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ABSTRACT

In this paper, the differential superordination for certain classes of univalent and analytic functions has been
discussed. Some various properties and results on the differential superordination have been summarized.
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1. INTRODUCTION

Recently, much attention has been paid to study the concept of the subordination and superordination in the theory of
analytic function. Significant and interesting problems in that theory encouraged many researchers to investigate the
differential of that concept in the study of univalent functions. Many attempts have been applied this technique to the
univalent and analytic functions to brought new results in this field. Generally, the authors [1], [2], [3], [4], and [5] with
several other researchers are the persons who developed and contributed the study of the univalent function by using
the tools of the concept of the subordination and superordination. The theory of the differential subordination in the
complex analysis is given by the works of Miller and Mocanu [4] first. Later on, Bulboaca [5] investigated both
differential subordination and superordination. Consequently, many authors continued the study on the theory of the
differential subordination and superordination to determine the properties of the analytic and univalent functions. Thus,
our focusing in this paper on the differential superordination in order to take a review on some of the recent
developments in the differential superordination for analytic and univalent functions.

Let H be the class of the functions which are analytic in the open unit disk U = {Z :|Z| < 1}. ForN = {1, 2,3,.. } and

aeC, let H(a,n)be the subclass of H such thatH(a,n)z{f eH:f(z)=a+a,z"+a z”+1+~--} and

n+1

suppose that A = .A(l,l). Let f and g are analytic functions in U, then the function f is said to be subordinate to
g,orQis superordinate to f, if there exist a Schwarz function @ which analytic in U with a)(O):Oand

|a)(z)|<lsuch thatf(z):g(a)(z))forZeU. In such a case we write f (z)<g(z) or f <g. More

specifically, if the function g is univalent in U, then we have the following equivalence.

f(z)<g(z) (zeU)< f(0)=g(0),f(U)c=g(U).

Let p,heHand let ¢(r,s,t;2) :C*xU—>C. If p and ¢( p(z),zp’(z),22 p"(2); Z)are univalent and if
P satisfies the following second order superordination

h(z)<¢(p(z).20'(2).2°p"(2):2), (1.1)

then p is the solution of the differential superordination (1,1). The analytic function g is called to be superordinate to

f, if f issubordinate to §. The analytic function q is said to be a subordinant if g < p for all p satisfying (1,1). The

univalent subordinant { is said to be the best subordinant if Q< @ for all subordinants g of (1,1). In the next

section, the essential definitions and the fundamental theorems which are concerning to the first, second and third order
differential superordination are presented.
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2. DIFFERENTIAL SUPERORDINATION

In this section, we have investigated and summarized the differential superordination of some properties for analytic
and univalent functions. The theory of first and second order differential superordination has been studied by several
authors to solve some problems in this field (see [6] and [7]). For this purpose, the important results which are
concerning to the differential superordination are presented in this paper.

The reference [8] studied the differential subordinations and superordinations for analytic functions defined by the
Dziok-Srivastava linear operator. Then, some sufficient conditions for certain normalized analytic functions are

presented such that the analytic functions f (z) satisfying

I £ s
0.(2) < [M] < a,(2)

where (, and (], are given univalent functions in A. Furthermore, Juma et al. [9] provided some results for the

second order differential superordination on analytic and multivalent functions in the open unit disk U. Their results are
obtained by investigating the appropriate classes of admissible functions which are given as follows.

Definition 3.1[9]: LetQ be asetinC, qe Q, " H [O, p] , zq'(z) # 0. The class of admissible function ¥/ [Q,q]

consists of those function ¢ ‘C*xU — C hat satisfy the admissibility condition:

izq’(z)+p(lﬂ:i)q(z)

and

$(u,v,w,&) e Quhereu =q(z), v=

~ o

2 2(14_ _an2(1_ 2)\? "
Re p’w+2p®(1-2)v-3p*(1-1)"u siRe 1. (2)
Apv—pA(1-4)u k q'(2)

WherezeU,fe@U\E(q),/1>0andk2 p.

Theorem 3.1 [9]: Let g € ¥ [Q,q].1f f € A(p),F (f*g)(z)eH,and
(7 (F%9)(2). F (F70)(2). F(F*0)(2))

is univalent in U, then
Qc¢(Fl”fp(f *g)(z),FNH(fF*a)(2), B2 (f *g)(z)), where 1 >0,me N,,zeU
implies that q(z) < F," (f*g)(z),zeU.

If Q= Cis a simply connected domain, then Q = h(U) for some conformed mapping h(Z)of U onto Q. In this

case the class ‘P;] [h(U) ,q] is written as ‘P; [h,q]. The following result is an immediate consequence of Theorem
3.1

Theorem 3.2 [9]: Leth(z)is analyticonU and ¢ € ¥/ [h(U) ,q:l. If
feA(p),Fl, (F*9)(2)eHo and (FJ, (*9)(2).FJN(F*9)(2) BT (F*0)(2))

is univalent in U, then
h(z)-< ¢(an,1p(f *g)(z), Ff";’l( f *g)(z), Ff;z(f *g)(z)),where A>0meN,,zel,
implies that q(z) < F," (f *g)(z),zeU.

Theorems 3.1 and 3.2, can only be used to obtain subordinations of differential superordination of the form

Qcp(FN(F*9)(2).F(F*9)(2). F2 (*9)(2))

h(z)<(Fl (f*9)(2). F5 (F79)(2). FI* (F79)(2)).

© 2018, RJPA. All Rights Reserved 18



Mohammed Khalid Shahoodh* / A Short Study on Differential Superordination / IRJPA- 8(2), Feb.-2018.

Tang et al. [10] investigated the problem of determining the properties of the functions p (Z)which are satisfying the
following second order differential superordination:

Qc {\y(p(z), p'(z),p"(2);2):2 eA}.

The applications of the results to the second order differential superordination for analytic functions in A are also
presented. For this aim, the class of admissible functions is given in the following definition.

Definition 3.1 [10]: LetQbe a set inCand qu[A]With zq’(z);tO. The class @, [Q,q]of admissible

functions consists of those functions ¢ :C? x A — C that satisfy the following admissibility condition:

u,v,w S whenever U = YA V= q,(z) Z)# an
B(u,v,W,€) € Q,wh (@) V= (A7)0

m{%}s%miggj (zeAEcoAm>0).

Theorem 3.2 [10]: Let¢ € D, [Q,q],f(z);thnd f'(z);tO. If f EH[A], f (Z) eQ(A)and

170 () () () () 1(2)-[(2)] ] (2

is univalent in A, then

(
(2) 1(2) (2) T@ F@T@-[T@T] (2
)

f
Qcig . - , _f 12 |:Z €A}, which

implies that q(z)< ff!( ) (ZEA).

If Q # C is asimply connected domain, then Q) = h (A)for some conformed mapping h(Z) of Aonto Q, then the

class (HA [h (A) ,q] is written simply as CIfA [h , q] . The following result is an immediate consequence of Theorem
3.2

Theorem 3.3 [10]: Letq € H[A]. Also let the function h(Z)be analyticin Aand¢g € @, [Q,q].

it F < H[A]with f(2)=0and £'(2) %0, ffLZZ))eQ(A) and

(
[ @ e (OO rE-rel]
[t

LT ) (@) (@) 1) @[] 1@ |,
"0 T T et e ey @]
impliesthatq(z)< f'(z) (ZEA).
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Theorems 3.2 and 3.3 can only be used to obtain subordinations involving the differential superordination of the form

ol @ @ @ (@) 1) @)-[@]] 1

— :Z|:zeAbor

(@) 7 f(z)’uz[ _[f 7] o

h(z)<¢ 1;’(2) ; - , ] - "7 |.

The following theorem proves the existence of the best subordinant of
() 1) 1O TOIIEN] e

" e T f(z)’f'(z[ _[f GG

; Z | for a suitably chosen ¢.

Theorem 3.4 [10]: Let the function h(z)be analytic inA, and letg :C® xA — C. Suppose that the following
differential equation:

¢(q(z)’Z’(Z)_q"(Z)_q’(Z)_ ]:h(z)

hasasolutlonqu( ) If ped [h q],f EH[A]Wlth f( );thnd f ( );tO (Z))EQ(A) with
| 1@ @ 1@ () 1'(2) "(2)-[ ()] | ().
f(z)" f'(z) f(2) f'(z)[f(z)f"(z)_[f'(z)]z} f(z)
is univalent in A, then
7) (7 erzf'zf’”z—f”z2 '(7
(1)<4 f((Z)) 1;,() t'(2) T2 F(2)1"(2)-[ ()H_f()Z (rea)

(2)
(2)
f(2)
A few articles have been discussed the third order differential subordination and superordination such as [11] and [12].

Again, Tang et al. [13] generalized second order differential superordination to introduced the concept of the third
order differential superordination which given as follows.

implies that q( )

(Z € A) and( (Z) is the best subordinant.

Definition 22 [13]: LetQ be a set inCand q € ‘P with q'(z) # 0. The class of admissible functions @}, [Q,q]
consist of those functions ¢ ‘C*x U — C that satisfy the following admissibility condition: ¢(a, b,c,d, §) eQ

where a:q(z), b= Zq'(Z)+mﬂlq(z),

mp,
(B+1)(c-a) 1..129'(2)
9%( - (28,+1) smiﬁ 7(2) +1
%((ﬂﬁl)(ﬂﬁz)(d—3c+3b—a)j£im{22qw(z)}
b-a m?
where ZeU,ﬂleC\{O,—l,—Z,...},fe@[Uand meN\{l}.
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Theorem 23 [13]: Let ¢ ®}, [Q,q].If the functions f € > and z"H * (f,+1)f(z)€Q, satisfy the
b

following conditions: %(Zq,”(z)] >0, |ZpH;‘éfs'(ﬂl) f (Z)|
a(z) )| d(2)
$(2"Hoes (B+1) f(2).2°H (B) F(2).2°Ho (B -1) £ (2).2°H G0 (A -2) £ (2):2)
is univalent in U, then
o PR ()P (B) () ML (A1)
ML (8-2)1(2):2
implies that ¢ (z) < z"H (B, +1) f (2).

p.q.s

<m,

If Q= Cis a simply connected domain and Q = h(U) for some conformal mapping h(Z)of U onto Q, then the

class (I)L, [h (U) , q] can be written as (I);4 [h, q]. As a consequence, the following theorem is an immediate result of

theorem 23.

Theorem 24 [13]: Let ¢ € @}, [Q,q].AIso let the functionhbe analytic inU.If the functions f ez and
p

2°Hu (B, +1) T (2) e Q, satisfy the condition %{%(ZZ))] >0, Isz gé:;l((fl)) f(2)
(2" H (A1) F(2),2°HE (B) (1), ML (A -1) 1 (2). 2 MG (A -2) T(2):2)

is univalent in U, then

h(2)=<¢(2PHE5 (A +1) F(2).2"HE0 (B) T (2).2°Hi (B -1) F(2) 2P HEE (A -2) (2)52)
implies that ¢ (z) < z"H % (B, +1) f (2).

p.q,s

Iém, and

Theorems 23 and 24 can be used to obtain the subordinations involving the third order differential superordination of
the following forms.

o (PR A T @) 2HL(A) (@) HEL (DT
2L (B -2) 1 (2):2
or

2PH (B +1) (2),2PH (B) f(2),2°H% (B, -1) (2),
2PH " (B -2)f(2)2 |

h(z)<¢[ Pas

For a suitable chosen ¢, the following theorem proves the existence of the best subordinant of the form

h(z)<¢(2"Hyp, (B+D) f(2).2"Hi (B) f(2),2°HEg (A-1) £ (2).2°Hi (B-2) f(2):2).
Theorem 25 [13]: Let the function h be analytic in U, and let ¢ :C*xTU — Cand y be given by
w(r.st,u;z)=¢(a,b,c,d;z)=

q{r s+Ar t+2(8+1)s+ 4 (4 +1)r u+3(,81+2)t+3(/5'1+1)(/5'1+2)s+ﬂ1(,81+1)(,81+2)r_ZJ
’ ' ’ BB +1)(5,+2) )

ﬂl ﬂl(ﬂl—”')

2.0

Suppose that the differential equation l//(q (z).29'(z),2°q"(2)2°q" (2); Z) =h(z)hasasolutionq(z) € Q,.
If the functions f € Z and zPH (B, +1) f (z) € Q, satisfy the condition

p.q.s
p
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%(Zq’”(Z)]ZO' |ZpHgélS,(ﬁl |Sm and
q(z) | a(d)

$(2PHyw (B +1) f(2).2°Hu (B) F(2).2°H e (B -1) f(2).2°Hy i (B -2) f (2):2).
is univalent in U, then

h(2)<g(2"H3g (A +1) F(2).2"H L (B) T (2).2°Hi (B =1) £(2) 2PHEE (B -2) (2)52),

implies that q(z) < z"H ;C’]‘S (B,+1) f (z)and q is the best subordinant.

Consequently, some other studies investigated the third order differential superordination based on the analytic
functions by involving some specific functions. [14] obtained some third order differential superordination by

involving the generalized Bessel functions, and with the functions associated with the operator Bkc defined as follows.
a ™

B, f ( ) O, C( =1z +Z 4n ”*1 , in terms of the Taylor-Maclaurin coefficients @, involved in
n=1

z)=2+Ya,,2"" (zeU).
n=1
For this goal, the following definition gives the class of admissible functions.

Definition 6 [14]: let Q be a set in Cand ¢ € Hywithq'(z) 0. The class of admissible functions @7 [Q,q]
consists of those functions ¢ :C*xU — Cthat satisfy the admissibility condition ¢(a, B.v,0; f) e

zq'(z)+m(k-1)q(z)

whenever o = q(z), p=

mk
k(k=1)7—(k-1)(k-2)a 1 (2q'(z
9%( ( z;_((k_l))(a ) —(2k—3)]gam( :' (Z))+1J and
(k=1)(1-k)a+3p+(1-3)y+(k=2)8)_ 1 (2" (2)
”[ a+k(f-a) ]‘m ”( a(2) ]

where ZeU,keC\{O,l,Z},(fea[UandmZZ.

Theorem 5 [14]: Let ¢ € @ [Q,q]. If the functions f € A,By,, f () € Qyand q € H,withq'(z) # Osatisfying
the following conditions:

(), B ()
o e
then Q< {¢(By . (2),B;  (2),B¢,f (2).B¢,f(2);2):2e U
implies thatq(z) < By, f (z) (zeU).

<m, and ¢(Bf+1f(z),Biff(z),Bfflf( ), B, T (2); )IS univalent in U,

If Q= Cis a simply connected domain and € = h(U) for some conformal mapping h (Z)of U onto Q, then the

class (I)'B [h (U) , q] is written as @'z [h, q]. The following result is an immediate consequence of Theorem 5.

Theorem 6 [14]: Let ¢ € D} [Q,q] and h be analytic in U. If the functions f € A,B;, f (Z) €@y and g e H,
with q'(z) # O satisfying the following condition
sﬁ(zq’”(z)J . Blf,f (2)
q(2) q'(2)
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¢(B|f+1f (2),B¢f(2), B f(2),B,f(2); )IS univalentin U, then
h(z)<¢(B¢.f(2),Bif(2),B:,f(2), B, f(2);2)impliesthat q(z)< B, f (2) (2 U).

Theorems 5 and 6 can only be used to obtain subordinations of third order differential superordination of the following

forms
Qc{g(B. 1 (2).BF (2).BL,f (2).BL, T (2);2): 2 U}

h(z)<¢(Bk°+lf (z),B¢f(2),Bi,f(z), B, f (z);z).

The following theorem proves the existence of the best subordinant of

h(z)< ¢(Bkc+1f (z),B¢f(z),Bi,f(z), B, f (Z);Z)forasuitable .

or

Theorem 7 [14]: Let h be analyticin U, and ¢ :C*xTU — C with i be given by

) s+(k-1)r t+2(k-1)s+(k-1)(k-2)r

' k k(k—l) ’

u+3(k—1)t+3(k—1)(k—2)S+(k—1)(k—2)(k—3)r
k(k-1)(k—2)

w(rstuz)=¢(a,Br.6,2)=¢

Z

Suppose that the differential equation w(q(z),zq’( ).2%q9"(z) 2°q" (2); ):h(z)has a solution q(z)€Q,.

If the functions f € A, By, f (z) € Q, and q € H,withq'(z) # Osatisfying the condition

Ao [B10)
q(2) q(2)

thenh(z) < ¢(Bg,,f (2),B; f(2),B{,f(2),B,f(z);z)implies that q(z)<B{,f(z) (zeU)and

q (Z) is the best subordinant.

<m, and ¢(Bif+1f(z),Bff(Z),Bfflf( ), B, T (2); )IS univalent in U,

Furthermore, [15] utilized the methods of the third order differential superordination results of [12] and [13],
respectively. They investigated some applications of the third order differential superordination of analytic functions
associated with the new operator. Then, suitable classes of admissible functions are considered as follows.
Definition 4.1 [15]: Let Qbe a set in C, C,,C,,;,C,,,,€ C\{O}and qeH,with q'(z)=0. The class of
admissible functions CI)T [Q,q] consists of those functions ¢ :C*xU—C that satisfy the following admissibility
condition: ¢(V, W, X, Y; 5) € Q where V= (Z),

_2q'(z)+m(c, -1)q(z)

mc ’

a

%(CQCOMX (c. _1)(Ca+l_l)v_(ca+Ca+1—2)JS%iR(Zq (Z)+1Jand

c,w—(c, -1)v q'(2)

(Ca a+l a+2)y_(ca _1)(C0!+1 _1)(Ca+2 _1)\/ _(Ca +C, +Ca+2)
c,w—(c, -1)v

IN

{ (& ‘1)(‘3“1‘1”—(%+ca+l—1>}<ca+2<ca+c,m—1>+<ca—1><c¢m—1>)}

c,w—(c, —1)v

2. 4m
—29% L() , where ZeU,fe&U\E(q)andmZZ.
m* d'(2)
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Theorem 4.2 [15]: Let ¢ € @} [Q,q]. If the function f € A, T f (Z) € Qyand g € H,with q’(z) # 0 satisfy the

following conditions: 9‘{( ch?'(( Z))J >0 Ta+1f (Z)| <m,and
z

| a2

¢(T f(z), le(z),Tmzf(Z),TMsf(Z);Z) is univalent in U, then
Qc (BT F(2).Touf (2).To F (2).Tois f (2):2€U))

implies thatq(z) < T, f (z) (ze U).

Theorem 4.3 [15]: Let¢ € @’ [, q]and the function h be analytic in{. If the function f € A, T, f (z)e Q; and
q € H, with q’(z) # 0 satisfy the following conditions
Qc((T,F(2) Tt (2). T, f (2). T, (2):2€U))

and
¢(T f(2),T,..7(2).T,.,f(2),T,,f (Z);Z),is univalentin Uf, then

N(2)< (T, 1 (2) T f (2T, ()T, (2):2)
impliesthat q(z)<T,f(z) (zelU).

Theorem 4.2 and 4.3 can only be used to obtain subordinations of the third order differential superordination of the

forms
h(2)<¢(T.f(2) Tt (2) T f (2) s (2)i2)

(v(a(z).20'(2). 2°0"(2), %" (2)):2) = (2).
The following theorem proves the existence of the best subordinant of

(v(a(2).2a'(2).2°q"(2),2°0" (2)):2) = (2)

for a suitable chosen ¢.

or

Theorem 4.4 [15]: Let the function h be analytic in U and let ¢ :C*xU — C and ¥ be given by

v(p(2).20'(2),2°p"(2),2°p"(2):2) = ¢(T. F (2) T, T (2) Too T (2). Tua F (2)52).

Suppose that the differential equation (y/(q(z),zq’( ).2%q"(2),2°q"(z )) ):h(z)

has a solution q(z) € Q,. If the function f € A, T, f(z)€Q, and qe H,with q'(z)#0 satisfy the following
conditions

Qc((T,f(2) Tt (2). T, f (2).T,f (2):2€U))

and

#(T,1(2).T,.1(2).T,..F(2).T,..F(2);2),

is univalent in {{, then

h(z)=< ¢(T f(2).T,,.f(2),T,,f(2).T,.f(2); z)
implies thatq( ) <T, f ( ) (Z € L{) and q is the best subordinant.
3. CONCLUSION
As a conclusion, the differential superordination in the theory of analytic functions are investigated. Some of the recent

results concerning on the first, second and third order differential superordination based on the analytic function are
summarized.
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