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ABSTRACT

The aim of this paper, we introduce and extend the notion of generalized a — g-contractive mappings involving
rational expressions in cone metric spaces and state the existence and uniqueness of a fixed point for this mapping. Our
results are generalizations and extend certain main result of [30]. Some examples are given to illustrate the obtained
results and to show that these results are proper extensions of the existing ones. Then we apply the obtained theorem to
study the existence of solutions to the nonlinear integral equation.
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1. INTRODUCTION

The first fundamental result on fixed point for contractive mapping was published and introduced by S. Banach [1] in
1922, which is known as Banach contraction mapping principle. It is widely recognized as influential sources in pure
and applied Mathematics. A mappingT: X — X, where (X, d) is a metric space, is said to be a contraction mapping,
such that

d(Tx,Ty) < kd(x,y) , for all x,y € X with contractive constant k € [0,1).

This principle provides an impressive illustration of the unifying power of functional analytic methods and their
usefulness in various disciplinary. It has become a very popular source of existence and uniqueness theorems in
different branches of Mathematical analysis.

These sources have been associated with new and generalized classes of contractive mappings. In this direction, Samet
et al. [2] introduced the concept of @ —admissible, ¢ —contractive, « — ¢ — contractive mapping and proved fixed
point results, further he also extend to the( a, ) —contractive mappings in metric spaces. Such that, several authors
obtained further results (see for instance [3-17]).

In 2007, Huang and Zhang [18] introduced cone metric space , which is generalization of metric space by replacing the
real numbers with ordered Banach space and obtained fixed point theorems of contractive mappings in these spaces.
Subsequently, several authors have been generalized and studied fixed and common fixed point results in cone metric
spaces for normal and non normal (see for instance [19-28]).

Quite recently, Kang, S. M. et al. [29] introduced a — ¢@-contractive mappings in cone metric spaces and proved fixed
point theorem, which is generalization of the result [2]. Further, Verma, M. et al. [30] generalized and extend the
results [29] and proved fixed point theorem.

Thus, the purpose of this paper is to give the generalized version of @ — ¢-Ccontractive type contraction mappings in
cone metric spaces and get the fixed point theorem. Our results generalize and extend previously obtained result of
[30].
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2. PRELIMINARIES
First, we introduce some standard notations and definitions which we needed them in the sequel see ([18]).

Definition 2.1: Let E be a real Banach space and P be a subset of Eand Odenote to the zero element in E, then P is
called a cone if and only if:
(i) P isanon-empty set closed and P = { 0},
(if) If a, b are non-negative real numbers and x,y € P, then ax + by € P,
(iiy)x e Pand —x € P = x = 0 & PN(—P) = {0}.
Given a cone P c E, we define a partial ordering< on E with respectto P by x < y ifand only if y — x € P. We shall
write x < y if y —x € intP(where int P denotes the interior of P). If intP # @, then cone P is solid. The cone P
called normal if there is a number M > 0 such that for all x,y € E,

Osx=<y=>lxlI=sMlyl.
where M is least positive number satisfying the above is called the normal constant of P.

Definition 2.2: Let P c E is called regular if every increasing sequence which is bounded above is convergent .That is,
if {x,} is sequence such that x; < x; < x3 ......... < y for some y € E, then there exist x € E such that ||x, — x| - 0
asn — oo. Equivalently the cone P is regular if and only if decreasing sequence which is bounded below is convergent.
Now for the following discussion assume that E is Banach space, P is a cone in E with intP # @ and < is a partial
ordering with respect to P.

Definition 2.3: Let X be a non-empty set. Suppose E is a real Banach space, P is a cone with intP # @ and < is a
partial ordering with respect to P.If the mapping d: X X X — E satisfies

(i) 0<d(x,y)forallx,y € Xand (x,y) =0ifandonly ifx =y,

(i) d(x,y) =d,x)forallx,y € X,

(i) d(x,y) < d(x,2) + d(z,y)forallx,y,z € X.

Then d is called a cone metric on X, and (X, d) is called a cone metric space .The concept of cone metric space is more
general than that of a metric space.

Example 2.4: Let E=R?P={(x,y) €EE:x,y >0}, X=R and d:XxX > E defined by d(x,y) = (|x -
y|,a|x — y|)where a> 0 is a constant. Then (X, d) is a cone metric space.

Definition: 2.5: Let (X, d) be a cone metric space, x € X and {x, },>; be a sequence inX. Then,

(1) {x,}.>1 Converges to x whenever for everyc € E with 8 < c, if there is a natural Number N such that
d(x,,x) < c forall n > N. We denote this by lim,,_.x, = xor x, - x,(n - )

(2) {x,}n>1is said to be a Cauchy sequence if for every ¢ € E with << c,if there is Natural number N such that
d(x,,x,) < cforalln.m = N.

(3) (X, d)is called a complete cone metric space if every Cauchy sequence in X is Convergent.

Lemma 2.6: Let (X, d) be a cone metric space and P be a normal cone with normal constant M. Let {x,},>; be a
sequence inX. Then,

(@) {x,}.>1 Convergesto x if and only if d(x,,x) = 0(n — ).

(b) {x,}.>1is a Cauchy sequence if and only if d(x,, x,,) = oo(n,m - ).

Lemma 2.7: Let (X, d) be a cone metric space and P be a normal cone with normal constant M. Let {x,},>; be a
sequence inX. Then,

(i) The limit {x, },,>1 is unique. That is if {x, },,~; Converges to x and{x, },>; Convergest y.

(ii) if {x,},,>1 Converges to x then {x, },,~is a Cauchy sequence.

Lemma 2.8: Let (X,d) be a cone metric space and P be a normal cone with normal constant M.  Let {x,},>
and{y,},>1 be any two sequences inXwith {x, },>1 = x and {y, },>1 = ¥ asn = oo, then d(x,, y,) = d(x,y).

Definition: 2.9[2]: LetT: X — X and a: X X X — [0, ), we say that T is a-adimissible if
ad(x,y) 21 =>ad(Tx,Ty) = 1forall x,y € X.

We denote with¥ the family of non -decreasing function ¢: [0, 4+o) — [0, +00) such that };°_; ¢™ < 4o for each
t > 0, where @™ is n'" iteratione.

Lemma 2.10[2]: For every ¢: [0, +) — [0, +0) the following holds:
If ¢ is non decreasing, then for each t > 0, lim,,_,,, @™ (t) = 0 implies ¢(t) < t and ¢(0) = 0.
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Definition: 2.11[2]: Let T: X — X be a mapping in Metric space(X, d) is said to be an a — ¢ —contractive mapping, if
there exists two functions a: X X X — [0, ) and ¢ € w such that

ad(x,y)d(Tx,Ty) < pd(x,y), forall x,y € X.
Further Kang et al. [29] introduce the notion of this mapping in cone metric spaces as follows:

Definition 2.12: Let (X, d) be a cone metric space and P be a normal cone with normal constant M. LetT: X — X bea
mapping. T is called @ — ¢ —contractive mapping, if there exists two functions a¢: X X X — [0, c0)and ¢ € w suchthat
ad(x,y)d(Tx,Ty) < od(x,y), forall x,y € X.
After that, Verma, M. et al. [30] present the notion generalized @« — ¢ — contractive mapping in cone metric spaces
and derived fixed point results for these mapping.

Definition 2.13: Let (X, d) be a cone metric space and P be a normal cone with normal constant M. LetT:X — X bea
mapping. T is said to be generalized & — ¢ —contractive mapping, if
There exist two functions a: X X X — [0, o) and ¢ € w such that

ad(x,y)d(Tx,Ty) < ¢[M(x,y)]

where (x,y) = max{d(x,y), d(x'Tx);d(y'Ty) , d(x'Ty);d(y'Tx)

}, forallx,y € X.

Now we present and extend new notion of generalized a — ¢ —contractive mappings in cone metric spaces and derive
fixed point results for these mappings in cone metric space.

Definition 2.13: Let (X, d) be a cone metric space and P be a normal cone with normal constant M. LetT:X — X be a
mapping. T is said to be generalized @ — ¢ —contractive mapping, if There exist two functions a: X x X — [0, ) and
¢ € wsuch that

ad(x,y)d(Tx,Ty) < ¢[M(x,y)]

(d (X, y)’ d(x, Tx), d(y, Ty), d(x,Tx)-;—d (y,Ty) ) d(x,Ty)-;—d (y.,Tx) ‘\

d(x,Tx)d(y,Ty) d(y,Ty)[1+d(x,Tx)]
1+d(x,y) 1+d(x,y)
d(x,Tx)d(y.Ty)

| dey)
k )

3. MAIN RESULT

)

where M (x,y) = forall x,y € X. (2.13)

N——.

In this section we will extend and generalize of the given result of verma et al. [30].
Verma et al. [30] proved the following theorem in cone metric spaces:

Theorem 3.1: Let (X, d) be a cone metric space and P be a normal cone with normal constant M. Let T: X — X be an
a — ¢ —contractive mapping satisfying the following conditions:

(i) Tis a-adimissible ;

(ii) There existsx, € Xsuch that a(xy, Txy) = 1;

(iii) T is continuous or

If {x,} is a sequence in X such that a(x,,x,.,) =1 forall n € N and x,, » x as n - oo, then a(x,,x) = 1 for all
n € N, then T has a fixed point.

Now we prove theorem 3.1 in the setting of cone metric spaces for generalized a — ¢contractive mapping as follows:

Theorem 3.2: Let (X,d) be a cone metric space and P be a normal cone with normal constant M. Let T: X — X be
generalized a — ¢ —contraction mapping by definition [2.13] satisfying the following conditions:

(i) Tis a-adimissible ;

(ii) There existsx, € Xsuch that a(x,, Txy) = 1;

(iii) T is continuous.

Then there exists u € X such that T (u) = u.

Proof: From condition (ii) there exists x, € X such that that a(xy, Tx,) = 1. Define a sequence {x, } in X such that
Xp41 = T'x, = T"x,y, forsomen € N (3.1)
If x, = x,,.1 for some n € N, then u = x,, is a fixed point of T. Assume that x,, # x,,,1 for all n € N. Since T is a-
adimissible, we have
alxg,x1) = alxy, Txg) =1 =>a(Txy, Tx;) = a(xy,x;) = 1.
By induction, we get
a(x,,x,41) = 1foralln e N (3.2
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Now applying inequality (2.13) and (3.2), we obtain
d(xn' xn+1) = d(Txn—lﬁ Txn)
< a(xn—ll xn)d(Txn—ll Txn)
< (p[((xn—llxn)] (33)
where

d(xn—1,Txn—1)+d (xn,Txn)
{d(xn—lﬁxn)'d(xn—lﬁTxn—l)id(xn'Txn)' e 122 21 et :\

d(xn—1,Txn)+d(xn,Txn—1) dxn—1,Txn-1) d(xn,Txn)
2 ’ 14d (xp—1,%n)
k d e, Txp))[1+(xn—1,Txn-1)] dCcp—1,Txn-1).dxn,Txy) )
1+d(xp—1,%n) ’ d(xn-1,Xn)
d(xp—1,%0)+d(xp,xn+1)
d(xn—lﬁxn)'d(xn—lﬁxn)'d(xnﬁxn+1)' - - 2 S )
_ J d(xn—1Xn+1)+d(n, xn) dxn—1,%2)dn, Xn+1)
= max 2 " 14 dGon_1m)
Qe xn+)[1+0n—1,x0)] dGrn—1,%n),d (tn, Xn+1)
1+d(xp—1,%n) ’ d(xn-1,%n)

d( n—1- n)+d( nXn )
d(xn_l'xn)’d(xn—llxn)ld(xn:xn+1): Tn-17 XnXn+l

2 )
_ dlxn-1xn+1) d&n—1,%0)d(xn, Xn+1)
= max s 2 Y 14d (1)
d(xn, xn+D)[1+Gn—1,%0)] dGn—1,Xn),d (n, Xn+1)
1+d (e —1,%0) ! d(xn—-1,%n)

< [max{d(xn—lt xn)' d(xn' xn+1)}] (34)

M(x,_1,%,) = max

Owing to monotonicity of the functiong, and using the inequalities (3.1) and (3.3), we get
d(xn' xn+1) = (pmax{d(xn—lr xn)' d(xn' xn+1)} (35)

If for some n > 1, we have d(x,_q,x,) < d(x,,x,,1) from (3.5) becomes
d(xn'xn+1) < (pd(xnﬁxn+1)
Which implies
ld Cens X101l < Nld (i, X040 |l
< ||d (%, %n 411l Which is contradiction. Thus, for all n > 1, we have
MaX{d(xn—lﬁxn)'d(xn'xn+1) :d(xn—lﬁxn) (36)

Using (3.3) and (3.4) we get that
d(xn'xn+1) < P d(xn—lﬁxn) (37)

Continuing this process inductively, we obtain
d(x,, Xps1) < @™ (xg,x1) forallneNnN (3.8)
So, for m,n € N with n > m we have
d(x, xp) < d(xn,xn_l) + d(xn_llxn_z) +ontd (X 11, %m)
S (@ H O TP e+ ™) (g X1),

Sl%p d(x0,%1) (3.9)

Since P is normal cone with normal constant, so by (3.9) we get
ldGen, )l = MI= ldGro x| - 0,

which implies that d(xo x;) — 0 as n,m — co. Hence {x,,} is a Cauchy sequence in the cone metric space(X, d). Since
(X, d) is complete. So there exist u € X such that
X, > uasn — oo,
i.e. lim, o, d(x,,u) =0 (3.10)

On the other hand, since T is continuous, then we have x,,; = Tx, - Tu asn — oo. i.e.
lim,, e d (%41, Tw) =lim,_, d(Tx,,Tu) =0 (3.11)

From (3.10) and (3.11) and the uniqueness of the limit, we deduce that u is a fixed point of T, that is, T(u) = u. This
completes the proof.
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Example 3.3: Let us consider X = [0,) and E = R?,P = {(x,y) € E|x,y > 0}//R? and d: X X X - E such that
d(x,y) = (Ix —yl,alx —y|) where a =0 is a constant. Then (X,d) be a cone metric space. We consider the
continuous mapping T: X —» X defined by

3
2x—5, x>1,
X

Tx = E y |f0SXS1,

0 , ifx<O.
We observe that here T is continuous and Banach contraction principle in the setting of cone metric space cannot apply.

Now we a mapping a: X X X — [0, o) by

if x,y € [0,1]
a(x,y) {
0, Otherwise

Clearly, T is generalized a-¢ contraction mapping with ¢(t) = %for all t € [0, ). Infect for all x,y € X, we have

1
alx,y)d(Tx,Ty) Szd(x, v) < @[M(x,y)].x,y € X.
More over there exist x, € X such that a(x,, Tx,) = 1. For x, = 1, we have

a(1LTW) =a(13)=1.

Let x,y € Xsuch that a(x, y) = 1. therefore, we havex, y € [0, l] By definition T and a we have
Tx=%el0;].7y =2 €[0,]]and a(Tx, Ty) = 1.
So, T is a-admissible. Thus all hypothesis of theorem 3.2 are satisfied. Consequently, T has a fixed point.

Recall that, theorem 3.2 guarantees only the existence of fixed point but not uniqueness. In this example 0 and % are two
fixed points of T.

To assure that the uniqueness of fixed point, we will consider the following hypothesis. (*) for all x, y € X there exists
z € Xsuchthat a(x,z) = 1and a(y,z) = 1.

Theorem 3.4: Theorem 3.2 yields a unique fixed point after adding hypothesis (*) to it.

Proof: Let u and v are two fixed point of T. From (*), there exist z € X such that
a(w,z)2landa(v,z) =1 (3.12)

Define a sequence {z,} in X by z,,4 =Tz, for alln >0 and z, = z. since T is a-admossible, from the above
inequalities, foralln € N
a(u,z;)=1landa(v,z,) =1 (3.13)

Using inequalities (2.1) and (3.11), we get
d, z,41) <d(Tu,Tz,)
< a(u,z,)d(Tu,Tz,)
< oM(u, z,) (3.14)

On the other hand, we have

du,Tu)+d(z,,Tzy) \
2 )

dW,Tzy)+d(zy,Tu), dw,Tu),d(z,,Tzy) d(zn,Tzy)[1+d W, Tu)]

( d(u, Zn)' d(ul Tu)l d(Zn' TZn);

1

M(uv Zn) =@ |max 2 ’ 1+d (u,z) 1+d(u,z) |
du,Tu),d(zy,Tzy)
l BT I ]
< max{d(u, z,,), d(WU, Z, ;1) (3.15)

Now owing to the monotonicity of ¢ and using inequality (3.14), we have

du, z,41) < pmaxifd (u, z,),d(u, z,,q,) foralln € N, (3.16)
Without loss of generality, letd(u, z,) = 0 foralln € N. If

max{d(u, z,,)), d(u, z, +1) = d(u, z,4+1)- Then

d(u, 2,4+1)< @ d(U, 2y 41).

ld(w zy DIl < Nl A zye )Nl < lld(, 1)

Which is contradiction. thus we have
max {d(u, z,), d(u, z,4+1) = d(u, z,,) (3.17)
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In view of (3.16) and (3.17), we get
d(u,z,41) <d(u,z,), foralln = 1.

Continuing this process inductively, we get
d(u,z,) =p"d(u, zy), foralln > 1.

Since P be a normal cone with normal constantM, we have
Il d(u, z)|l < M|lp™d(u,z|| — 0asn — oo, which implies that z, - u asn — oo, (3.18)

Similarly, we can get z, - vasn — oo, (3.19)

Using triangular inequality, we have
ll[d(u,v)|| - 0 as n - co. Thus d(u,v) = 0, which implies that u = v. Hence T has the unique fixed point .This
completes the proof.

4. APPLICATION

In this section we shall apply theorem 3.2 to the two boundary value problem of second order differential equations:

d%x
{‘F = F(t < u(e),t € [0,1] (3:20)
u(0) =u(1) =0,
Where f:[0,1] X R — [0. ) is a continuous decreasing function with respect to the second variable and satisfying
(i) Forallt e [0,1)and uy,u, € R with u; < u,, we have
If (&, wy) — f (& ug| < 8p(luy — uyl),
Where ¢ € V.
Let C([0,1]) be the space of all continuous functions defined on [0, 1]. It is known that this space equipped
with the cone metric d(ul_uz) = |lug — uzllee = max,epoqylus (£) — u,(£)] is a compOle cone metric space.
We define the green function associated to (3.20) by
9,(1-g2),0<g,<g, <1
G -{
(91.9) 9:(1-g1),0<g,<g, =1
Assume that there existu, € ([0,1]) such that

(iD) uo(®) < f; G(g1,92)f (92, 0(92)dgs,
If (i) and (ii) are satisfied, then the problem (3.20) has a unique solution u € C([0,1].

Proof: It is easy to see that u € €([0,1] is a unique solution of (3.20) if and only if u us a unique fixed point of the
mapping T: C([0,1] — €[0,1]) defined by

T(x) = f; G(g1,92)f (92, %0(g2)dgy. for all ¢ € [0,1].
If we define the function a: € ([0,1] x [0,1] = [0, +oo[ by

1, ify(@®) = x(0),
a(x,y) =
0, Otherwise
Thus, T is generalized a-¢ mapping, since for all u; u, € ([0,1]),we have
a(ug, u)IT(uy) = Tl < @(llug — uzlle)
< @[M((u1,uz)]
See theorem 4.1 in [2.4]. Moreover, the condition (*) is satisfied by taking z = min{x,y},x,y € €([0,1]). But
applying theorem 3.4, we get the desired result.

CONCLUSION

In this attempt, we establish and extension of new generalize a-¢ contractive mapping in complete cone metric spaces
and obtain fixed point. These results generalize, improve and extend the theorem [30]. Also give the example for
verified the results with an application to the two boundary value problem of second order differential equations and is
given here to illustrate the usability of the getting results.
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