xan, Xom, Xon—1) + d(Xan, Xon_1, @) + d(Xan_1, X2, @)
< L7V (g, X, @) + d(Xpn—1, Xom, Xan—2) + d(Xopn_1, X2n—2, @)
+d(Xzn-2,X2n-3,a) + d(Xzn_3, X2, Q)
< (L2 4 172 4 123 d(xg, X, @) + d(Xpp—3, Xom, @)

ST 122 e ALY (X, X, @) + A (X1, Xy Q)

< (AT L2 e ALY d (X, X, @)
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=LA+ L+ P+ P+ PP d(xg, X, @)
LZm .
= (E) .(d(x1,x,@)), as I< L and p is closed.

Thus we have
LZm
1l dCezns Xz DN < (=) 11 d ey, %0, @)

This implies(d(xq,x9,a) = 0,(n,m — o0), for all a€X.

Hence {x,,} is a Cauchy sequence. in (X,d) is a complete cone 2 —metric space, then there exist, u€X such that
X, & (n > o0.).limn - cox, = u,
d(Tiw,u,a) < a;d(W, xpn, a) + ayd(u, Tyu, a) + asd(xan, Txopn, @) + ay[d(, Txyy, , @) + d(xyp, Ty, a)]
< a;d(U, xyp, @) + a,d(Tyu, u, @) + asd(Xon, Xons1, @)
Hlasd(u, X241, @) + d(T1, x50, @)+ d(Xg041, U, @)
< a;d(u,u,a) + a,d(Tyw, u,a) + ag[d(u,u, a)] + a,[d(w, u, a)+d(Tyu, u, a)] +d(xzn4q, U, @)

d(Tyw,u,a) = (a, + a,)d(Tyu,u,a)

On taking limit as n — oo and by using 2.6(4), we get d(T,u, u, a) = 0 this implies T,u = u.So u is a fixed point of
T, in X .Now if v is another fixed point of T} in , then
d(u,v,a) = (Tyu, T,v,a)
<a,d(u,v,a) + a,d(Tyu,u,a) + azd(v,v,a) + a,d[(v,u, a) + asd(u, v, a)]
< ad(u,v,a) + a,d(u,u,a) + az;d(TLv,v,a) + a,d[(Tv,u, a) + asd(Tyu, v, a)]
= (a; + 2a4)d(u,v,a)

By using remark 2.2 we obtain that d( u, v, a) = 0. thus u = v. therefore the fixed point of T} is unique.

Similarly it can be established that T,u = u.Hence Tyu = u = T,u. Thus u is common fixed point of T; and T, this
completes the proof.

Corollary 3.7: Let (X, d) be a complete cone metric space. P be a normal cone with normal constant k. suppose the
mappingT,, T,: X — X satisfy the contractive condition

d(Tyx,T,y,a) <ad(x,y,a)+ a,(x,Tyx,a)
for all x, y, a €X where a, a,€ [0,1] are all negative constants a constant witha,,a, <1 . then T;and T, have an
unique common fixed point in X .and for any x€ X ,iterative sequence {T"*1x} and {T2"*2x} is conversant to fixed
point.

Proof: putting a; = a, = 0 in theorem 3.6 ,then we get the required results.

Corollary 3.8: Let (X, d) be a complete cone metric space. P be a normal cone with normal constant K. Suppose the
mapping T; , T,: X — X satisfy the contractive condition

d(Tix, T,y,a) <ad(x,y,a)+ a,(x,Tix, a)taszd(y,T,y, a)
for all x,y,a €X where ke [0,1] is a constant . then then T;and T, have an unique common fixed point in X .and for
any x€ X ,iterative sequence {T#™*1x} and{T#"*2x} is conversant to fixed point.

Proof: Putting a, = 0 in theorem 3.6 , then we get the required results easily.

Corollary 3.9: Let (X,d) be a complete cone metric space. P be a normal cone with normal constant k. suppose the
mapping T; ,T,: X — X satisfy the contractive condition.

d(Tyx, Ty, a) <ald(x,T,y,a) + d(y,Tix, a)].
forall x,y €X wherea € [0,%] .Then T; and T, have unique fixed point in X.and for all x €X. Iterative
sequence {T2"*1x} and {TZ"*2x} is conversant to fixed point.

Proof: Putting a; = a, = a; = 0 and a, = a theorem 3.6, then we get the required results easily.

Theorems 3.10: Let (X, d) be a complete cone metric space. P be a normal cone with normal constant K. Suppose the
mapping T; ,T,: X — X satisfy the contractive condition.

d(Tyx, Ty, a) <a,d(x,y,a) + a,d(x,T,y,a) + azd(y, Tyx, a)a,[d(x, Tix,a) + d(y, T,y, a)] (3.10.1)
forallx,y €X.And ai,i = 1,2,3,4,. Are all non negative constant withal + a2 +a3 + a4+ < 1l.thenT,
and T, have unique fixed point in X.and for all x €X.Iterative sequence {T?"*1x} and {T#"*2x}} is conversant
to fixed point.
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Proof: Let x,€X be fixed point.
Let X1 = Tx[], X3 = T1x1 = T13x0 .........
x2n+1 = szn = T2n+1x0 anne

Similarly, we have x, = Tyxy,x3 = T?xy, %y = Toxg = TyXg cur o
— — T2n+2
Xon+z = TXoper = T 4%

From (3. 6) Taking x = x,, and y = x,,_,, we have
d(X2n+1, X2n @) = d(TyXon, ToX2n-1, @)
< a1d(x2n' x2n—1,a) + axd(xap, ToXon—1,a) + a3d(x2n—1 T1X2m, a)
a4 [d(xon, Tixon, @) + d(X2n-1, T2Xon-1,@) ]
< ayd(Xon, X2n-1,2) + a2d (Xap, Xop @) + a3 (Xpp_1 %2041, @)
+a4[d(X2n, X2n41,8) + d(X2n—1, X2, Q)]
S (@ + az + ay )d(xgn, Xn-1,0) + (a3 + a4) d(Xzn41 X2nQ)
(1—as— ay) d(xop41 %20, @) < (ag + a3 + ay ) d(xap, Xon-1,0)

d(x2n+1,x2na)) < Ld(x2n'x2n—1,a)
(a1+az+ay)

Where L = (3.6.2)
(1-az—ay
< Lz{d(xZn—l,' Xon—2,Q)}
< i < LHF (X1, %9 ,a)}(3.6.3)
Also for k > t, we have
d (X200 X201, X2¢) < Ld (Xpp-1, X21—2, X21)
< de(xzk—zrxzk—S,th)
< LZk_Zt_ld( Xot41, X2t) X2t )

Now for n > m, with using (3.63) and (3.6.4), we have
d(Xon, Xo2m, @) < d(Xon) Xom Xon—1) +  d(Xon, Xon_1,a) + d(Xan_1, Xo2m, Q)
< Lt (xq, %0, @) + d(Xon—1, Xom, X2n—2) + d(Xpn—1, Xon—3, @)
+d(Xon-2,Xon-3,a) + d(Xzn_3,X2m, Q)
< (P14 L2 4 1P d(xg, x0,a) + d(Xap—3, Xom, @)

S AL 22 4 e ALY (g, X0, @)+ A (X1, Xy )
S (LA L2 4 e LTI d (X, X, @)
=LA+ L+ P+ LB+ . L2 d (%, x, @)

< (%) (d(x1, %0, @)),as I< L and p is closed.
Thus we have

LZm
1| dCezns Xzm @Il < (55) 1] d Gy X0, @)
This implies(d(x,,x9,a) = 0,(n,m — ), for all aeX.

Hence {x,}is a Cauchy sequence. in (X,d) is a complete cone 2 —metric space, then there exist, ueX such that
X, & (n > o0.).limn - cox, = u,
d(Tyu,u,a) < a,d(U, x5, @) + a,d(u, Tyu, @) + asd(xyp,, Txgn, @) + a[d(W, Txy, , a) + d(xyp, Tiu, a)]
< a;d(W, X, @) + a2d (U, Xop i1, @) + azd (30, Tit, @)
+[ayd(u, Tyu, @) + d(Xon, X1, @)+ d (X1, U @)
< a;d(u,u,a) + a,d(u,u, a) + az[d(Tyu, u, a)] +a,[d(Tyw, u, a)+d(u, u, a)] +d(xyn41, U, @)
d(Tyu,u,a) = (az + a,)d(Tyu,u, a)

On taking limit as n — oo and by using 2.6(4), we get d(T,u,u, a) = 0 this implies T;u = u. So u is a fixed point of
T, in X .Now if v is another fixed point of T, in, then
d(u,v,a) = (Thu, T,v,a)
<a;d(u,v,a) + a,d(u, T,v,a) + azd(v, Tyu, a)+a,d[(u, T; u,a) + asd(v, T,v, a)]
< ad(u,v,a) +a,d(u,v,a) + azd(w,u,a) + a,d[(w,u,a) + asd(v,v, a)]
=(a; +a; +a3)d(u,v,a)
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By using remark 2.2 we obtain that d(u, v, a) = 0. thus u = v. therefore the fixed point of T; is unique.

Similarly it can be established that T,u = u . Hence T,u = u = T,u. Thus u is common fixed point of T, and T, this
completes the proof.

Corollary 3.11: Let (X, d) be a complete cone metric space. P be a normal cone with normal constant K. Suppose the
mapping T; ,T,: X — X satisfy the contractive condition.

d(Tyx,T,y,a) <a,d(x,y,a) + a,d(x,T,y,a) + a;d(y, Ty x,a)
forallx,y €X.And ai ,i = 1,2,3 € [0,1]Are all non negative constant witha, + a, + a; + < 1. thenT; and
T, have unique common fixed point in X.and for all x €X.Iterative sequence {T#"*1x} and {T#"*2x}} is
conversant to fixed point.

Proof: Putting and a, = 0.theorem 3.6, then we get the required results easily.
4. CONCLUSION

Theorem concerning the existence and uniqueness of solution of cone 2 — metric space and established and improve
some Banach contraction theorems for contractive mappings of the results of S.K. Tiwari et al. [17].
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