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ABSTRACT

The purpose of this paper is to study a fixed point theorem intutionistic fuzzy metric space using absorbing maps. We
mainly generalized.
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1. INTRODUCTION

In 1965 Zadeh [17] introduced the notion of fuzzy sets. After this during the last few decades many authors have
established the existence of lots of fixed point theorems in fuzzy setting: Fang [7]. Atanassov [2] introduced the
concept of intuitionistic fuzzy sets as a generalization of fuzzy sets and later there has been much progress in the study
of intuitionistic fuzzy sets by many authors.

In 2004, Park introduced a notion of intuitionistic fuzzy metric spaces with the help of continuous t-norms and
continuous t-conorms as a generalization of fuzzy metric space due to Kramosil and Michalekin fact the concepts of
triangular norms (t-norm) and triangular conorms (t-conorm) are originally introduced by Schweizer and Sklar in study
of statistical metric spaces..

Ranadive et al. introduced the concept of absorbing mapping in metric space and prove common fixed point theorem in
this space. Moreover they observe that the new notion of absorbing map is neither a subclass of compatible maps nor a
subclass of non compatible maps. In Mishra et al. introduced absorbing maps in fuzzy metric space.

Most of the fixed point theorems for contraction mappings invariably require a compatibility condition besides
assuming continuity of at least one of the mappings. Pant [14] noticed these criteria for fixed points of contraction
mappings and introduced a new continuity condition, known as reciprocal continuity and obtained a common fixed
point theorem by using the compatibility in metric spaces. He also showed that in the setting of fixed point theorems for
compatible mappings satisfying contraction conditions, the notion of reciprocal continuity is weaker than the continuity
of one of the mappings.

He also showed that in the setting of fixed point theorems for compatible mappings satisfying contraction conditions,
the notion of reciprocal continuity is weaker than the continuity of one of the mappings.

Balasubramaniam et al. [5] proved a fixed point theorem, which generalizes a result of Pant [14] for self mappings in
fuzzy metric space. Pant and Jha [14] proved a fixed point theorem that gives an analogue of the results by
Balasubramaniam et al. [22] by obtaining a connection between the continuity and reciprocal continuity for four
mappings in fuzzy metric space.

Kumar and Chugh [91] established some fixed point theorems in metric spaces by using the ideas of pointwise R-weak
commutativity and reciprocal continuity of mappings.
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The aim of this paper is to introduce the new notion of absorbing maps in intuitionistic fuzzy metric space which is
neither a subclass of compatible maps nor a subclass of non-compatible maps, it is not necessary that absorbing maps
commute at their coincidence points however if the mapping pair satisfy the contractive type condition then point wise
absorbing maps not only commute at their coincidence points but it becomes a necessary condition for obtaining a
common fixed point of mapping pair.

This paper generalizes many known results and explores the possibility of applying the notion of reciprocal continuity
and absorbing maps to the problem of finding common fixed points of six mappings or sequence of mappings
satisfying contractive type conditions in intuitionistic fuzzy metric spaces without being continuous even at the fixed
point for this first we give some definitions and known results which are used in this chapter.

Definition 1.1: Let X be any non empty set. A fuzzy set A in X is a function with domain X and values in[0,1].

Definition 1.2: Let a set E be fixed. An intuitionistic fuzzy set (IFS) A of E is an object having the form
A ={<x,ps (x),vy(x) >:x €EE}
where the function
ua:E—=[0,1]and v, : E - [0,1],
Define respectively, the degree of membership and degree of non-membership of the element x € E to the set A, which
isasubset of E, and foreveryx € E, 0 < pp (x) +v, (x) < 1.

Definition 1.3: A binary operation = : [0,1] X [0,1] — [0,1] is a continuous t-norm, if * is satisfying the following
conditions:

1.3 (i) * is commutative and associative.

1.3 (ii) * is continuous.

13 (iii)a *1 = aforalla € [0,1].

13(iv)a * b< ¢ * dwhenevera < candb <d,

Fora,b,c,d € [0,1].

Definition 1.4: A binary operation ¢ : [0,1] x [0,1] = [0,1] is continuous t-conorm if < it satisfies the following
conditions:

1.4 (i) ¢ is commutative and associative.

1.4 (ii) <is continuous.

1.4 (iii)a ¢ 0= aforalla e [0, 1].

14 (iv)a ¢ b<c ¢ dwhenevera<candb <d,

Fora,b,c,d €[0,1].

Note 1.5: The concepts of triangular norms (t-norms) and triangular co norms (t-co norms) are known as the axiomatic
skeletons that we use for characterizing fuzzy intersections and unions, respectively. These concepts were originally
introduced by Menger [102] in his study of statistical metric spaces.

Definition 1.6: A 5-tuple (X, M, N,*,$) is said to be an intuitionistic fuzzy metric space (shortly IFM-Space) if X is an
arbitrary set, = is a continuous t-norm is a continuous t-conorm and M, N are fuzzy sets on X? x (0, o) satisfying the
following conditions: for all x,y,z,s,t > 0,

16 (IFM-1) M (x,y,t) + N(x,y,t) <1

1.6 (IFM-2)M (x,y,0) =0

1.6 (IFM-3) M (x,y,t) =1lifandonlyifx = y.

1.6 (IFM-4) M (x,y,t) = M (y,x,t)

1.6 IFM-5) M (x,y,t) * M(y,z,s) < M (x,z,t +5)

1.6 (IFM-6) M (x,y,*): [0, ) — [0,1] is left continuous.

1.6 (IFM-7) !1_{2 M(xy,t) =1

16 (IFM-8) N (xy,0) =1

1.6 (IFM-9) N (x,y,t) =0ifandonlyifx = y.

1.6 (IFM-10) N (%,y,t) =N (y,x,t)

1.6 IFM-11) N(x,y,t) ¢ N(y,z,s) = N(x,zt+5s)

1.6 (IFM-12) N(x,y,2): [0,0) — [0,1] is right continuous.

1.6 (IFM-13) 152 N(xy,t)=0
Then (M, N) is called an intuitionistic fuzzy metric on X. The functions M(x,y,t) and N(x,y,t) denote the degree of
nearness and degree of non-nearness between x and y with respect to t, respectively.
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Remark 1.7: Every fuzzy metric space (X, M,*) is an intuitionistic fuzzy metric space if X of the form(X,M, a — M,x,$)
such that t- norm = and t-conorm <> are associated, thatis,x ¢ y = a— ((a — x) * (a — y)) forany x,y eX
But the converse is not true.

Example 1.8: (Induced intuitionistic fuzzy metric). Let (X, d) be a metric space. Define a * b = ab and
a ¢ b =min{l,a+b}foralla,be[0,1]and let My and N4 be fuzzy sets on X? x (0, ) defined as follows:

_ ht? __ dxy)
Ma (69 8) = a2 Na G0y ) = ey

forall h,k,m and n € R*. Then (X, Mg, Ng,*,<) is an intuitionistic fuzzy metric space.

Remark 1.9: Note that the above example holds even with the t-norma * b = min {a, b} and t — conorm
a ¢ b =max{a,b} and hence (M,N) is an intuitionistic fuzzy metric with respect to any continuous t-norm and
continuous t-conorm.

In the above example by takihngh =k =m = n = 1, we get

t
My (x,y,t) = o) and Ng (x,y,t) =

dxy)
t+d(xy)

We call this intuitionistic fuzzy metric induced by a metric d the standard intuitionistic fuzzy metric.

Example 1.10: Let X = N. Definea * b = max{0,a+ b — 1}anda ¢ b=(a + b- ab) forall a,b € [0,1] and
let M and N be fuzzy sets onX? x (0, o) defined as Follows:

zyx,ifoy @,ifoy
M(x,y,t) = sy . and N(x,y,t) = sx-6y |
;,1fy£x T,lfny

forall x,y,z e Xand t> 0.
Then (X, M, N,*,$) is an intuitionistic fuzzy metric space.

Remark 1.11: Note that, in the above example, t-norm * and t- conorm <> are not associated, and there exists no metric
d on X satisfying
= _t _ Aoy
M (XPYIt) - t+d(xy) and N (XlYIt) - t+d(xy)
Where M(x,y,t) and N(x,y,t) are as defined in above example. Also note that the above functions (M, N) is not an

intuitionistic fuzzy metric with the t-norm and t-conorm defined as a * b = min {a, b} and t — conorm
a ¢ b = max{a,b}.

Definition 1.12: Let (X, M, N,*,¢) be an intuitionistic fuzzy metric space.
(&) Asequence {x,}in X is called cauchy sequence if for eacht > 0 and p > 0,
lim M( Xn+p» Xn ,t) =1land lim N( Xn+ps Xn ,t) = 0.
n—-ow n—-ow

(b) A sequence {x,}in X is convergent to xe X if
lim M(x,,x,t) =1and lim N(x,,x,t) = 0.foreach t> 0.
n—oo

n-o

(c) Anintuitionistic fuzzy metric space is said to be complete if every Cauchy sequence is convergent.

Definition 1.13: Let A and B be mappings from an intuitionistic fuzzy metric space (X, M, N,*,$) into itself. Then the
mappings are said to be reciprocally continuous if
lim ABx, = Az and lim BAx, = Bz,

n—oo n-—-oo

whenever {x,} is a sequence in X such that lim ABx,, = lim BAx, = z, for some z € X.
n—oo n—»oo

Remark 1.14: If A and B are both continuous then they are obviously reciprocally continuous. But the converse need
not be true.

Example 1.15: Let X = [4, 20] and d be the usual metric space X. Define mappings A, B: X — X by
_(x ifx=4 _(x ifx=4
R and Bx ={J irx >4

It may be noted that A and B are reciprocally continuous mappings but neither A nor B is continuous mappings.
We shall use the following lemmas to prove our next result without any further citation:

Lemma 1.16: In an intuitionistic fuzzy metric space X, M (x,y,.) is non-decreasing and N (x,y,.) is non increasing
forall x,y € X.
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Lemma 1.17: Let (X, M, N,*,<>) be an intuitionistic fuzzy metric space. If there exists a constant k € (0, 1) such that

M(Yn+2'Yn+1 'kt) = M(Yl’l+1'Yl’1 't)
And

N(Yn+2'Yn+1 ,kt) = N(Yn+1'Yn ,t)
Foreveryt> Oandn=1,2,........... then {y,} is a cauchy sequence in X .

Lemma 1.18: Let (X, M, N,*,<) be an intuitionistic fuzzy metric space. If there exists a constant k € (0,1) such that
M(x,y,kt) = M(x,y,t) and N(x,y,kt) = N(x,y,t)
forx, y € X. Then x=y.

Definition 1.19: Let A and B are two self maps on a intuitionistic fuzzy metric space (X, M, N,*,¢) then A is called
B — absorbing if there exists a positive integer R > 0such that

M(Bx,BAXxt)=M(Bx A xt/R)

N(Bx,BAxt)<N((BxA xt/R)
forallx € X

Similarly B is called A - absorbing if there exists a positive integer R > 0 such tha
tM(AXA Bx,t) = M(AxBxt/R)
N(AxA Bxt) < N(AxBxt/R)

forallx €X.

Definition 1.20: The map A is called point wise B - absorbing if for given x € X, there exists a positive integer
R > 0 such that

M(Bx,BAxt)=2M(Bx A xt/R)

N(Bx,BAxt) <N(BxA xt/R)
forallx € X.

Similarly we can defined point wise A - absorbing maps.

Example 1.21: Let (X, d) be usual metric space where X = [2,20] and (M, N) be the usual intuitionistic fuzzy metric
on (X, M, N,*,$) with
t [x-y|
,£>0 _—,
M(x,y,t) = { t+|x-y| and N(x,y,t) = {t+lx—yl
0 ,t=0 1 =0

t>0

Forx,y € X ,t> 0. We define
7 if2<x<6;andx=7

10 ifx>7
AX) = x—1
> ifx € (5,7)
and
2 if2<x <7
= +1
B() {X3 ifx >7

If we choose x,, = 7 + i for n =1, 2, 3...then both pairs (A,B) and (B,A) are not compatible but A is B-absorbing
and B is A-absorbing.

2.2. MAIN RESULTS

Theorem 2.1: Let P be point wise S-absorbing and Q be point wise T — absorbing self maps on a complete intuitionistic
fuzzy metric space (X, M, N,*,<) with continuous t-norm defined by a * b = min {a,b} anda ¢ b = max{a, b}
where a,b € (0,1), satisfying the conditions:
21 (N PX) c TX), QX) = SX)
2.1 (1) There exists k € (0,1) such that for every x,y € Xand t > 0,
. (M(Sx, Ty, t), M (Px, Sx,t), M (Qy, Ty, t),}
>
M (P Q) 2 min{ ' R i gy, My Ty
. (N(Sx, Ty, t), N (Px, Sx,t), N (Qy, Ty, t),}
<
N (Px,Qy, kt) < min { N(Px Ty, t)N (P x,Qy, )N(Ty, Ty, t)
2.1 () forall x,y € X, ltimM xy,t)=1 and ltimN xyt)=0

If the pair of maps (P,S) is reciprocal continuous compatible maps then P, Q, S and T have a unique common fixed
pointin X.
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Proof: let x, be any arbitrary point in X, construct a sequence y, € X such that
Yan-1= TXan—1 = PXan_2 and y55 = SX3n = QXzn41,N=1,2,3, . .. 1)

This can be done by the virtue of 2.1(1).

By using contractive condition we obtain,
M (Y2n+1, Y2n+2, KO = M(PXzp, QXppn 41, kt)
> min { M(SXZn' TX2n+1' t): M (PXZn' SXan t)r }
- M (Q%zn+1, TX2n41, 0, M(P Xon, T Xo541, OM(PX50, QXon41, OM (TX2n 41, TXon41, ©)
> . { M(YZn' YZn+1't)r M (YZn+1' YZn' t): }
= min
M (Y2nr Yon+1, 0, IM (Y2n+1, Yan+2, KOM (Yans1, Yone1,

N (Y2n+1 Y2n+2, K = N(PXzp, QXani1, KO
< min { N(SXzn, TXzn41, ), N (PXzp, SXan, ), }
- N (QXz2n+1, TX2n+1, 1), N(P Xon, T Xon41, ON(PX2p, QXant1, ON (TXon41, TXo041, 1)
N(YZn' YZn+1rt)'N (YZn+1' YZn' t): }

< min{
N (V2n, Y2n+1, 0, ON (V2n42, Yon+2: KON (Yont1, Yant1, D)

Which implies,
M (Y2n+1 Yan+2, KO = M(Y2n, Yans1, )
N (¥2n+1 Y2n+2, K < N(¥2n, Yons1, O

In general M (Yn' Yn+1ﬁkt) = M(Yn—l' Yn't)
N(¥n Yns1, KD < N(¥p-1,Yn ) 1)

To prove{y, } is a Cauchy sequence, we have to show

M (Yn' YH+1rt) - 1 and N (Yn' Yn+1 t) - 0
(for t > 0as n — oo uniformly on p € N), for this from (1) we have,

M (Yn Yn+1, ) 2 M (Yn—pyn.i) =M (yn_z,yn_l,kiz) >.. >M (YO'Yl'kin) 51
N (Yn, ¥n+1,) Z N (Yn—yyn,i) =N (yn_z,yn_l,kiz) >... >N (YO'YDkLn) >0

Asn — o forp € N, by (1) we have

M (Yn' Yn+prt) 2 M(an Yn+1» (1 - k)t) * M (Yn+1' YH+p' kt)
- 1-kt K
=z M Yo'ka—n *M (V41 Ve ©) * M (Yn+2'YH+p'( - 1)t)

(1-Kk)t t
= M(yoy,,— 7| *M (YO'YDE) * M (Yn+2:Yn+3: D) * M (Va3 Ynaps (K — 2))

(1-Kk)t t (1-Kk)t (k —p)t
ZMyoyn =7 |*M (Yodpg) *M\yoyu =g | * - * M Yo Yo

and
N (Yn' YH+p' t) < N(an Yn+1 (1 - k)t) <> N (YH+1' Yn+p' kt)
(1-Kk)t
< N{Yoyu =5 | ¥ NGnenYnez ) ¢ N (Vnrz Ynap (k= DY)
(1-Kk)t t (k—p)t
=N{yoyL—g—|¢N (Yo,}ﬁ,g) &N Yn+2:Yn43 0 e O N Yo Yu Jarprt

Thus M (¥, Ynsp:t) = 1 &N (Y, Ynsp,t) = 0 (forallt > 0 tasn — oo uniformly on p € N).
Therefore {y, }is a Cauchy sequence in X.
But(X, M, N,*,$) is complete so there exists a point (say) z in X such that {y, } - z.

Also, using 2.1(1) we have
{Pxzn_2}, {Txzn-1}, {Sx20n}, {QX2n41} = 2.

Since the pair (P, S) is reciprocally continuous mappings, then we have,
lim PSx,, = Pz and limSPx,, = Sz

n—oo n—-oo
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and compatibility of P and S yields,
lim M( PSx,,, SPX,,,t) = 1and lim N(PSx,,, SPx,,,t) = 0.
n—-oo n—oo

i.e. M(PzSz,t) =1 and N(PzSz,t) =0 .
Hence Pz = Sz.
Since P(X) < T(X), then there exists a point u in X such that Pz = Tu.

Now by contractive condition, we get,
. (M (Sz, Tu,t), M (Pz, Sz,t), M(Qu, Tu, t),}
>
M (Pz, Qu,kt) = mm{ M (Pz,Tu, t) M (Pz, Qu, t)M(Tu, Ty, t)
o o {M (P zPzt),M (Pz, Pz, t), M(Qu, Pz, t),}
= M M (Pz, Pz, )M (Pz, Qu, )M(Tu, Tu, t)
> M (Pz,Qu,t)

N (Pz Qu, kt) < min {N (Sz, Tu, t),N (Pz, Sz, t), N(Qu, Tu, t),}

N (Pz, Tu, t)N (Pz, Qu, t)N(Tu, Tu, t)
< min {N (PzPzt),N (Pz Pzt),N(Qu, Pz, t),}
- N (Pz, Pz, t)N (Pz, Qu, t)N(Tu, Ty, t)
< N (Pz,Qu,t)
i.e Pz= Qu

Thus Pz = Sz = Qu = Tu.
Since P is S - absorbing then for R > 0

We have,

t
M (Sz,SP z,t) > M(SZ,PZ,ﬁ) =1

t
N (Sz,SPzt) < N(SZ,PZ,§> =0
ie.Pz=SPz = Sz

Now by contractive condition, we have,
M (P z, PP z,t) = M(PPz, Qu,t)
> min M(SP z, Ty, t), M (PPz, Su, t), }
= M (Qu, Tu, t), M(PPz, Tu, )M (P z,PP z,M (Tu, Tu,t))
. M(Pz, Pz,t),M (PP z, Pz, t),
min {M (Qu,Qu,t),M (PP z,Pz,t)M (P z, PP 7, M) (Tu, Tu, t))}
= M(PPz, Pz, t)

N (PzPPzt) = N(PPzQu,t)
< min {( N(SP z, Tu, t), N (PPz, Su, t), )}
= N (Qu, Tu, t), N(PPz, Tu, )N (P z, PP z,)N (Tu, Tu, t))
_ min{(N(PZ, Pz,t),N (PP z,Pz,t),
N (Qu, Qu,t),N (PP z,Pz,t)
= N(PPz, Pz,t)

N (P z PPz, M) N(Tu, Tu, t)))}

i.e. PPz =Pz = SPz
Therefore Pz is a common fixed point of P and S.
Similarly, T is Q — absorbing

Therefore we have, M (Tu, TQu,t) = M(Tu, Qu, %) =1

t
N (Tu,TQu,t) < N (Tu, Qu, E) —0
i.e. Tu =TQu = Qu.
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Now by contractive condition, we have

M (QQu, Qu, t) = M(Pz QQu, t)

> min {( M(Sz, TQu, t), M (Pz, Su, t), )}
- M (QQu, TQu, t), M(Pz, TQu, t) M (QQu, Qu, t)M (TQu, TQu, t)
. M(Sz, Qu, t),M (Pz, Pz, t),
~ MMM (QQu, Qu, ), M (Pz,Qu, M (QQu, Qu, tM (TQu, TQu, t)))
= M(QQu, Qu, t)
N (QQu, Qu,t) = N(Pz QQu, t)
. N(Sz, TQu, t), N(Pz, Su, t),
< min {(N(QQu, TQu, t), N((Pz, T(?u, t))N (E)Qu, Qu,)t) N(TQu, TQu, t))}
) N(Sz,Qu,t),N (Pz, Pz,t),
= MINQQu, Qu, ©), N (Pz, Qu, N (QQu, Qu, )N(TQu, TQu, t)))
= N(QQu,Qu, t)

i.e. QQu = Qu = TQu.

Hence Qu = Pz is a common fixed point of P, Q, Sand T.

Uniqueness of Pz can easily follows from contractive condition.

The proof is similar when Q and T are assumed compatible and reciprocally continuous.

This completes the proof. Now we prove the result by assuming the range of one of the mappings P,Q,Sor T to be a
complete subspace of X.

Corollary 2.2: Let P be point wise S - absorbing and Q be point wise T — absorbing self maps on an intuitionistic fuzzy
metric space (X, M, N,*,$) with continuous t-norm defined by a * b = min {a, b} anda ¢ b = max {a, b} where 2.2
a,b € [0, 1] satisfying the conditions:

(N PX) € T(X),QX) € S(X)
2.2 (1) There exists k € (0, 1) such that for every x,y e Xand t> 0

M(Sx, Ty, t), M (Px, Sx, t), >}
M (Qy, Ty, t), M(P x, Ty, )M (P x, Qy, )M (Qy, Ty, t)
N(Sx, Ty, t), N (Px, Sx, t), N (Qy, Ty, t),)}

N(Px, Ty, t)N (Px, Qy,t)N (Qy, Ty, t)

M (P x, Qy, kt) = min {(

N (P x, Qy, kt) < min {(

2.2.2 () forall x,y € X,

lim,, oM (x,y,t) =0 andlim,, ,N (x,y,t) =0

If the range of one of the mappings maps P,Q,S or T be a complete subspace of X. Then P,Q,S and T have a unique
common fixed point in X.
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