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ABSTRACT

In this paper we consider a generalization of a — y-Geraghty Contractions and investigate the existence and
uniqueness of best proximity point for the mappings satisfying this condition using the P-property and a-orbital
admissible.
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1. INTRODUCTION AND PRELIMINARIES

Fixed point theory investigates whether a function f defined on abstract space have at least one fixed point, that is a
fixed point x such that f(x) = x under some conditions on f and on the space. Results of this theory have been used in
various fields. In particular, the fixed point theory techniques play a crucial role in the solutions of differential
equations. Banach contraction principle [1] is one of the initial and also a fundamental result in the theory of fixed
points which states that every contraction on a complete metric space has a unique fixed point. Many authors have
generalized and extended the fixed point theory by defining new contractive conditions and replacing complete metric
spaces with some convenient abstract space. Among them we would like to mention one of the interesting results given
by Geraghty[2]. For the sake of completeness, we shall recall Geraghty’s theorem. We first remind the class of F all
functions B:[0,%) — [0,1) which satisfies the conditions: lim,,_,, 8(t,) = 1 = lim,,_, t, = 0.

Theorem 1.1: [2] Let (X,d) be a complete metric space and f: X — X be an mapping. Suppose that there exists
B:[0,0) — (0,1) satis fying the following inequality:

d(f(x), f() < B(d(x,y))d(x,y) forany x,y € X,
Then f has unique fixed point.

Recently samet et.al[6] has reported interesting fixed point results by introducing the notion of a — y-Geraghty
Contractive Mappings.

Let y denote the class functions.
(&) 1y is nondecreasing
(b) v issub additive that (s + t) = P(s) + P(t);
(c) v is continuous
(d) (@) =0ifandonlyift = 0.

Definition 1.1: [6] Let (X, d) be a metric space and f: X — X be a given mapping. We say that f is a — 1 contractive
mapping if there exists two functions a: X x X — [0,) and i € ¥ such that a(x, y)d(f(x), f(¥)) < y(d(x,y)) for
any x,y € X.

Clearly any contractive mapping, that is a mapping satisfying Banach contraction, is an a — ¢ Contractive Mapping
with a(x,y) = 1 forall x,y € X and ¢ (t) = kt, where k € (0,1).
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Definition 1.2: [6] Let (X,d) be a metric space and f: X — X be a given mapping. We say that f is a generalized
a — 1 contractive mapping if there exists two functions a: X X X — [0,%) and i € ¥ such that for all x,y € X, we
have

a(x,y)d(f (), f(¥) < P(M(x,y))

Where M(x, y) = maxi??ﬁd(x, ), (d(x,f(x));d(y.f(}’))) ) (d(x'f(}'));d(y.f(x)))}.

Clearly, since v is nondecreasing, every a — i contractive mapping is a generalized @ — v contractive mapping.

Definition 1.3: [6] Let f: X — X beamap and a: X X X — R be a function. Then f is said to be a-admissible if

a(x,y) = 1Limplies a(f (x), f(¥)) = 1 (1.2)
Definition 1.4: [5] Let f: X —» X beamap and a: X X X — R be a function. Then f is said to be a-orbital admissible if
a(x, f(x)) = 1implies a(f(x), f2(x)) = 1 (1.2

Definition 1.5: [4] An a-admissible map f is said to be triangular a-admissible if
a(x,z)y=zlanda(z,y) =21 = a(x,y) =1 (1.3)

Definition 1.6: [5] Let f: X — X be a map and a: X X X — R be a function. Then f is said to be triangular a-orbital
admissible if it is a-orbital admissible and a(x,y) = 1 and a(y, f(y)) = 1 implies a(x, f(y)) = 1. Obviously every a-
admissible mapping is an a-orbital admissible mapping and every triangular a-admissible is a triangular a-orbital
admissible mapping.

In this paper the notion of generalized a — 1-geraghty contraction type mapping is modified and the existence and
uniqueness of best proximity point of mappings under the assumption of a-Geraghty contraction and P-property is
researched in the setting of complete metric spaces by using a-orbital admissible map.

Lemma 1.1:[4] Let f:X - X be a triangular a-admissible map. Assume that there exists x; € X such that
a(xy, f(x1)) = 1. Define a sequence {x,} by x,,4 = f(x,). Then we have a(x,,x,) =1 for all m,n € N with
n<m.

Definition 1.7: [3] Let (X, d) be a metric space and let a: X X X — R be a function. A mapping f:X — X is said to be

a a — -Geraghty contraction if there exists § € F such that a(x, Y)Y (d(f(x), f(¥))) < B (d(x, )Y (d(x,¥))
forany x,y € X.

Definition 1.8: [3] Let (X, d) be a metric space and let a: X x X — R be a function. A mapping f:X — X is said to be
a generalized a — y-geraghty contraction if there exists f € F such that

aCe, YA ), f () < BAM (x, y)))p(M(x, y)) forany x,y € X
where M (x,y) = maxifid (x, y), d(x, f (x)),d(y, f(¥)}and Y € V.

Notice that if we take ¥ (t) = t in the definition, then f is called generalized a-geraghty contraction mapping.

Definition 1.9: [8] Let (X, d) be a metric space, and let a: X X X — R be a function. A map f: X — X is said to be a
generalized a-Geraghty contraction type map if there exists § € F such that for all x,y € X,

a(x,y)d(f(x), f(¥)) < BM(x,y)M(x,y)
where M(x,y) = maxifd(x, y), d(x, f (x)), d (v, f (¥))}-

Definition 1.10: [8] Let (X,d) be a metric space, and let a: X X X — R be a function. A map f:X — X is called
a-Geraghty contraction type map if there exists § € F such that for all x,y € X,

a(x,y)(@d(f (), f())) < B(d(x,y))d(x, y).

Definition 1.11: Let (X, d) be a metric space. Let A and B be nonempty closed subsets of a complete metric space X
and let a: X x X — R be a function. A mapping f:A4 — B is said to be a generalized a — y-Geraghty contraction if
there exists B € F such that

aCe, P (), () < BAMx, )Y M(x,y)) forany x,y € 4, (1.4)
where M (x,y) = maxi?f'd(x, ), d(x,f(x)) —d(A,B), d(y,f(y)) —d(4, B)} andy € V.

Define
Ay ={x € A:d(x,y) =d(A,B), for some y € B}
By ={y € B:d(x,y) = d(A,B), for some x € A}
Where d(4, B) = inf{d(x,y):x € A,y € B}.
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Definition 1.12:[7] Let (4, B) be a pair of nonempty subsets of a metric space (X,d) with Ay # ¢. Then the pair
(A,B) is said to have P-property if and only if for any x;,x, € 4y andy;,y, € By d(xy,y;) = d(4,B) and
d(x;,v,) = d(A, B) implies that

d(xy,x) = d(y1,¥2).

It is easy to see that , for any nonempty subset A of X, the pair (4, A) has the p-property. Also, it has been shown in[7],
that any pair (4, B) of nonempty closed convex subsets of a real Hilbert space H satisfies the p-property. It is shown in
[7] that strict convexity is equivalent to p-property.

2. MAIN RESULTS

Theorem 2.1: Let (4, B) be a pair of nonempty subsets of a metric space (X, d) satisfying the p-property, such that
Ay # ¢ and and let a: X X X — R be a function, f: A — B be a map satisfying f(4,) < B,. Suppose that the following
conditions are satisfied;

(@) f isgeneralized a — y-Geraghty contractiontype map;

(b) f is triangular a-orbital admissible;

(c) There exists x; € A such that a(xy, f(x;)) = 1;

(d) f is continuous
Then there exists a unique x* € A such that d(x*, f(x*)) = d(4, B).

Proof:
Choose x, € 4y. Since f(xy) € f(Ay) S By, there exists x; € A, such that

d(x1, f(x)) = d(A,B).

Since f(x;) € f(4y) S By, we determine x, € A, such that

d(xz, f(x1)) = d(A,B).
We define a sequence {x, } ¢ A, satisfying d(x, 41, f(x,)) = d(4, B).
Suppose that x,,, = x,,,4+1 for some n, € N.
Then it is clear that x,,, is a best proximity point of f.

By the P-property we assume x,, # x,,, foreachn € N
Ay i1, Xny2) = d(f (x,), f (x,41)) Where x,, # x,,, foralln € N.

Due to lemma 1.1 we have
a(x,,x,41) = 1foralln € N (2.1)

From (1.4)
(A1, %n12)) = YA (), f(Xn41)))
< a (X, X 1 DY (A (), f (Xn41))) (22)
< B (W(M Gty 2041)) ) (M (0, %, 41)) Torall n € N
Where

M(xn'xn+1) = maXEz{?d(xn'xn+1)r d(xn' f(xn)) - d(A' B): d(xn+1' f(xn+1)) - d(A' B)}
< ma}dg{?‘d(xnﬁxn+1)ﬁ d(xnﬁxn+1) + d(xn+1' f(xn)) - d(A’ B)' d(xn+1'xn+2) + d(xn+2'f(xn+1)) - d(A' B)}
= max{d (x,, Xp+1), d (s Xn41), d (11, Xn42) } (2.3)

lp(d(xn+1'xn+2)) < .8 (llJ(M(xn'an))) lp(M(xn'xn+1))
< B(lp(maxled(xn' xn+1)ﬁ d(xn+1' xn+2))))w(max(d(xn' xn+1)’ d(xn+1' xn+2)))

If d(xn+1rxn+2) = d(xnrxn+1)
lp(d(xn+1'xn+2)) < .8 (lp(d(xn+1rxn+2)))lp(d(xn+1rxn+2)) from (23)

< lp(d(xn+1ﬁxn+2)) since ﬁ(x' )’) =1
Which is a contradiction.

Therefore

A(Xp i1, Xpy2) < d(xy, xp41) foralln € N.
Hence sequence {d (x,, x,,,1)} is nonnegative and non-increasing.
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Consequently there exists > 0 such that d(x,, f(x,)) — d(4,B) < d(x,,x,+,) and
d(xn+1'f(xn+1)) - d(A' B) < d(xn+1rxn+2) < d(xn'xn+1)

We have M (x,,, x,+1) = d(x,, Xp41)-

¥ (d(xn+1,4n+2))
Hence from 2.2 we have Gy S B (M (xn, xn41))) < 1.

Since 1 is non-decreasing and continuous,

1{1_1;1;10 ﬁ(l,b(M(xn,an))) =1

Owing to the fact that 8 € F, we have
limn—wo l)b(M(xn' xn+1)) =0 (24)
Hence we conclude that r = lim,,_,o, d(x,, X,41) = 0 (2.5)

We observe that

M, %) = maxiid (%, %), d (X, £ () — d(A, B), d(, £ (1)) — d(A, B)}
= maXEZ{E:d(xm:xn): d(xm'xm+1) + d(xm+1'f(xm)) - d(A:B)' d(xn'xn+1) + d(xn+1' f(xn)) - d(A' B)}
< max{d(xm'xn): d(xmﬁxm+1)’ d(xnﬁxn+1) }

Since d(x,, x,+1) = 0,
We have lim,, , e sup M (x,, X,) = limy, ;0 SUp d(Xpy, xy,). (2.6)
We assert that {x,,} is a Cauchy sequence.

By using the triangular inequality and since
d(xn+1'xn+2) = d(f(xn)'f(xn+1))

A1, Xmy1) = d(f Cen), f (X))
d(xn'xm) < d(xn'xn+1) + d(xn+1'xm+1) + d(xm+1'xm)
= d(xn'xn+1) + d(f(xn)'f(xm)) + d(xm+1rxm) (27)

and

combining 1.4 and 2.7 with the sub additive properties of i) we have
(A, xm)) = P(d (X Xni1) + d(F(60), £ () + dmr1, X))
< (G, X 40) +W(A(F G0 £ 0m)) + $(A Gl 11, %)) )
< P(d () X 41)) + @, 2 )W (A (S (), f (6n))) + Y (d (o1, %))
< (A Con X 1)) + B (WM (s 20)) ) 9 (M G, %)) + (A CEss X))

Together with 2.6, 2.8 and 2.5,
lim sup ¢(d(x,, X,41)) < lim supp (w(M(xn,xm))) lim sup (M (x,, X))

= lim,,,, sup f (tp(M(xn, xm))) lim,, L, sup Y (d(x,, x,))
which implies that

and hence

Therefore {x,,} is a Cauchy sequencer.n'n_m

Since A is a closed subset of the complete metric space (X, d), x,, = x* for some x* € A.

Since f is continuous we have f(x,) = f(x™).

This implies that d (x, 41, f (x,)) = d(x*, f(x")).

Taking into account that the sequence {d(x, .1, f (x,))} is a constant sequence with the value d(4, B), we deduce that

d(x*, f(x*)) = d(4,B).
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For the uniqueness, suppose that x; and x, are two best proximity points of f with x; # x,.
This means that d(x;, f (x;)) = d(4, B) fori = 1,2.
Using the P-property we have d(xy, x,) = d(f (x1), f(x))

and using the fact that f is a geralized a — y-Geraghty contraction map we have
(A, x)) = ¥ (d(FG), f (1))
< a(dCe,x))w (d(fG), F(2)) )

<8 (M(G0,%))) ) (MG, )
We have

$(dCe, ) < B (v (M((r, 1)) ) (M Ger,32))

<8 ( (%)) ) w(dr, x)
< tp(d(xl,xz))

Which is a contradiction.
This completes the proof.
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