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ABSTRACT
In this paper, we prove Geraghty contraction principle for digital images. Our results extend the Banach fixed point
theorem for digital images. Which is an extension of the Banach contraction principle. Example is provided to illustrate
our results.
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1. INTRODUCTION AND PRELIMINARIES

Fixed point theory deals many fields of mathematics such as Functional Analysis and general topology. Digital
topology is area related to features of 2D and 3D digital images using objects with topological properties.

The Banach[1] contraction mapping theorem is well known in fixed point theory. In 1973, [14] Geraghty introduced the
extension to the Banach contraction principle.
S={f:[0, ) — [0, 1)/ f(t,) — 1 =t,— 0}.

Definition [14] Let (X, d) be a metric space. A self map f: X — X is said to be a Geraghty contraction if there exists
€S such that

d(f(x), f(y)) <p(d(x, y))d(x, y) for all x, y €X.
Theorem [14] Let (X, d) be a complete metric space. Let f : X — X be a Geraghty contraction. Then for any choice of

initial point xee X, the iteration {x,}defined by x,= f(x,.1) forn =1, 2, 3, ... converges to the unique fixed point z of f in
X

Let X be a subset of Z" for a positive integer n where Z" is the set of lattice points in the n - Dimensional Euclidean
Space and K be represent an adjacency relation for the members of X. A digital image consists (X, K).

Definition 1.1: [5] Let k, m be positive integers, 1< I < m and two distinct points (p = p1,b2, D3, ---Pm)>
(¢ = 91,92, q, ---q) € Z" pandqare k;- adjacent if there are at most [ indices isuch that |p; — ;| = 1, and for all
other indices j such that |p; —gq;| #1, p;- q;.

The following are the consequences above definition.

Two points p and q in Z are 2- adjacent if | p- q| =1.
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Two points pand g in Z* are 8- adjacent if they are distinct and differ by at most 1 in each coordinate.

Two points p and g in Z? are 4- adjacent if they are 8 - adjacent and differ in exactly one coordinate.
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Figure- 1.3:

Two points p and g in Z2 are 26- adjacent if they are distinct and differ by at most 1 in each coordinate.

Two points p and gin Z? are 18- adjacent if they are 26- adjacent and differ at most two coordinates.

Two points p and gin Z° are 6- adjacent if they are 18- adjacent and differ at most two coordinates. [5] A k — neighbor
of pe Z" isapoint of Z" that is k — adjacent top where k € {2,4,6,8,18,26}and n € 1,2,3.

The set N, (p) = {qlq is k — adjecent to p} is called the k- neighborhood of p.
A digital interval is defined by [a, b]; ={z € Z|a <z < b}, wherea,b€ Z and a < b.

A digital image X CZ"is k- connected [7] if and only if for every pair of different points x, y € X, there is a set
{x0, %1, %5, ... x,.} of points of a digital image X such that x= x,,y = x,. and x; and x;,; are k- neighbors where
i=0,1,2,... r-1.

Definition [7]: Let (X, ko) CZ"°, (Y,k;) CZ™ be digital images and f:X — Y be a function.

If for every k, — connected subset U of X, f(U) isa k; — connected subset of Y, then f is said to be (kg, k1) —
continuous.

f is(kg, k) — continuous if and only if for every k, — adjacent points {xy,x;} of X, either f(x,) = f(x;) or
f(xg) and f(x;) areak; — adjacentin.

f is(kg, ki) — continuous, bijective and f~1is (ky,ky)-continuous, then fis called(ky, k,) — isomorphism and
denoted by X = (ko, k;)Y.

A (2- k) — continuous function f:[0,m],; — X such that f(0) = x, and f(m) = yis called a digital k- path from x to
y in a digital image X. In a digital image (X, k), for every two points, if there is a k-path, then X is called k-path
connected.

A simple closed k-curve of m= 4 points in a digital image X is a sequence {f(0), (1), f(2),,, f(m — 1) }of images of
the k-path f:[0,m — 1], —» X such that f(i) and f(j) are k-adjacent ifand only if j = i + mod m.

A point x € X is called k-corner if x is k- adjacent to two and only two points y, z € X such that y and z are
k-adjacent to each other.

If v, z are not k-corners and if x is the only point k-adjacent to both y, z then we say that the k- corner is simple. X is
called a generalized simple closed k-curve if what is obtained by removing all simple k-corners of X is a simple closed
k-curve.

For a k-connected digital image (X, k) in Z", there is a following statement
|X|* = N3n_;(x) N X
r—2

ke{2n(n=1),3"—1(n=2),3" - chlzn—t—uz <r<n-1, n=3)

t=0
n!

(n—t)le!
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Definition: [18] Let (X, k) be a digital image in Z", n> 3 and X= Z"- X. Then X is called a closed k- surface if it
satisfies the following.
If (k, k) € {(k,2n),(2n,3™ — 1)}, where the k- adjacency is taken from (2.1) with k # 3" — 2" —1and k is the
adjacency on X, then
a) For each point x € X, |X|* has exactly one k-component k-adjacent to x;
b) |X|* has exactly two k- adjacent to xx; we denote by C** and D** these two components; and
c) For any point yEN,(x)NX, Ny(y) nC* #0 and Nz(y) nD*™ # 0,where N (x) means the
k- neighbors of x.
Further, if a closed k —surface X does not have a simple k-point, then X is called simple.
If (k, k) = (3" — 2" — 1,2n) then X is connected, for each point x € X, |X|* is a generalized simple closed
k- curve. If the image |X|* is a simple closed k-curve and the closed k-surface X is called simple.
Let (X, k) bea digital image and its subset be (A,k). (X, A) is called a digital image pair with k-adjacency and
when A is asingleton set {x,}, then (X,x,) is called a point digital image .

Banach Contraction Principle for Digital Images.
Let (X, k) be a digital image and f:(X,k) — (X, k) be any (k, k) — continuous function. We say the digital
image (X, k) has the fixed point property. If for every (K, K) — continuous map: f X — X there exists x € X
such that f(x) = x.
The fixed point property is preserved by any digital isomorphism. It is a topological invariant.
Let (X, d, k) be denote the digital metric space with k-adjacency where d is usual Euclidean metric for Z".

Definition: A sequence {x,} of points of digital metric space (X, d, k) is said to be a Cauchy sequence if for all € > 0,
there exists @ € N such that for all n,m > 0 then d(x,, x,,) <e.

Definition: A sequence {x, } of points of digital metric space (X, d, k)converges to a limit a € X if for alle > 0, there
exists « € N suchthat forall n > a then d(x,, a)<e.

Definition: A digital metric space (X, d, k) is a said be a complete digital metric space if any Cauchy sequence {x,} of
points (X, d, k) converges to a point a of(X,d, k).

Definition: Let (X, k) be any digital image. A function f: (X, k) - (X, k) is called right- continuous if
fl@) = _Mf(x) where ac€X.

x—>a+

Definition: [12] Let (X,d, k) be any digital metric space and f: (X,d, k) —» (X, d, k) be a self digital map. If there
exists A € (0,1) such that for all x,y € X, d(f(x), f(¥)) < 2d(x,y), thenf is called a digital contraction map.

Proposition: Every digital contraction map is digitally continuous.

Theorem [12]: Let(X,d, k) be a complete digital metric space which has a usual Euclidean metric in Z". Let
f:X — Xbe a digital contraction map. Then f has a unique fixed point, i.e., there exists a unique u € X such that

f@) =u.
In 2015 Ozgur Ege, Ismet Karaca generalized Banach contraction Principle as follows.
Theorem: [12] Let (X,d, k) be a complete digital metric space which has a usual Euclidean metric d in Z" and let

f: X - X be adigital self map. Assume that there exists a right- continuous real function y:[0,u] — [0,u] where u
is sufficiently large real number such that y(a) < a ifa>0, and let f satisfies

d(f (), f(2) < ¥ (d (1,22 )) forallx;,x, € (X,d,k).
Then f has a unique fixed point u € (X, d, k) and the sequence f™(x)converges to u for every x € X.

Now we define digital Geraghty contraction map.

Definition: Let (X,d, k) be any digital metric space and f: (X,d, k) - (X,d, k) be a self digital map is said to be a
digital Geraghty contraction map if there exists § € S such that d(f (x), f(»)) < B(d(x,y))d(x,y)for all x,y € X.

Here we observe that every digital contraction map is a digital Geraghty contraction map but its converse need not be
true.

Now we prove Geraghty contraction theorem in digital metric spaces.
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Theorem: Let (X,d, k)be a complete digital metric space with Euclidean metric d in Z"and let f: X - X be a digital
Geraghty contraction map. Then f has a unique fixed point ue (X, d, k).

Proof: Let x, € (X,d, k), we define the sequence x,, = f(x,_,) foreachn > 1.
If x, = x,, for some nthen x,, is a fixed point of f.

Without loss of generality, we assume that if x,, # x,,, for eachn.

We have d(xn+1’ xn) = d(f(xn ) ’f(xn—l)) < B( d(xn'xn—l))d(xnﬁxn—l) (31)

Since B €S,
d(Xp41, Xn) < d(x,, x,_1), Which follows that {d(x, .1, x,)} is a decreasing sequence of non-negative reals and so
lim,, L, (d(x,41, X)) existsand itisr (say).

Now we show that r = 0.

If r>0 then from (3.1) we have
d(xn+1’ xn) = d(f(xn )’ f(xn—l)) < B( d(xn'xn—l))d(xn'xn—l)

d(Xn+1 Xn)
ey S B(d(xn, x,_1)) < 1foreachn > 1.

Onletting n — oo, we get

1=lim, (M> < limB(d(x,, x,-1)) < 1.
n—co

d(xp,xn—1)

So that B(d(x,,x,_1)) = lasn — oo, thatimplies limd(x,41,%,) = 0.
n—-oo

Hencer = 0.
Let {x,} be a sequence in X such that d(x,,x,+1) = 0 asn — oo.

Suppose that {x, } not a Cauchy sequence. Then there exists € > Ointegers
m(k)andn(k) with m(k) > n(k) >k such that d(x, ) Xn) =€ (3.2)
we choose m(k), the least positive integer satisfyingd(xm (k) xn(k)) > ¢, then we have m(k) > n(k) > k with
d(nay ) 2 €d(nw-1 X)) <€
€ < d(Xngy ) < Ay Xmar-1) + d(n -1, %n0))
< d(xm(k), xm(k)_l) + €.

Since d(xn(k),xn(k)+1) — 0 ask - oo, we have € < d(xm(k), xn(k)) < €.

This implies d(xm(k), xn(k)) —€ ask - oo
€ <d(Xmuy %) < A(Fmay *mao-1) + A(Fmo-1 *ag+1) + d(Xnwo41 *ago)
<d(Xm@y *mao-1) + € +d(Xng+1 Xngo)-

Since d(xn(k),xn(k)+1) — 0 ask — oo, wehave € < d(xm(k), xn(k)) <e€

This implies d(xm(k)_l, xn(k)+1) —€ ask — oo
€ < d(Xmay *a) < A(tmay Xmr+1) + A(Fmar+1 Xno-1) + d(*no-1 X))
<d(Xmay Xmay+1) + €+ d(Xn@+1 Xng))-

Since d(xm(k), xm(k)+1) -0 ask — oo, wehave € < d(xm(k), xn(k)) <eE€.

This implies d(xm(k)+1, xn(k)—l) —-eask - oo,
d(xm(k)+1 'xn(k)) = d(f(xm(k) ), f(xn(k)—1)) <pB ( d(xm(k)'xn(k)—1)> d(xm(k)'xn(k)—l)
d m n
(m (k)+1 Xn (k)) S:B(d(xm(k)'xn(k)—l)) <1

A (m (k) Xn (k)—1)
On lettingk — oo, we get

1=7 < limp (G xngo-1)) < 1.
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So that ﬁ ( d(xm(k),xn(k)_l)) -1 ask - o,

Since B € S, d (%X @iy Xny-1) = 0 ask — .

Hence it follows that € = 0, a contradiction.

Therefore {x,} is a Cauchy sequence in X, and since (X, d, k) is a complete digital metric space, f™(x) converges
in (X, d, k).

Geraghty contraction principle can be used to image compression of a digital image.

Example: Let F, be a digital image, we make a copy of Fy and glue it on the lower left vertex.

We create a copy of Fpand glue it on lower right vertex, so that we have a new digital image of F; as follows.

As in the above same procedure of F;, we have a new digital image F, which is identical to F;,

As a result, F, is the fixed point in this process.

Let T be a function which have F;to T(F)).

Here we have F; isa fixed point of this function, by continuing this process, we get an infinite sequence of sets {F.},
then the sequence {F,} converges to F, It cannot be distinguished F¢ from F,. As a result, the computer programme use
Fe instead of F; to be better resolution. At the same time, the programme could use F, in place of Fg to determine easily
some properties of digital image.

CONCLUSION

In this paper we give the digital version of Geraghty contract principle. This will be useful for digital topology and
fixed point theory and to understand the better structure of digital images.

REFERENCES

1.

2.

e

NGO

10.
11.
12.
13.
14,
15.

16.
17.

18.

S. Banach, Sur les operations dans les ensembles abstraitsetleurs applications aux equations integrales, Fund.
Math., 3 (1922), 133-181.

G. Bertrand, Simple points, topological numbers and geodesic neighborhoods in cubic grids, Pattern
Recognition Letters, 15 (1994), 1003-1011.

G. Bertrand, R. Malgouyres, Some topological properties of discrete surfaces, J. Math. Imaging Vis., 20
(1999), 207-221.

L. Boxer, Digitally continuous functions, Pattern Recognition Letters, 15 (1994), 833-839. [5] L. Boxer, A
classical construction for the digital fundamental group, J. Math. Imaging Vis., 10 (1999), 51-62.

L. Boxer, Properties of digital homotopy, J. Math. Imaging Vis., 22 (2005), 19-26.

L. Boxer, Digital products, wedges and covering spaces, J. Math. Imaging Vis., 25 (2006), 159-171.

L. Boxer, Continuous maps on digital simple closed curves, Appl. Math., 1 (2010), 377-386.

O. Ege, I. Karaca, Fundamental properties of simplicial homology groups for digital images, American Journal
of Computer Technology and Application, 1 (2013), 25-42.

O. Ege, I. Karaca, Lefschetz Fixed Point Theorem for Digital Images, Fixed Point Theory Appl., 2013
(2013),13 pages.

O. Ege, I. Karaca, Applications of the Lefschetz Number to Digital Images, Bull. Belg. Math. Soc. Simon
Stevin,21 (2014), 823-839.

OzgurEge, IsmetKaraca, Banach fixed point theorem for digital images, Journal of Non linear Science and
Applications, 8(2015), 237-245.

G. V. R. Babu, K.K. M. Sarma and P. H. Krishna. Fixed points of w — weak Geraghty contractions in partially
ordered metric spaces. Journal of Advanced research in pure mathematics. 6(4), 2014, 9 - 23.

M. A. Geraghty. On contractive maps. Proc. of Amer. Math. Soc., 1973, 40:604-608.

S. E. Han, An extended digital (kO; k1)-continuity, J. Appl. Math. Comput, 16 (2004), 445-452.

S. E. Han, Minimal simple closed 18-surfaces and a topological preservation of 3D surfaces, Inform. Sci.,
176(2006), 120{134. 2.40. Ege, I. Karaca, J. Nonlinear Sci. Appl. 8 (2015), 237-245.

S. E. Han, Connected sum of digital closed surfaces, Inform. Sci., 176 (2006), 332-348.

G. T. Herman, Oriented surfaces in digital spaces, CVGIP: Graphical Models and Image Processing, 55
(1993), 381-396.

M. Jleli, B. Samet, A new generalization of the Banach contraction principle, J. Inequal. Appl., 2014 (2014),
8pages.

© 2019, RIPA. All Rights Reserved 68



P. H. Krishna** and D. A. Tatajee / Geraghty contraction principle for digital images / IRIPA- 9(9), Sept.-2019.

19. 1. Karaca, O. Ege, Some results on simplicial homology groups of 2D digital images, Int. J. Inform. Computer
Sci., 1 (2012), 198-203.

20. T.Y.Kong, A digital fundamental group, Computers and Graphics, 13 (1989), 159-166.

21. R. Malgouyres, G. Bertrand, A new local property of strong n-surfaces, Pattern Recognition Letters, 20
(1999), 417-428.

22. A. Rosenfeld, Digital topology, Amer. Math. Monthly, 86 (1979), 76-87.

23. W. Shatanawi, H. K. Nashine, A generalization of Banach's contraction principle for nonlinear contraction in
apartial metric space, J. Nonlinear Sci. Appl., 5 (2012), 37-43.

Source of Support: Nil, Conflict of interest: None Declared
[Copy right © 2019, RJPA. All Rights Reserved. This is an Open Access article distributed under the terms of

the International Research Journal of Pure Algebra (IRJPA), which permits unrestricted use, distribution,
and reproduction in any medium, provided the original work is properly cited.]

© 2019, RIPA. All Rights Reserved

69



