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ABSTRACT

The minimum dimensions of the real representations of the three-dimensional Lie algebras defining the maximal
transitive groups on the basic three-geometries are given. The vector fields on Nil geometry are used to define a
differential operator, and the kernel is found. The dynamics of Ricci solitons on this manifold and the embedding in
four-dimensions are described.
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1. INTRODUCTION

The geometrization of three-dimensional manifolds has been developed from the fundamental theorem on the
enumeration of geometries with compact models and point stabilizer groups [1]. The basic three-geometries have
characteristic isometry groups, and their realizations will be considered. The Bianchi Lie algebras have nontrivial
commutation relations and represent all except one of the basic three-geometries. Special consideration will be given
to the algebras for the Nil and Sol geometries.

The Lie algebras are demonstrated to have a real representation in three dimensions. The solutions to the equations
derived from the commutators are found for the Nil and Sol algebras. Then the vector fields in R® that are tangent to
the manifold are used to define a differential operator. The kernel of this operator is determined and the relation to
other operators is established through the characteristics of the algebra. These results are established for the Nil
geometry.

The Euclidean and Lorentz solitons are described. The embedding of these solitons in four dimensions is then
considered. It is found that the condition of fixed volume with Euclidean signature does not allow such an embedding.
If the manifold is noncompact such as H*, the embedding is not allowed if the volume of the soliton increases too
rapidly with time. The necessity of introducing a Lorentz signature then would follow.

2. COMMUTATION RELATIONS OF THREE-DIMENSIONAL LIE ALGEBRAS

The commutators of the Nil algebra are

[e1, e2] = €3
[e1, €3] =0 (2.1)
[62, 63] =0

Defining

o - {bu blz} 22)
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_ |:Cll Ci, }
€3 =
C21 022

the equations
1001 - 821012 = €11
11012 + 812027 - 812011 - 825012 = C12
21011 + 820021 - D21811 - D212 = Cyy
21012 - D@12 = C
ad12Cy1 - Crodn = 0 (23)
@11C1p + @19C22 - A12C11 - 82212 =0
81C11 + @2C21 - A11Cp1 - 81622 =0
81C1p + @19C22 - A12Cy1 - 822C1p= 0
D12Co1 - 021€12,=0
D11C12 + D12C2 - D12C12 - D25C12 = 0
D21C11 + B22Co1 - 011Co1 - 021€21=0
D21C12 + D12C22 - D12Cs1 - 025C1, = 0.
There are no real solutions to these equations since a contradiction arises when all of the elements of the matrices for
e, or ez are required to vanish. The three-dimensional representation of the Heisenberg group is

010
ee=|0 0 O
0 0 0]
[0 0 O]
€= 0 0 1 (24)
0 0 0]
[0 0 1]
es=|0 0 O
0 0 0]
Theorem 2.1: There exists no real two-dimensional representation of the Sol algebra.
Proof:
For the algebra with commutation relations
[el, 62] =0
[e1, &3] =-€2 (2.5)
[e2, e3] = €1
Let
a
L
_Cl dl
fa, Db
e=| 2 2 (2.6)
_CZ d2
[a, b
€5 = 3 3
_CS d3
Then
_ b1C2 - bZCl albz + ble - aZbl - bzdl
[es, €] =
ca,+ d1C2 —Ga, - d2C1 Clbz o CZbl
b,c, —b,C a,b, +b,d, —a,b, —b,d
[92, 93] - 273 3v2 2+3 273 3~2 32 (2.7)
Cc,a, +d,c; —c,a, —d,C, c,b, —c;b,
_ b,c, —byc, ajb +h,d, —a,b, —bd,
[es, 1] =
Cia, + dSCl —Ca; — d1C3 C3bl - C1b3
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yielding the equations
bic,- by =0
by + byd, - asby - bod; =0
Ciap+ diCy- Crag - dyc; =0

byc3- bsc, =0
azbg + bzdg - a3b2 - b3d2 = b1
Coa3+ UyC3 - C3ap - G3C2 = € (2.8)

b,C3 - bsC, = - dy

DsCy - biC3 = @y

ashy + bad; - abs - byds = by
Caly + U3Cy - C183 - d1C3 = C;
C3b1 - C1b3 = dz.

Setting a;= -d; and a, = -d,, it follows that

b1C; = bocy
a1b, = asby (29)
a1Cy = @€y,

Then the first two generators are

{al b } (2.10)

C -
Aa;  Ab
Ac, -,
By the commutation relations
2 a; by +Abids—Aaz by =b; (211)
- (2a1b3+b1d3-agb1) = Ab;.
Consequently, A= -1 and A + i. There exists no real two-dimensional generators of the generators of the Sol algebra.

Theorem 2.2: There exists a three-parameter set of real three-dimensional representations of the Sol algebra.

Proof. |
Let
Ay A, A
B1= |8y 8y Ay
|8 83 Ay
by b, by
e=|b, by, by (2.12)
by by, by |
Cy €, Gy
€=|Cy Cp Cp
[Cs1 Cx Ca

The commutation relations produce the following equations for a;;, by and cj;

11011 +81021 +833031-D11811-012821-D13831 = 0

1011829021 +823031-D21811 025821 -D3831 = 0

31011 +832021 +a33031-D31811 035821 -D33831 = 0
a11b12+812029+813035-D11812-01282-b1383, = 0
A1b12+829029+873035-D21812-02582-b;383, = 0

31012832020 +833035-D31812-03582-D3383, = 0
a11b13+212023+813D33-D11813-012823-D13833 = 0
A1b13+212023+813D33-D11812-012823-D13833 = 0
A31b13+832023+833033-D31813-035823-D33833 = 0 (2.13)
A11C11+81Cp1+813C31-C11811-C12821-C13831 = -D1y
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821C111+822C21+823C31-Co1811-Co2821-Co3831 = -D21

831C111832C21+833C31-Ca1811-C32821-Ca3831 = -Das

811C121812C22+813C32-C11812-C12822-C13832 = -D12

821C121822C22+823C32-Co1812-Co2822-Co3832 = =022

831C12 832822 833C32-C31812-C32822-Ca38l32 = -Day

811C13+812C23+813C33-C11813-C12C23-C13833 = -Du3

821C13+822C23+823C33-Co1813-Co2823-Co38l33 = -D23

831C131832C23+833C33-C31813-C32823-C338l33 = -Dag
The homogeneous equations can be satisfied by b= A a; for some constant A. If the relations had been linearly
independent, giving nine equations for nine unknowns, this would be the only solution. However, it is possible to select
a set of four elements from {a;y, a3, @1, @31, D12, P13, D21, b1} such that the first relation is valid trivially.

For example, let a;,, by, 8,1, b1, equal zero. The first expression vanishes, and remaining homogeneous equations are

Aoba - bya;; =0

31011 + 32021 - D321 - D33a3 = 0

1101 + 1303, - D128, - D13a3; = 0

a23b32 - b23a32 =0 (214)
31017 + 32022 - D328, - Dp3az, = 0

A13ba3 - 11813 - D183 - b13Azs =0

Aoby3 - Daraps = 0.

The fourth and eighth equations are identical. Setting a;;=a,,, a;,03,=0 follows from the third equation.

If a13=0, b12a23=0. Let b12=0. Then
3022 - D282 - D3383, = 0
a11b33 - b11a13 =0 (215)
D11 = bas
azby =0
Let b,; =0 and
830022 - D322 - basazr = 0
b13a33 =0 (216)
820023 + 823033 - D2ofls - Dpsass = 0

One solution to Eqg. (2.16) is
azp =0 b;,=0 (217)
Ap =8z ax=b13=bys=0.

The matrices representing $e_1$ and $e_2$ would have the form
$$\eft(\matrix{ a_{11} &0 &0

\cr
0 &a {22} &0
\cr
a {31} &0 &a_{22}
\crHright)~~~~~~~~~~ \left(\matrix{ b_{11} & 0 &0
\cr
0 &b {22} &0
\cr
0&b {32} &b {11}
\cr}right)

\egno(2.18)
$$

The next set of conditions is
-C13831 = -byy
(822-811)C21-Co3831-021 = 0
31C11+82C31-C31811-Ca3dz1 =-D3; = 0
811C12-C12822-C1383, =-D1p
a31C12+822C32-Cao822 = -D32 (2.19)
11C13-C1382 = -013 =0
822C23-Co3833 = -bpz =0
33C13 = -b13 =-byy
Then
D12Co1 + D13Ca1 - Crolos - Ci3ba; = 0 = &y (2.20)
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The above set of conditions is abbreviated to
Ci383 = byy
A2C21-Co3831= 0 a3103=0  Cp3=0
A31C11%822C31-C33831= 0 C11=Ca3 (2.21)
Cro8 = =0  a»=0
831C12 = -ba»
C138 =0
82C13=-b11 =0

The first two matrices now have the form

0O 0O 0 0 O
0O 0O 0 0 O
a; 0 0 0 b, O
The subsequent relations yield

D32Co1 = an
-C13b3, =812 =0 Ci3=0
-Co3bz, =8 =0 Cp3=0
D32(C22-Cs3) = @32 =0 C2>=Cs3 (2.23)
a;3=a;=0
Dy Ci3=a33=0 C;3=0

The elements of the matrix for e;are

Cy C, O
Cy C O (2.24)
Cy Cp O

The commutators [ey, es] = - e; and [e,, es] = e; yield the equalities
a1 = D3aCon
a31C12 = -D3. (2.25)

A set of matrices which satisfies the commutator relations of the Sol algebra
000 000 ¢, -1 0

000 (000 1 ¢, O (2.26)

1 00 010 Cy G, Cy

provides a realization of the three-dimensional geometry. Since ¢y, C3; and ¢, have been left undetermined, there is a
three-parameter set of generators.

Since more conditions are derived from the commutation relations of the three-dimensional Lie algebras of the other
basic geometries, the minimum dimension for a real representation again will be three.

It follows that the Lie algebra generators can be regarded as vector fields in R®. Consider, for example, the Nil algebra
with the generators
€,=0/0y - X 0/0z
e, = 0/0x (2.27)
€3 = 0/0z.

Theorem 2.3: The solutions to e;es ® = (0/0y -x 0/0z) 0/0z ®=0 invariant under the isometry group in the Nil
geometry form a subset of the space of functions f(y+2)+g(9- 2) where

§=(2/ (PN x*+4) Y2 (UNyy+ 1 Nyz )

2= (2I(N x*+4-x3) Y2 (1N, (1- (+ \ x*+4)12)y+ 1/ Ny (1-(x*- \ x*+4)/2)z)

Ny = [1+1/ x* (1-0+ x*+4)/2))2]H2

No = [1+ 1% (1-03+ x*+4)12)%)71 Y2
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Proof:
Since [ey, e3]=0, (e1-e3)(e1t+es)=(es+es)(e1-e3) and
(( d/oy-x 0/0z)- loz))((0loy-x dloz)+ 6loz) = (( &/oy-x 0/0z)+ dloz)((0/0y-x 6/6z)- 0loz)
= &Y1oyP-2x & 10y Oz+(x*-1) Yoz (2.28)

] 11 —x||oldy
= (0/0y 0/02) {_X XZ_J {a/&z}

1 —x
The eigenvalues of the matrix ) are
-X x°-1

M=+ 4+4)/2 and A, = (X2-\x"4+4)/2 with eigenvector
1

vi=1/N
T 1 xae (x2+ \/x4+4)/2
Ny= [1+1/x2 (1-03+\x*+4)/2 )1 ¥2 (2.29)
1
Vo= 1/ N,

1/ x (- (xz— \/x4+4)/2

No= []_+]./X2 (1-(X2-\/XA4+4)/2 )2]1/2.

The diagonalized differential operator is given by
OV X*+4)2 ooy 2+ (X* - N X*+4)/2 dloz?
dloy = 1IN, 6l6y+1/N, 8loz (2.30)
dloz' = 1N, 1/x (1 — (C+x14+4)12) 01dy + 1IN, 1/x (1 — (X2 - \x"4+4)/2) dloz

Suppose that
9= (A x"a+4)) 2y (2.31)
2= (2/(\x 4+4-x3)"2 7

The solutions to
(8% 8% - 8 62%) ®(9,2) = 0 (2.32)
are f(y+2)+g( §- z). Over the space of solutions, the vector field representation of (e;-e3) (e;+es) is zero.

Similarly,
[612, 62] = el[el, 92]+[el,62]61 = ee3t€3e1 = 26163 (233)

The vanishing of e;e; therefore vanishes from that of e,2. By the commutator,
[[612, 62],62]=2[6162,62]2261[63,62]+2[el,€2]€3=2632 (234)

the vanishing of e52 also vanishes from the vanishing of g2

Since e, € T,(Nil) at the origin o,
6122 o 61+B ety e;s (235)

Since
[e%, €] = o [ey, €5] = o €3, (2.36)
it would follows that 2e;e;= a esand 0=0. The vanishing of [e,?, e;] = B[e, €1] = - Pesyields p=0. Then
e.’e, =ve; However, e;e,= 5e;. Then
61(62- 8/’Y el)=0 (237)
for y#0.

Since e, and e, are not proportional, y = 0, and e;*= 0.

Finally, let e,’= o e;+f' ext y'es (2.38)
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The commutators
[e%, 1] =P [e2 1] = P €3 (2.39)
[622, el] = 62[62,91]+[62,61]62 = -62€3+(-93)62=-292€3
require f' = 0. By the vanishing of [ezz, €] = a'[ey, €;]= o' e3=0 and a'=0. Then &= v' ez and
(el- ) /’Y' 62) e,=0. (240)
for y' 0. Then y' must be set equal to zero and e, = 0. The generators of the Nil algebra are nilpotent of order 2. Since
e85 Is zero if (e;+es) (ei-e3) vanishes by the commutation relations, the solutions to (6/0y — x 0/6z)6/0z ®(y, z) = 0
invariant under the Nil group must form a subset of the solutions to (e;%-es*)®(y, z) = 0 given by {f(5+2) +g( $- 2)}.

3. THE LIE ALGEBRAS OF BASIC FOUR-GEOMETRIES

The transformation groups of the basic four-geometries may be described similarly to the Bianchi classification of
homogeneous three-dimensional geometries [2]. The commutators of the vector fields spanning these spaces would
follow from the relations
[e1, 2] = C123€3+C12484
[e1, €3] = C132€2%C13484
[€2, €3] = C231€1%Co3484 (3.1)
[e1, €4] = C142€21C143€3
[€2, €4] = Co41€11C043€3
[e3, €4] =C34181+Ca42€>.
Then a set of double commutators is
[[e1, 2], €3] = C124 [€4, €3] = -C124(C34181+C342€7)
[[e2, €3], €1] = Ca34 [€4, €1] = -C234(C14282+C14383) (3.2)
[[e3, 1], €2] = -C134 [€4,€2] = C134(Coa1€1%C243€3)

By the Jacobi identity.
-C124 (C341€11C342€2)-C34(C142€2+C14383) +C134(C24181+C4383)
= - (C124C341-C134C241)€1- (C124C342+C234C142)€2 - (C234C143-C134C243) €3 (3.3)
=0
or
C124C341 = C134C241
C124C342 = -C234C142 (3.4)
C234C143 = C134C243.

Similarly, it follows from the commutators
[[e1, 2], €] = C123[€3, €4] = C123(Caa1€1+C34287)
[[e4, €1], €2] = - Cias[€3, €2] = C143(C231€1+C034€4) (3.5)
[[e2, 4], €1] = Caaz[€s, €1] = -C243(C132€2%C134E4)
or
C123(C341811Cas ©2)+C143(C231€1+C234€4) - Co43(C132€21C13464) = 0, (3.6)

which requires the inequalities
C123C341 = - C143C231
C123C342 = Cp43C132 (3.7)
C143C234 = C243C134.

The commutation relations
[[e1, €3], ea] = Cizo[€2, €4] = C132(Coa1€1+C2a3€3) (3.8)
[[€4, 1], €3] = - C1a2[€2, €3] = - C142(C23181+C234€4)
[[e3, 4], €1] = Caaz[€2, 1] = - Cas2(C123€3+C124€4)
satisfy the Jacobi identity if
(C132C241-C142C231)€11(C132C243-C234 C123)€3-(C142C234+C342C124)€4 = O (3.9)
or
C132C241 = C142C231
C132C243 = C342C123 (3.10)
C142C234 = - C342C124-

The commutators
[[e2, €3], €4] = Coa1[1, €4] = Co31(Casr€2+Cra3€s)
[[e4, 2], €3] = - Cosr[€1,83] = - C241(C132€2+C13484) (3.11)
[[es, €4], €2] = Caai[e1, €2] = Caa1(C123€3+C124€4)
yield the equality
(C231C342-C241C132)€2 + (C231C143%C341C123)€3 + (C41C124-Co41C134)€4 = O (3.12)
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or

C231C342 = C241C132
C231C143 = - C341C123 (3.13)
C341C124 = C241C134.

These conditions will be satisfied by the structure constants of the Lie algebra of the basic four-geometry.

Let v,g be the metric of a hypersurface in a four-dimensional Bianchi cosmology and

Hu[}pvchu[} Ccpv Ypo (314)
Then the quadratic forms [3][4]
Oy = Mapu v 7™ (3.15)

— A0 B KA
q =C B C al Y
can be defined. Diagonalizing the positive-definite metric y,,, > 0, The structure constants determine the compactness
of the three-dimensional isometry group, since gu= C%x C'w. IS negative-definite for compact semisimple groups, and

q2 - gK}\ ,YKK <0.

The reduction to three-dimensional commutation relations is sufficient to ensure the embeddability of the basic three-
geometries in the basic four-geometries. The condition of inclusion in the group SO(9) [5] will place further constraints
on the Lie algebra. Nevertheless, those four-geometries that do satisfy can be projected to basic three-geometries with
an isometry group which is a subgroup of G, [6] can be included in the path integral for quantum gravity [7].

4. RICCI FLOW ON NIL GEOMETRY

A Ricci soliton will be described on the Nil geometry.
Let
g(t) = A()(0")° + B(H)( 6+ C(O)( 6°)°
0'=dy (4.1)
0> = dx
0° = xdy+dz

Suppose that
(8= A(1)(6")?
(82 )* = B(1)(67)? (4.2)
(8°) = CO®)°

such that
g(t) = (8% + (8*)* + (8% (4.3)

By evaluating covariant derivatives with respect to the frame
Fi=1NA(L) e;= 1/ VA(t) (8/dy-x 8/0z)
F,=1NB(t) e,= 1/ VB(t) &/ ox (4.4)
Fs= 1/ NC(t) e5= 1/ NC(t) 8/6z

Since [Fy,F.]= 1/ V(A(D)B(t)) es= NC(t)/(A(t)B(t))Fs,
Ru1(9(t)) = -1/2 C(t)/B(t)
Rax(g(t)) = -1/2 C(t)/A(t) (4.5)
Ras(g(t)) = %2 C()*/AMDB(Y).

The Ricci flow equations would be
o/ot g(t) = C(t)/B(t)
o/ot g(t)22 = C()/A(Y) (4.6)
) a/ot g(t)ss = - C()°/(AM)B(L)).
Then
d/dt(A(t)B(t)C(t)) = B(t)C(t) dA(t)/dt +A(t)C(t)dB(t)/dt + A(t)B(t)dC(t)/dt
= C4(1) (4.7)

When C(t) increases in magnitude, A(t)B(t)C(t) — oo.
If A(t) — -A(t) for the Lorentzian metric -(9")? + (8?)* + (9°),
d/dt (A(t)) =-C(t)/B(t)

d/dt(B(t))= -CA)/A() (4.8)
d/dt (C(t))=C2(t)AD)B(t)

© 2019, RIPA. All Rights Reserved 8
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and
d/dt (A(t)B(t)C(t)) = -CA(1). (4.9
by combining the three equations [8]. When C(t) — oo, A()B(t)C(t) — 0, and the Lorentzian soliton [9] decreases in
volume with time.

The expansion of the Euclidean Ricci soliton prevents its embedding within a four-sphere of fixed radius. However, if
the time coordinate occurs in the line element with the opposite sign, then the ambient space-time may be de Sitter
space. The Euclidean Ricci soliton might be embedded in the hyperbolic space H*. A matching of the metrics
dsnit soliton =AZ(t) (dy+xdz)?+B?(t)dx?*+C?(t)dz? (4.10)
dSH4 2 Iconstant nzl/nZ[an +dX2+dy2 +d22] Iconstant n

The line element for the soliton in the Nil geometry equals

2 2
ot r’= [y 2] {A (t) XA (t) } {dy} i

XA?(t)  A*(t)x*+C*(t)| | dz

The eigenvalues of the matrix are
ha = (AZR)(L+XC) + C(1)2 [L+[1+(4X° A')I(A(R)(L+xY) + C2())T ] (4.12)
ho = (AX()(L+xX°) + C2() "2 [1-[1+(4x* AR A(D(1+x%) + C*(1)]"]

and the eigenvectors are

V]_

1
= 1N, 2
1/ x+1/ 2% (A (1)(1+X°)+C (1)) [1+[1+(4CA* (t))/ (A*(t)(1+x°)+C(1)) 17
_ {Vm_
Vo =
V22_
1
SN ) nr2x (A% ()(1+5®)+c? (1)) [1-[1+(ax2na())/ (A2(t)(1+x2)+C2(1) 2]/ 2]
Ny = [1+ [-1/x+1/2x (A2(t) (1+x%)+C(1)) [1+[1+(ACAY0)/(A2(t) (1+x7)+C2 (1)1 1A (4.13)
No'= [1+[-1/x+1/2x (AX(t)(1+x2)+CA(1)) [1-[1+(4x® A*0)/(A% (1) (1+x°)+C2(t))* T4
Since
M\, T 2 2 T T
V1T Az(t) ) XA2 (t)z [Vl Vz]: ANV VY, _ A4 0 (4.14)
v,' | | XA%(t)  A*(t)x*+C(t) AV, ALV v, | |04
A1) x A% (t) A 0]y
= 4.15
() Axeci)| T o 4 (19
Then
A 0|y |[dy A 0 [dy!
dy d =|dy"' d 4.16
[dy gz v VZ]{O ﬂj LZT dz [y Z]_o 2, || dz' (419
with
dy' = dy V11+dZ Vo1 (417)
dz' =dy vy, +dz vy,
Then
ds? = B2(t)dx?+ A4 (t)dy' >+ A, (t) dz”. (4.18)
Let
() =M (M/B(Y) Y (4.19)
2(t) = LY2(t)/B(t) 2
such that
ds?=B?(t) (dx?+ d§” + d2?) (4.20)

Choosing 1o = constant=1/B(t,), the Euclidean Ricci soliton at time t, may be embedded in H*. For a continuous range
ofvalues ofn and t, with n = 1/B(t), there is a continuous embedding of this soliton in a constant n slice of the
hyperboloid.
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The spatial coordinates expand, however, only at a linear rate. Given a linear increase in C(t), the equation d/dt
(A()B(t)C(t)) = C(t)* would allow a linear increase in A(t) and B(t). By contrast, the Lorentz Ricci soliton could be
embedded in a four-manifold of fixed volume if its signature is changed. It would be necessary to have the time
coordinate to have the same sign as two of spatial coordinates in the signature. Then the interpretation of the remaining
spatial coordinate reflects an interchange with time, except that forward time then would correspond to a decrease in
this direction.

5. CONCLUSION

The requirement of three dimensions for a real representation of the Lie algebras determining the symmetry groups of
the basic three-geometries indicates that a projection to two dimensions must introduce complex numbers. The
transition from Poisson brackets of classical variables to quantum commutation relations requires the imaginary unit.
Therefore, the compatibility of the transition from two to three dimensions with geometric group invariance may
require quantum theory.

The embedding of the Ricci flow, which have determined the diffeomorphism classes of three-manifolds, in four
dimensions appears to require a change in the signature if the volume of the solition exceeds certain bounds. The
physical theories in three dimensions, therefore, areentirely described in four dimensions under certain conditions such
as Lorentz signature of the manifolds.

REFERENCES

1. W. P. Thurston, Three-Dimensional Groups, Kleinian Geometry and Hyperbolic Geometry, Bulletin Amer.
Math. Soc. 6 (1982) 357-381.

2. M. A. H. MacCallum, On the Classification of the Real Four-DimensionalLie Algebras, in On Einstein's Path,
ed. A. Harvey, Springer, New York, 1999,pp. 299-317.

3. M. A Akivis and V. V. Goldberg, Conformal Differential Geometry andits Generalizations, J. Wiley, New
York, 1996.

4. T. Christodoulakis, E. Korfiatis and G. O. Papadopoulos, Automorphism Inducing Diffeomorphisms, Invariant
Characterization of Homogeneous 3-Spaces and Hamiltonian Dynamics of Bianchi Cosmologies,Commun.
Math. Phys. 226 (2002) 377-391.

5. S. Davis, Parallelizability of the Basic Four-Geometries, RFSC-15-28.

6. R. Albuquerque and I. M. C. Salavessa, The G2-Sphere over a 4-Manifold, Mon. Math. 158 (2009) 335-348.

7. S. Davis, The Path Integrals for String Theory and Quantum Gravity: Three-Geometries and Conformal
Embeddings in Four-Manifolds, RFSC-09-24.

8. K. Onda, Lorentz Ricci Solitons on 3-Dimensional Lie Groups, Geometricae Dedicata 147 (2010) 313-322.

9. M. Brozos-V{\'a}zquez, G. Calvaruso, E. Garc{\ii}a-R{\'i}o and S. Gavino-Fernandez, Three-Dimensional
Lorentzian Homogeneous Ricci Solitons, Isr. J. Math. 188 (2012) 385-403.

Source of Support: Nil, Conflict of interest: None Declared
[Copy right © 2018, RJPA. All Rights Reserved. This is an Open Access article distributed under the terms of
the International Research Journal of Pure Algebra (IRJPA), which permits unrestricted use, distribution,
and reproduction in any medium, provided the original work is properly cited.]

© 2019, RIPA. All Rights Reserved 10




