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ABSTRACT

In this paper, union of Anti-Fuzzy subsets, definition of Anti-Fuzzy sub-Quadratic group, definition of Anti-Fuzzy
sub_ pendant group and definition of Anti-Fuzzy sub- "n" group are derived. Moreover, some properties and theorems
based on these have been derived.
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1.INTRODUCTION

The concept of fuzzy sets was initiated by Zadeh. Then it has become a vigorous area of research in engineering,
medical science, social science, graph theory etc. Rosenfeld gave the idea of fuzzy subgroups and Ranjith Biswas gave
the idea of anti fuzzy subgroups .Since the paper fuzzy set theory has been considerably developed by zadeh himself
and some researchers. The original concept of fuzzy sets was introduced as an extension of crisps (usual) sets, by
enlarging the truth value set of “grade of members” from the two value set {0, 1} to unit interval {0, 1} of real
numbers. The study of fuzzy group was started by Rosenfeld. It was extended by Roventa who have introduced the
fuzzy groups operating on fuzzy sets.

Rosenfield introduced the notion of fuzzy group and showed that many group theory results can be extended in an
elementary manner to develop the theory of fuzzy group. The underlying logic of the theory of fuzzy group is to
provide a strict fuzzy algebraic structure where level subset of a fuzzy group of a group G is a subgroup of the group.

The notion of bigroup was first introduced by P.L.Maggu in 1994.W.B.Vasanthakandasamy introduced fuzzy sub-
bigroup with respect to + and .“and illustrate it with example. W.B.Vasanthakandasamy was the first one to introduce
the notion of bigroups in the year 1994. Several mathematicians have followed them in investigating the fuzzy group
theory.

2. PRELIMINARIES

In this section contain some definitions, examples and some results.

2.1 Concept of a Fuzzy set:

The concept of a fuzzy set is an extension of the concept of a crisp set. Just as a crisp set on a universal set U is defined
by its characteristic function from U to {0,1}, a fuzzy set on a domain U is defined by its membership function from U
to [0,1] .

Let U be a non-empty set, to be called the Universal set (or) Universe of discourse or simply a domain. Then, by a
fuzzy set on U is meant a function A: U —[0, 1]. A is called the membership function; A (x) is called the
membership grade of x in A. We also write

A= {(x, A (x)): xeU}.
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Examples: Consider U={a, b, ¢, d} and A:U—-1 defined by A(a) =0, A(b) = 0.7, A(c) =0.4,and A(d) =1. Then Aisa
fuzzy set can also be written as follows:
A={(a, 0), (b, 0.7), (c, 0.4),(d,1)}.

2.2. Relation between Fuzzy sets: Let U be a domain and A, B be fuzzy sets on U.

Inclusion (or) Containment: A is said to be included (or) contained in B if and only if A(x) < B(x) for all x in U. In
symbols, we write, AC B. We also say that A is a subset of B.

2.3 Definition: Let S be a set. A fuzzy subset A of S is a function A: S — [0, 1].

2.4 Definition of Union of Anti - Fuzzy sets: The union of two fuzzy subsets A4, A, is defined by
(A; UA,) (X) =min {A;(X),A,(x)}or every x in U.

2.5 Definition of Anti Fuzzy Subgroup:

Let G be a group. A fuzzy subset A of a group G is called an anti-fuzzy subgroup of the group G if
i) A(xy)< max {A(x),A(y)} for every x, yeG and
i) A(x™1) = A(x) for every xeG.

2.6 Definition
A set (G, +, -) with two binary operations “ + “ and “. * is called a bigroup if there exist two proper subsets G, and G,
of G such that

i.G=G, UG,

ii. (G, , +) isagroup.

iii. (G, , .) isagroup.
A non-empty subset H of a bigroup (G, +, .) is called a sub-bigroup, if H itself is a bigroup under ‘+‘ and *.* operations
defined on G.

2.7 Definition of Anti- Fuzzy union of the fuzzy sets A;andA,:

Let A, be a fuzzy subset of a set x, and A, be a fuzzy subset of a set x,, then an anti-fuzzy union of the fuzzy sets
A, and A, is defined as a function. A; U A,: x; Ux, — [0,1] given by

min (A;(X), A,(X)) if X€ x; Nx,
ALUA)) (x) =4 A(X) if Xex; & X€& X,
A,(X) if XE x,&X¢E x;.

2.8 Definition of Anti Fuzzy sub- bigroup:
Let G = (G, +, *) be a bigroup. Then A : G—[0, 1] is said to be an anti-Fuzzy sub- bigroup of the bigroup G if there
exists two fuzzy subsets A, (of G,) and A, (of G,) such that

i) (A,,+) isan anti-fuzzy subgroup of (G, ,+)

ii) (A, , ) isananti-fuzzy subgroup of (G, ,*) and

i) A=A; UA, .

2.9 Definition of the Anti-fuzzy union of the fuzzy sets A;and 4,, Aj:

Let A, be a fuzzy subset of a set X; and A, be a fuzzy subset of a set X, . A; be a fuzzy subset of a set X;. then an
anti- fuzzy union of the fuzzy subsets A, and A4, , A5 is defined as a function.

A VA, VAL X uX,uXs — [0, 1] given by

[ min(4, (), 4, (x), 45 () if xeX; NX,N Xs .
min(4; (x), 4, (X)) if xeX; NX, & X ¢X5 .
min(4, (X), 45 (X)) if xeX, NX; & X ¢X;
(A;VA,UAS)(X) =— min(45 (X), 4; (X)) if xeX; NX; & x ¢X,

A (X) ifxeX; & x ¢X,5, X5

A, (X) ifxeX,&x ¢X,, X5.

As;(X) ifxeX; & X ¢X, X, .
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2.10. Definition of anti-fuzzy sub-trigroup of the trigroup G:
Let (G,+, .,*) be a trigroup with three binary operations +(addition) , . (Multiplications), * (ab/2). Then A: G — [0,1]
is said to be a Anti - fuzzy sub-trigroup of the trigroup G under ,+ , .,* operations defined on G. if there exists three
proper fuzzy subsets A, of G, and A, of G,, A; of G5 such that

(i) (Ay,*)isananti- fuzzy subgroup of (G, ,+)

(ii) (A,,.) is an anti- fuzzy subgroup of (G,, .)

(iii) (A5,*) is an anti- fuzzy subgroup of (G5 ,*)

(iv) A =(4,UA,UA,).

Note: A fuzzy subset A of a group G is said to be a union of three anti- fuzzy subgroups of the group G if there exists
three anti-fuzzy subgroups A, and 4,, A; of A (A;= A, A,= A and A;= A) such that (4, A, UA,). Here by the term
Anti-fuzzy subgroup B of A we mean that B is an anti- fuzzy subgroup of the group G and B < A (where A is also an
anti- fuzzy subgroup of G).

Example:

Let X; ={1, 2,3,4,5}and X, = {2, 4, 6, 8, 10}, X5= {1, 3, 5, 7, 9} be three sets

Define 4;: X;— [0,1] by
lifx=12

AL (X) = 0.6 ifx =3
0.2ifx=4,5.

Define 4, : — [0, 1] by

[1ifx=2,4

A, (x)= 4 0.6ifx=6

0.2ifx =8, 10.
And Define A;: X; — [0, 1] by

lifx=1

A;(X)= 7 06ifx=3,5
0.2ifx=7,9
Hence
lifx=1, 2, 4.

(A4,UA,UA5) (X) == 0.6ifx =3, 5,6
0.2ifx=4,5,78,9, 10.

Similarly, we define the definitions of Anti-fuzzy union of the Quadratic anti fuzzy sets, and soon Anti-fuzzy union of
then anti fuzzy sets .

2.11. Definition of the Anti-fuzzy union of the fuzzy sets A;and 4,, A3, Ay:

Let A, be a fuzzy subset of a set X; and A, be a fuzzy subset of a set X,, A be a fuzzy subset of a set X5, A, be a fuzzy
subset of a set X,. then an anti- fuzzy union of the fuzzy subsets A, and A4,, A; A, is defined as a function.

A VA, VA3 UA, X UK, UK wX, — [0, 1] given by

[ min(4, (), 4, (X), 45 (X) , Ay (X)) if xeX, NX,N X5N X,

min(4; (x), 4, (X), 45 (X)) ifxeX; NX,N X5, & X ¢X, .
min(4, (x), 45 (X), A, (X)) ifxeX, NX;N X,, & X ¢X, .
min(A4; (x), 4, (X), 4; (X)) if xeX; NX,N X;, & X ¢X, .
min(4, (x), 4, (X), 4, (X)) ifxeX, NX;NX,, & X ¢X5 .
min(4; (x), 4, (x)) if xeX; NX, & X ¢X3,X, .
(A{UA,UAZUAL) (X) = | min(4, (X), 45 (X)) if xeX, NX; & x ¢X,,X, .
min(A4; (x), 44 (X)) if xeX; NX, & X ¢X;, X,.
min(4, (x), 4; (X)) if xeX, NX; & x ¢4,, As.

Ay (X)ifxed; & X g45, 45,4, .
A, (X) ifxed, &x ¢4y, A3, Ay .
As(X) ifxed; & X ¢Aq, Ay, A, .
Ay(X) ifxed, & X 244,45, A3 .
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2.12. Definition of the Anti-fuzzy union of the fuzzy sets A;and 4,, Az, A,, As:
Let A, be a fuzzy subset of a set X; and A, be a fuzzy subset of a set X,, A5 be a fuzzy subset of a set X5, A, be a fuzzy
subset of a set X, , As be a fuzzy subset of a set Xs. then an anti- fuzzy union of the fuzzy subsets A, and A,, A3 A, As is
defined as a function.
A UA VA3 UAL VA X OXo X, X, X — [0, 1] given by
[ min(4; (), 4, (X), 45 (X), 44 (X) , As (X)) if xeX; NX,N X3N X,
min(4; (x), 4, (X), 43 (X), A4 (X)) if xeX;NX,N X3N X, & X X5
min(4, (x), 4 (X), 44 (X), A5 (X)) if xeX,NXzN X,N X5 & X Xy.
min(4s (X), 44 (X), 45 (X), A1 (X)) if xeX53NX4N XsN X; & X Xs.
min(4, (x), 4s (X), 4; (X), 4, (X)) if xeX,NXsN X;N X, & X ¢X5 .
min(A4s (x), 4; (X), 4, (X), 43 (X)) if XxeXsNX;N XoN X3 & X ¢X, .
min(4; (x), 4, (X), 43 (X)) if xeX; NX,N X3, & X Xy, X.
min(4, (x), 45 (X), 44 (X)) if xeX, NX3N X,, & X X1,Xs.
min(4s (X), 44 (X), 45 (X)) if xeX; NX,;N X5, & X ¢X,, X;.
min(4, (x), 4s (X), 4; (X)) if xeX,; NX;N X;, & X ¢X, ,X5.
(A1 UAUA3UA,UAR)(X) = | min(4s (X), 41 (X), 4, (X)) if xeXs XN X,, & X ¢X3 X,
min(4; (x), 4, (X)) if xeX; NX, & X ¢X5,X4, X5 .
min(4, (x), 45 (X)) if xeX, NX; & X ¢Xq, X4, X.
min(4s (x), 44 (X)) if xeX; NX, & X ¢X;, X5, Xs.
min(4, (X), 4s (x)) if xeX, NXs & X ¢X,, X3,X;.
min(4s (x), 4; (X)) if xeXs NX; & x ¢X,, X3,X,.
Ay (X) if xeX; & X X5, X3, X4, Xs.
A, (X) if xeX, &x ¢Xy, X3, X4, Xs.
As(X) if xeXs & x ¢X1, Xy, X4, Xs.
Ay(X) iIf xeX, & x ¢X1,X5, X3, Xs.
As (X) if xeXs & X X1,.X5, X, Xy4.

Similarly for n,

2.13. Definition of the Anti-fuzzy union of the fuzzy sets A;and 4,, A; ...... ... VA
Let A; be a fuzzy subset of a set X; and A, be a fuzzy subset of a setX,, A;be a fuzzy subset of a set X5, and
soon ..... A, be afuzzy subset of a set X,,. then an anti- fuzzy union of the fuzzy subsets A; and 4, , ........, A4, IS

defined as a function.
AUAr0.... . UA, X0Xu. ... WX, — [0, 1] given by

min(4; (x), 4, (X),.. A (X)) if xeX; NX,N ...NX,,.

min(4; (x), 4 (X)...., A,_1 (X)) ifxeX;NX,N ...N X, _; & X ¢X,
min(4, (x), 43 (X), ..., An (X)) if xeXoNX3N....n X, & XeX; .
min(4s (X),...., A, X), 4; (X)) if xeX;N...N X, N X; & X ¢X, .
min(A4(x),. (x) A (x) Az(x)) |erX4ﬂ XN Xlﬂ X, & Xe X3

mln(A (x) A1 (x) A, (x)) |erX ﬂXlﬂ ﬂXn 2 &x X 1 -
min(4; (x), .. n 2 (x)) ifxeX; N..NX,_,, &X eX,_1,X, .
(A U450 .. ... UA,) (X) =—{ min(4, (X),..., 4,1 (X)) if xeX, N..N Xn 1, &X eXl,X

mln(A1 (x) A2 (x)) |erX1 ﬂXz & X eXs ,X4, X .
mm(A2 (x), A3 (X)) if xeX, ﬂXs & X eXl,X4, ...... X,.

mln(A (x) A1 (x)) |erX ﬂXl &x séXz, X3,....X 1

Al (X) |fX€X1& X QXZ,Xs, XTl
Az (X) if XEXZ&X ﬁEXl, X3,, 'XTl'
ATl (X) if XeXn& X eXl!XZ’XS P ’XTl—l‘
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2.14. Definition of anti-fuzzy sub-quadratic group of the Quadratic group G:
Let (G,+, * ,**) be a Quadratic group with Four binary operations +(addition) , . (multiplications), *, ** . Then
A : G— [0,1] is said to be a Anti - fuzzy sub- quadratic group of the Quadratic group G under ,+ , .,*,**operations
defined on G. if there exists four proper fuzzy subsets A, of G, and A, of G,, A; of G5, A, of G,such that

(i) (Ay,*)isan anti- fuzzy subgroup of (G, ,+)

(ii) (A,,.) is an anti- fuzzy subgroup of (G,, .)

(iii) (A5,*) is an anti- fuzzy subgroup of (G5 ,*)

(iv) (A4,**) is an anti- fuzzy subgroup of (G, ,**)

(V) A=(A,UA,UA5;UAY).

2.15. Definition of anti-fuzzy sub- penta group of the pentagroup G :
Let (G,+, ,* ,*****) be a Penta group with Five binary operations +(addition),. (multiplications), * ,***** . Then
A: G — [0,1] is said to be a Anti - fuzzy sub — penta group of the Pentagroup G under ,+, .,*,** *** operations defined
on G. if there exists five proper fuzzy subsets A, of G, and A, of G,, A; of G5,A,0of G,,As of Gssuch that

(i) (Ay,*)isananti- fuzzy subgroup of (G, ,+)

(ii) (A,,.) is an anti- fuzzy subgroup of (G,, .)

(iii) (A5,*) is an anti- fuzzy subgroup of (G5 ,*)

(iv) (A4,**) is an anti- fuzzy subgroup of (G, ,**)

(V) (As,***) isan anti- fuzzy subgroup of (Gg ,***)

(Vi) A= (A, UA,UA;UAUAS).

2.16. Definition of anti-fuzzy sub- n group of the n group G:
Let (G,+ , * ***** 2% he a n group with n binary operations +(addition),. (multiplications) , * ,****=*
2% Then A: G— [0,1]is said to be a Anti - fuzzy sub - n group of the n group G under + , . *** **x
(2«operations defined on G. if there exists “n” proper fuzzy subsets A,of G, and A, of G,, A;0f Gs,
A, of G, Ag of Gs ......., A, Of G, such that

(1) (Ay,%) is an anti- fuzzy subgroup of (G,,+)

(i)  (A,,.)isan anti- fuzzy subgroup of (G,, .)

(iii)  (As,*) is an anti- fuzzy subgroup of (G5 ,*)

(iv)  (A4,**)isan anti- fuzzy subgroup of (G, ,**)

(v)  (As,***)is an anti- fuzzy subgroup of (G ,***)

(viii) (4,,,"?*) is an anti- fuzzy subgroup of (G,, ,"?*)

(ix) A=(A,VA,UA;UA VA, ... . UA,).
3. THEOREMS
3.1. Theorem: A isan Anti - fuzzy subgroup of a group S if and only if A(xy™!) < max{A(x),A(y)} for all X, yin S.
Proof:
Necessary part: Let A is an anti- fuzzy subgroup,

To prove:
Axy™) < max{A(x), A(Y)}
Axy™) < max{A(x), A(y )}
Axy™) < max{A(x), A(y)}, since A(y) = A(y™)

Sufficient part:
A(xy 1) < max{AX),Ay)}.

To prove:
Ais an anti fuzzy subgroup,

A™) = Aey™) < max{A(e), AY)}= AW).
Axy) = Ax(y™)—)< max{AX), A(y ™)}
A(xy)) < max{A(x), A(Y)}-

Therefore Ais an anti - fuzzy subgroup,

Hence proved.
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3.2 Theorem: Every anti - fuzzy sub — bigroup of a group G is an anti - fuzzy subgroup of the group G but not
conversely.

Proof: It follows from the definition of an anti- fuzzy sub —bigroup of a group G that every an anti- fuzzy sub —
bigroup of a group G is an anti -fuzzy subgroup of the group G. Since the union of any two anti-fuzzy subgroup is an
anti-fuzzy subgroup. Converse part is not true.

3.3 Main Theorem: The union of two anti - fuzzy subgroups of a group G is an anti- fuzzy subgroup if and only if one
is contained in the other.

Proof:
Necessary part:
Let A; and A, be two anti - fuzzy subgroups of G such that one is contained in the other.
Hence either A; € A, and A, C A, .
To prove: A; U A, is an anti - fuzzy subgroup of G.
Let the union of two fuzzy subsets A;, A, is defined by
AL UA; () =min {A(x), A, ()}
So Aq U Ay(xy) = min {Aq(xy), Az (xy)} D

Since A, and A, are the two fuzzy subgroup of G.
Ag U Ay (xy) = Ag(xy) (or) Ay U Ay(xy) = A,(XY) 2)

Since A, (xy) and A,(xy) are anti- fuzzy subgroups of G.

From (1) and (2).
A; U A,(xy) is also an anti - fuzzy subgroup of G.

Hence A, U A, is an anti- fuzzy subgroup of G.
SUFFICIENT PART:
Suppose A; U A, is an anti - fuzzy subgroup of G.

To Claim:
A c Aand A, C A,

Since A;, and A, are anti - fuzzy subgroups of G.

As(xy) < max {A(x), A1(Y)} (by condition (i) of definition of fuzzy subgroup of G)). 3)
There are two cases,
DAL(XY)< Aq(X),
i) Ar(xy) < Aq(y).
Case i)
Ailxy) < A (X) (4)

By an anti - fuzzy union of fuzzy sets A, and 4,, we have
A1 U Ay (X)=A(X) ®)

Sub (5) in (4), we get
Ar(Xy) < Ag U A (X) =Ax(X).
Aq(xy) < Ax(X) (6)

From (4) and (6), we get

A(X) < Ax(X).

AL CA (7
Similarly case ii):

Aixy) < Aq(Y) ®)
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By definition of an anti - fuzzy union of fuzzy sets of G, we have

A U A (Y) = Ag(y)-- )
Sub (9) in (8), we get,

As(xy) < A U Ay (Y) = Ag(y).

Ai(xy)s Aq(y) (10)
From (8) and (10) we have,

Az (Y) < Aqly)

Ay S A (11)

From (7) and (11),
iie AjcAand A, C A,

Hence A, is contained in A, and A, is contained in A;.

Therefore The Union of two anti -fuzzy subgroups of a group G is an anti - fuzzy subgroup. if and only if one contained
in other.

3.4 Main Theorem: The union of two Anti-fuzzy sub-bigroups of a bigroup G is an anti -fuzzy sub-bigroup if and only
if one is contained in the other.

Proof: Let A; and A, are anti —fuzzy sub-bigroupsand A; € A, and A, € A; .

To prove:
A; UA, isananti - fuzzy sub-bigroup .

By definition of Anti - Fuzzy Union of the fuzzy sets A; and A, .
Ag U Ay(Xy) =Aq(xy) (or) Ag U Ay(xy) =Ax(Xy).

Since A, (xy) and A,(xy) are anti - fuzzy sub - bigroups of G.
Hence, A; U A, is an anti - fuzzy sub-bigroup .
Conversely, Let A; UA, is an anti - fuzzy sub-bigroup .

To prove:
A cAandA, €A .

Since A; U A, isan anti - fuzzy sub-bigroup.

By Theorem: 3.2
Every anti - fuzzy sub —bigroup of a group G is an anti - fuzzy subgroup of the group G but not conversely.

Hence A; U A, is a fuzzy subgroup.and By Main Theorem: 3.3

The union of two anti -fuzzy subgroups of a group G is an anti - fuzzy subgroup if and only if one is contained in the
other.

Hence A; € A, and A, € A, .

Therefore, the union of two anti -fuzzy sub-bigroups of a bigroup G is an anti - fuzzy sub-bigroup if and only if one is
contained in the other.

3.5 Main Theorem: The union of the three Anti - fuzzy sub-trigroups of a group G is an anti - fuzzy sub-trigroups if
and only if one is contained in the other.

Proof:

Necessary part: Let A; and A,, A; be three anti - fuzzy sub - trigroups of G such that one is contained in the other.
Hence either A; € Ay, Ay S A, A S A3 A; CALA; CAandA, C A

Toprove: A = A; UA, UA; is an anti - fuzzy sub-trigroup of G.
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By Definition of an anti - fuzzy union of the fuzzy sets A; and 4,, As:
A(X) = (A1VA;UA3)(X) = min (4; (X), A7 (X), A3 (X)) .
which implies either

A(X) = (A1 UAUA5)(X) = Ay (X) 1)
(or) A(X) = (A;UAUA3)(X) = Ay (X) (2)
(or) A(X) = (A;UAUA3)(X) = Az (X) 3)

From (1), (2), (3), since A, and A,, Az be three anti - fuzzy sub — trigroups.
A = (A;UA,UA4A5) is an anti - fuzzy sub-trigroup of G.

Sufficient part: Let A = (4,UA,UA5) is an anti - fuzzy sub-trigroup of G.

To prove:

AL CSAACALA CAACALA; S A andA, CA;
A fuzzy subset A of a group G is said to be a union of three anti- fuzzy sub-groups of the group G if there exists three
anti-fuzzy subgroups A; and A,, A; of A (A;= A, A, = A and A3 = A) such that A=(A;UA,UA3). Here by the term
Anti-fuzzy subgroup B of A we mean that B is an anti- fuzzy subgroup of the group G and B < A (where A is also an
anti- fuzzy subgroup of G).

A S A=A UAUA; 4
A, € A=A UA,UA, (5)
A; € A=A UA,UA, (6)

Substitute (5), (6) in (4), we get,
A; S Ayand A, € Ag )

Similarly Substitute (4) and (6) in (5), we get,
A, C Ajand A, C A (8)

Substitute (4) and (5) in 6, we get,
A; CAjandA; C A, 9)

From (7), (8), and (9), We have, A; € A,, A, S A,A; CA;,A; S A,A; S Aand A, C A,

Hence the union of the three anti - fuzzy sub-trigroups of a group G is an anti — fuzzy sub-trigroups if and only if one is
contained in the other.

3.6. Main Theorem: The union of the Four Anti - Fuzzy Sub- Quadratic groups of a group G is an
Anti - Fuzzy Sub — Quadratic groups if and only if one is contained in the other.

Proof:

Necessary part: Let A; and A,, As, A, be Four Anti - Fuzzy Sub - Quadratic groups of G such that one is contained
in the other.

Hence either A; € Ay, A, S A, A S A3 A3 CALA; CA A, CA;
A; CALALCSA; AL CALALCSALAC A and A, C A,

To prove:
A = A UA,UA; UA,isananti - fuzzy sub- Quadratic group of G.

By Definition of an anti - fuzzy union of the fuzzy sets A;and A,, A5, A,.
A(X) = (A1UA; VA3 U Ay) (X) = min (4; (X), A7 (X), A3 (X), Ay(X)) -
which implies either

A(X) = (A UAUA U Ay) (X) = Ap (X) 1)
(or) A(X) =(A1VA,VA3 U A,) (X) =4, (X) (2
(or) A(X) =(A1VA,0A3 U A,) (X) =45 (X) (3)
(or) A(X) =(A1UA0A3 U A,) (X) =4, (X) (4)

From (1), (2), (3), (4),

Since A; and A,, A;, A, be Four Anti - Fuzzy Sub — Quadratic groups. A = (4;UA,UA5 U A,) is an anti - fuzzy sub-
quadratic group of G.
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Sufficient part: Let A = (4,UA4,UA; U A,) is an anti - fuzzy sub-quadratic group of G.

To prove:
ALCSALACA, AICA; A3 CA, ACSA), AJCA; A;CSA, ALCA; AL SCALALCALACA,
and A, C A,.

By 2.14. Definition of anti-fuzzy sub-quadratic group of the Quadratic group G and Note
(i) (Ay,%)isananti- fuzzy subgroup of (G, +)
(ii) (A,,.) is an anti- fuzzy subgroup of (G,, .)
(iii) (A5,*) is an anti- fuzzy subgroup of (G5 *)
(iv) (A,4,**) is an anti- fuzzy subgroup of (G, , **)
(V) A=(A;UA,UA5;UAY).

Which implies,
Al CA= AIUA2UA3UA4 (5)
Az CA= AIUA2UA3UA4 (6)
A; S A=A,UA,UA;UA, (7)
A, S A=A,UA,UA;UA, (8)
Substitute (6), (7) in (5) We get,
A, S AandA; © A (9).
Similarly Substitute (5) and (7) in (6), we get,
A, CAjandA, € A; (10)
Substitute (5) and (6) in (7), we get,
A; S AjandA; € A, (112)
Similarly we get,
A; S A,andA, C A; (12)
A CA,andA, S A (13)
A, cA,andA, €A, (14)

From (9), (10), and (11), (12), (13), (14). We get,
A CA, A, CA LA CA;A; CALACALA, CAA;CALALCA A CALALCALA, CA,
and A, CA,.

Hence the union of the four anti - fuzzy sub- Quadratic groups of a group G is an anti — fuzzy sub-Quadratic groups if
and only if one is contained in the other.

3.7. Main Theorem: The union of the Five Anti - Fuzzy Sub- Pentagroups of a group G is an Anti - Fuzzy
Sub — Pentagroups if and only if one is contained in the other.

Proof:

Necessary part: Let A; and A,, A;, A,, Ag be Five Anti - Fuzzy Sub - Pentagroups of G such that one is contained in
the other.

Hence either A; € Ay, Ay S A;, A; SA;, A SA, A SA, Ay SA;, A SA, A, SA; A CA, A, CA,
A, SALA, SALA SA, A CALA SA, A SALA CA; A CA, A CA, A, CA..

Toprove: A=A; UA, UA; UA, UA; is an anti - fuzzy sub- pentagroup of G.
By Definition of an anti - fuzzy union of the fuzzy sets A, and 4,, A3, Ay, Ag:

A(X) = (A UA,UA3 LA UAS) (X) = min (A (X), A (X), Az (X), As(X), As(X)) -
which implies either

A(X) = (A1 WA VA3 UAUAS) (X) = A (X) 1)
(or) A(X) = (A;VAUA3UALUAL) (X) = 4, (X) (2)
(or) A(X) = (A;VAUA3UALUAL) (X) = A (X) 3)
(or) A(X) = (A1 VA UA3UALUAS) (X) = A4 (X) 4
(or) A(X) = (A1 WA UA3UA,UAS) (X) = A5 (X) ®)
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From (1), (2), (3), (4), (5).

Since A;and A,, A;, A,, As be Five Anti - Fuzzy Sub — Pentagroups.
A = (A;UA,UA5 VA, UAL) s an anti - fuzzy sub- Pentagroup of G.

Sufficient part: Let A = (4;UA,UA3UA,UA:) is an anti - fuzzy sub-Pentagroup of G.

To prove:
ALCSALACALA SAL A CALASAACALACALALCAA CSALALCALA CA,,
AL C A, Al SALACALACALA CA, AsCSAAC A A C A and A, CA;.

By 2.15. Definition of anti-fuzzy sub-Penta group of the Penta group G and Note
(i) (Ay,*)isan anti- fuzzy subgroup of (G, ,+)
(ii) (A,,.) is an anti- fuzzy subgroup of (G,, .)
(iii) (A5,*) is an anti- fuzzy subgroup of (G5 ,*)
(iv) (A4,**) is an anti- fuzzy subgroup of (G, ,**)
(V) (As,***) isan anti- fuzzy subgroup of (Gg ,***)
(vi) A= (A, UA,UA;UAUAL).

Which implies,
AL € A=A1VA,VA3UA L UAL (6)
A, C A= AjUA VA3 UA VA, )
A; € A=A,UA,UA;UA, LA, (8)
A, €S A=A,UA,UA;UA, A, 9)
A C A= AjUA,UA;UA,UA, (10)
Substitute (6) and (7), We get,
A; € AyandA; C A, (11)
Similarly Substitute (6) and (8), We get ,
A; C A and A, C Ag (12)
Substitute 6 and 9 we get,
A, CA;andA; € A, (13)
Similarly we get,
A; C A and A, € Ag (14)
A cA,andA, C A (15)
A, cA,andA, € A, (16)
A S Acand A € A, a7
A C A,and A, € A (18)
Ag € As;and A; € A (19)
A cA,and A, € A (20)

From (11), (12), (13), (14), (15), (16), (17), (18), (19), (20), we get,

A, CA, A, SA, A, SA,, Ay CA,, Ay SAA, SA,A; S A, A, SA; Ay A, A, CA,, Ay SALA, S
Ay A, CAs, Ac S AL A S A, Ay SA;, As S A, Ay S Ag, As € A, A, S A,

Hence the union of the five anti - fuzzy sub- Pentagroups of a group G is ananti - fuzzy sub- Penta groups if and only if
one is contained in the other.

Similarly,

3.8. Main Theorem: The union of the “n” Anti - Fuzzy Sub- “n” groups of a group G is an Anti — Fuzzy Sub — “n”
groups if and only if one is contained in the other.

Proof: Proof is Similar like above Theorems.
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3.9. Main Theorem: Every anti - fuzzy sub —Tri group of a group G is an anti - fuzzy subgroup of the group G but not
conversely.

Proof: It follows from the definition of an anti- fuzzy sub— Tri group of a group G that every an anti- fuzzy sub —
Tri group of a group G is an anti -fuzzy subgroup of the group G. Converse part is not true.

3.10. Main Theorem: Every anti - fuzzy sub — Quadratic group of a group G is an anti - fuzzy subgroup of the group G
but not conversely.

Proof: It follows from the definition of an anti- fuzzy sub — Quadratic group of a group G that every an anti-
fuzzy sub — Quadratic group of a group G is an anti -fuzzy subgroup of the group G. Converse part is not true.

3.11. Main Theorem: Every anti - fuzzy sub — Pentagroup of a group G is an anti - fuzzy subgroup of the group G but
not conversely.

Proof: It follows from the definition of an anti- fuzzy sub— Pentagroup of a group G that every an anti- fuzzy sub
— Pentagroup of a group G is an anti -fuzzy subgroup of the group G . Converse part is not true.

3.12. Main Theorem: Every anti - fuzzy sub - “n” group ofagroup G is an anti - fuzzy subgroup of the group G
but not conversely .

Proof: It follows from the definition of an anti- fuzzy sub—*“n” group of a group G that every an anti- fuzzy sub
—“n” group of a group G is an anti -fuzzy subgroup of the group G. Converse part is not true.

CONCLUSION

In the paper, We derive the union of the Anti-Fuzzy sub "n" groups of a group G for n =1, 2, 3,....n. and definition of
Anti-Fuzzy sub- Quadratic groups and Anti - Fuzzy sub -pendant groups and soon upto definition of Anti-Fuzzy sub -
"n" groups. Shows that every Anti-Fuzzy sub- bigroups, Anti-Fuzzy sub- trigroups and soon Anti-Fuzzy sub- "n"
groups are Anti-Fuzzy subgroups.
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