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ABSTRACT
In this paper, we define generalized Geraghty contraction maps in rectangular metric spaces with an altering distance
function for a pair of maps, and prove the existence of common fixed points. Our results extend the some of the known
results and provided example in support of main theorem.
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1. INTRODUCTION AND PRELIMINARIES

Fixed point theory is very important tool in Non linear analysis. Banach contraction principle is one of the fundamental
results in fixed point theory. There are several generalizations of metric spaces. In 1973, Geraghty [10] extended the
Banach contraction theorem by replacing the contraction by a function with specific properties and proved the
existence of fixed points, In 1984 Khan, Swalwh and Sessa [14] studied fixed points with altering distance functions. In
2000 Braniciari [4] generalized metric spaces, in which triangular inequality is replaced by quadrilateral inequality
which is known as rectangular metric spaces. In such extensions some of the authors are focused on rectangular metric
spaces and proved the existence of fixed and common fixed points. We refer [2, 4, 6, 13, and 15].

Definition 1.1: [4] Let X be a nonempty set.A function d: X x X — [0, «) satisfy the following conditions for all
x,y € X and all distinct u, v € X each of them different from x and y

(i) d (x,y)=0 ifandonlyifx=y

(i) d (x,y) =d (y,x), and

(iiyd (x,y) <d (x,u)+d (w,v) +d (v,y). (rectangular inequality)
Then the function d is called a rectangular (generalized) metric and the pair (X,d) is called a rectangular (generalized)
metric space (in short RMS).

Definition 1.2: [4] Let (X, d) be a rectangular metric space (in short RMS) and {x,} be a sequence in X.
(i) {x.} iscalled (RMS) convergentto x in X ifand only if d(x,x) - 0asn — .
(ii) {x.} is called (RMS) Cauchy sequence if and only if for every e> 0 there exists positive integer N(€) such
that d(xx, xn) < € forall m>n>N(e).
A rectangular metric space (X, d) is called complete if every (RMS) Cauchy sequence is a (g.m.s) convergent.

Definition 1.3: ([14]) A function y: R — R", R" = [0, ) is said to be an altering distance function if the following
conditions hold:

(i) W is continuous,

(ii) W is non-decreasing, and

(iii) ¢ () =0ifand only if t = 0.
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In 1973, [10] Geraghty extended Banach contraction theorem by replacing the contraction constant by a function with
specific properties.
S ={pB: [0, ) — [0, 1)/ B(t,) — 1 =t,— 0}.

Definition 1.4: [10, 16] Let (X, d) be a metric space. A self map f: X — X is said to be a Geraghty contraction if there
exists # €S such that d(f(x), f(y)) <A(d(x, y))d(x, y)for all x, y €X.

Theorem 1.5: [10] Let (X, d) be a complete metric space. Let f: X — X be a Geraghty contraction.
Then for any choice of initial point Xee X, the iteration {x,} defined by x,= f(xn.y) for n = 1, 2, 3, ... converges to the
unique fixed point z of f in X.

In 2019 P.H. Krishna [15] et.al proved the following fixed theorem in rectangular maps with admissible maps of
Geraghty type contraction condition.

Definition 1.6: [15] Let (X, d) be a rectangular metric space and let T: X — X be a self map. If there exists f € S such

that d(Tx, Ty) < B(e(M (X, y) Do(M (X, Y)) . )
Where M(x, y) = max{d(,y), d(x,Tx), d(y,Ty), T [d (x, Tx)d(y, Ty), m[d (x, Tx)d(y, Ty)}or all

x,y € X then we call T is a @y - generalized Geraghty contraction in rectangular metric spaces.

Theorem 1.7: [15] Let (X, d) be a Hausdorff and complete rectangular metric space.
Let T: X = X be an a- admissible mapping with respect to 77 . Assume that there exists an altering distance function

psuchthat x,y € X, a(x, ¥) >n(x, y), implies d(X,y) < Be( M (X, ¥)p( M(X,Y)) (2.1.1)
where M(x, y) = max{ d(,y), d(xTx), d(y,Ty),m[d (xTd(y.Ty), m[d (xTXd(y.Ty) }

Also, suppose that the following assertions are hold;
(i) there exists X € X such that o (xo, TXo) > 77 (Xo, TXo)

(ii) forallx, ye X, a(x, y)=> 77 (x, y)and a(y,z)> 17 (y,z) implies a(x, z)> 77 (X, 2)
(iii) T is continuous.
Then T has a periodic point a € X and o (X, Ta) > 77 (a, Ta) holds for each periodic point then T has a fixed point.

Definition 1.8: [12] Let f and g be self-mappings of a nonempty set X.

A point x in X is said to be common fixed point of fand g if x = fx = gx.

A point x in X is said to be coincidence point of f and g if fx = gx. And if u = fx = gx, then u is said to be a point of
coincidence of f and g.

The mappings f, g X — X are said to be weakly compatible if they commute at their coincidence points. i.e., fgx= gfx
whenever fx=gx.

Definition 1.9: [12] Two self mappings S and T of a rectangular metric space (X, d) are said to be compatible if
d(S(T(Xn), T(S(Xn)) = 0, whenever{x,} is a sequence in X such that lim S(x,) = lim T(x,) = u for some u € X.
n-—-o0 n—-oo

Definition 1.10: Suppose that (X, d, k) be a rectangular metric spaces and S, T: X — X be a map defined on X. Then S
and T are said to be weakly commutative iff d(S(T(x)), T(S(x))) < d(S(x), T(x)) for all x in X. 2013, Muhammad
Arsad et.al [13 ] proved common fixed point theorem on Hausdorff rectangular metric spaces.

Theorem 1.11: [13] Let (X, d) be a Hausdorff rectangular metric space and let F, g: X — X be self mappings such that
Fx c g(X). Asuume that (gX,d) is a complete rectangular metric space. Suppose that the following conditions hold.
YA(F),FO)) < (WM (gx),g®») — @ (M(g(x),g(»)) forallx,yin X and 3, in 1,

where { is non decreasing and M(g(x),g(y)= max {d(g(x),g(y), d(g(x), f(x), d(g(¥),F(y))}. Then F and ¢
have a unique coincident point in X. Moreover, if F and g are weakly compatible, then F and g have a unique common

fixed point.

The following Lemma is useful to prove the Cauchy’s sequence.
Lemma 1.12: [7] Let (X, d) be metric space. Let {x,} be a sequence in X such that d(X.1, X,) — 0 as n — oo. If {X,} is
not a Cauchy sequence then there exist an ¢ > 0 and sequences of positive integers {m(k)} and {n(k)} with
n(k) > m(k) > k and d(Xmg, Xng) = €. For each k > 0, corresponding to m(k), we can choose n(k) to be the smallest
integer such that d(Xmg, Xngg) = € and d(Xmgy, Xagg 1) < €. It can be shown that the following identities are satisfied.

() Jim d(Xngy Xmge) = €

(i) ]}1_{{)10 Ad(Xng -1 Xmgo+1) = &,

(iii) ]}1_{{)10 d(Xng-1 Xmgo) = €, and (iv) l}i_{gd(xn(k), Xm(+1) = €.
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Now, we prove the existence of common fixed points of generalized Geraghty contraction maps with rectangular metric
spaces for a pair of maps.

MAIN RESULTS
Now we define Geraghty contraction for a pair of maps in Hausdorff rectangular metric spaces.

Definition 2.1: Let (X, d) be a Hausdorff rectangular metric space. Let T and S be self maps on X. If there exists 8 € §
such that

d(S(0), S®) < B(d(T(x), TO)E(T(x), T()) (211

for all x,y € X, then we say that (T,S) is a pair of Geraghty contraction maps in Haussdorff rectangular metric spaces.

Definition 2.2: Let (X, d) be a Hausdorff rectangular metric space. Let T and S be self maps on X. If there exists 8 € §
such that,

d(S(),S)) < B(m(T(x), TN (T (x), T(¥))) (2.2.1)
Where m(T(x), T(y)) = max{ d(Tx, Ty), d(Tx,Sx), d(Ty, Sy), | 2222 for all x,y € X, then we say that
(T,S) is a pair of Generalized Geraghty contraction maps in Haussdorff rectangular metric spaces.

Definition 2.3: Let (X,d) be a Hausdorff rectangular metric space. Let T and S be self maps on X. If there exists
B € S, ¥ € Y such that

PSS, SO < BWm(T(x), TN (m(T (x), T(¥))) (2.3.1)
Where m(T(x), T(y)) = max{ d(Tx,Ty),d(Tx,Sx),d(Ty,Sy), [w }for all x,y € X, then we say that
(T,S) is a pair of § -Generalized Geraghty contraction maps in Haussdorff rectangular metric spaces.

Now we prove the existence of common fixed points of Geraghty contraction maps in pair of maps in s -Generalized
Geraghty contraction maps in Haussdorff rectangular metric spaces.

Theorem 2.4: Let (X,d) be a Haussdorff rectangular metric space and let S, T: X—X be selfmaps such that
S(X)c T(X). Assume that (Tx,d) be a complete rectangular metric space. Suppose that (T, S) is a pair of
U -Generalized Geraghty contraction maps. Then S and T have a unique coincidence point in X. Moreover, if Sand T
are weakly compatible, then S and T have a unique common fixed point.

Proof: Let x, € (X,d),
Since S(X) c T(X), we define the sequence Tx,, = S(x,,_;) foreachn > 1.

If Tx,,1 = Tx,,, forsomen,then Tx,,; = Sx, .1 and hence x,is a coincident point of T and S. Without loss of
generality, we assume that if Tx,,; # Tx,, for each n, then we have d(Tx,,,, Tx,+1) >0

We consider
W(d(Txp12, TXn11)) = W(A(Sxns1, Sxn)) < BWM(Txp 41, Tx )NV (Txp 41, Txy))) (2.4.1)

d(Txn+1,5xn)+d(Txn,an+1)]}

d(Txn+1' Txn+1) + d(Txni Txn+2)]}
2

m(Txn+1' Txn)) = max{ d(Txn+1' Txn): d(Txn+1'5xn+1)' d(Txn'an)' [
= max{ d(Txn+1' Txn)' d(Txn+1' Txn+2)' d(Txn' Txn+1)' [

}
d(Txn' Txn+1) + d(Txn+1r Txn+2)}
2

= max{ d(Tx,,1,Tx,), A(TXy 11, TXp12), d(Txp,Txn12)

< max d(Txn+1' Txn): d(Txn+1r Txn+2)'

< max{ d(Txn+1' Txn)' d(Txn+1' Txn+2)}'
If maX{ d(Txn+1' Txn): d(Txn+1r Txn+2)} = d(Txn+1' Txn+2)

Since B € S then 2.4.1 implies
W(d(Tx,42, Txpy1)) <W(d(Tx,42, Tx,41)), Which is a contradiction.

Therefore max{ d(Tx,,1,Tx,), d(Txp41, Txn42)} = d(Txp 41, Tx,)

Now lP(d(’rxn+2r Txn+1)) = lIJ(d(SXn+1, an)) < .B(lp(m(Txn+1' Txn)))lp(d(Txn+1' Txn)))
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Since € S,
U(d(T 2012, Txn11)) < W(A(Txpp1, Txy) ) (24.2)

Which follows that { Y(d(Tx, .2, Tx,.1))} is a decreasing sequence of non-negative reals and since s is continuous,
it folloows that {d(Tx,,2, Tx,4+1)}is also a decreasing sequence of non-negative reals so that lim,, ., d(Txp 42, TXp41)
exists and it is r (say).

Now we show thatr = 0.

If r > 0 then from (2.4.1) we have
lI"(d(Txn+2r Txn+1)) = lIj(d(5xn+1' an)) < .B(lp((m(Txn+1'Txn)))lp(m(’rxn+1' Txn))

Y@Txn 42T xn41))
Y (d(Txp+1,Txn)) < BWM(Txp 41, Tx,))) < 1foreachn > 1.

On letting n — oo, we get

- Y(d(Txp+2,Txn+1)) .
1= lim,_ @0 Tr) < Al_{gloﬁ(w(m(Txn+1, Tx,))) < 1.

Sothat B(W(Mm(Tx,4q, Tx,))) = 1lasn — oo, thatimplies
limiap (d(Tx,41, Tx,))=0. (2.4.3)

n-—-oo

Hencer =0.
Let {x, } be a sequence in X such that d(Tx,;,, Tx,) » 0 asn — oo,

Suppose that{Tx, } not a Cauchy sequence. Then there exists € > 0 integers m(k) and n(k) with m(k) > n(k) > k
such that d(Txm(k), Txn(k)) =€ (244)

We choose m(k), the least positive integer satisfying d(Txm (k) Txn(k)) > ¢, then

we have m(k) > n(k) > k with d(Txm(k), Txn(k)) = E,d(Txm(k)_l, Txn(k)) <€

e < d(Txm (k) T xn(k)) < d(Txm (k) T xm(k)_l) + d(Txm(k)_l, Txn(k))
< d(TXm(k), Txm(k)_l) + €.

Since d(Txn(k),Txn(k)H) -0 ask - oo, We have e < d(Txm(k), Txn(k)) < €.

This implies d(Tx @) TXxn@y) = €8s K - 0.

€ < d(Ton a0 T2u(0)d (T @0 TXmar-1) + A(T%m -1 Txncy1) + AT X 11, T
< d(TXm(k), Txm(k)_l) + €+ d(TXn(k)+1, Txn(k)).

Since d(Tx, ) Txn@y+1) = 0 @k - 0o, we have € < d(Tx,nq) TXnq)) < €

This implies  d(Txp)-1, Txn@y41) = € aSK - oo,

e < d(Txm (k)'T xn(k)) < d(TXm (k),Txm(k)+1) + d(Txm(k)+1,Txn(k)_1) + d(Txn(k)_l,Txn(k))
< d(Txm(k), Txm(k)+1) + €+ d(Txn(k)+1, Txn(k)).

Since d(Txn (k) TXmiy+1) = 0 ask — oo, we have € < d(Txp ) Txnqy) < €
This implies d(Txp )1, TXn@)-1) = € a8k — oo

Now, we consider
V(d(TXm )41+ TXniy) ) = WA ey )s S (X )-1)))

<p <¢ (m(T Txn(k)_l))> ¥ (M(T 0 TH01-1)) (2.4.5)

(T X (e, TXn ) -1) = MAX{A (T 1), T X 1)) (THmer S Xm))r AT Xy S %)),
1/2[d(Txm(k),an(k)) + d(Txn(k),S xm(k))]}
= max{d(T%n ) T X)) (THm o Txma+1) AT, Tongoy1),
1/2[d(Txm(k),Txn(k)+1) + d(TXn(k),T Xm k) + 1)]}
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On letting k — oo, and by Lemma (1.12), it follows that
llm m(Txm(k), Txn(k)_l) = maX{E, 0;0;1/2[6 + E]} —c
I(Ci_()?x Tx )
m(k)+1 » 4 An(k)
< a(T T B <1
AT ey TXny)-1) — ﬁ( (T%m ey T ey 1))

Therefore lll(E) < ]}Lrgﬁ ( lll(m(Txm (k) Txn(k)_1)> . lll(e)
1= igg < l}l_)l’gﬁ (w(m(Txm(k),Txn(k)_l)) <1
So that ﬁ ( l]J(m(Txm(k),Txn(k)_l)) —-lask — o0,

Since B € S, Y(M(Txm iy, TXn(y-1)) = 0 ask — oo.
Since s is continous, Hence it follows that € = 0, a contradiction.

Therefore {Tx,} is a Cauchy sequence in X, and since (TX,d) is a complete Haussdorff rectangular metric space,
there exists u € Tx such that Tx,, ;1= Sx,, - u asn — oo.

Now let y € X such that Ty=u .
Suppose that if Sy = Ty i.e.,d(Sy,Ty)>0 .
Since {Tx,} is a decreasing sequence of non-negative reals and {Tx,, }converges to Tu for some u € X.

From the inequality (2.4.1), with x = x,, we get
YA(Sx, . 5y)) < B (W(m(Tx,,TY))) W(n(Tx,, TY)) (2.4.6)

where
m(Toxy, Ty) = max{ (Tx,, Ty), (Txy, Sx,), (Ty,Sy), 1/2[(Tx,,Sy) + (Ty, Sx,)]
= max{ (Txn' Ty)' (Txn' Txn+1)l (Ty' Sy)' 1/2[(Txnl Sy) + (Ty' Txn+1)]

On lettingn — oo
= max{(u, Ty), (uu), (Ty,Sy), %2[(Ty,Sy)+(Ty,u)]}
= max{(u, u), (u,u), (Ty,Sy), 2[(Ty,Sy)+(u,u)]}
=d(Ty, Sy)

Taking limitasn — oo in (2.4.6)

limn - o d(Sx,,Sy) =0
d(Ty,Sy) =0
Therefore Ty=Sy and hence y is a coincidence point of T and S.

Since T(X) is complete, there exists u € T(X) such that lim,,_,,, Tx,,; = lim,_, Sx, = Tu = u for some y € X.
Suppose that if Sy = Ty i.e., d(Sy,Ty)>0
We get Since S and are weakly commutative
W(d(T(S(x,), S(T (%)) < W(d(T (%), S(x))
Which implies s (d(T(u), S(u)) ) < ¥(d(u,u))
Therefore T(u) = S(u) and hence u is a coincidence point of Sand T.
So that T(S(u)) = S(T(u))= S(S(u))

Suppose that Y(d(S(w),S(S(w))) >0
WS, S(SW)) < BT W), TSWNW((TW),T(SW))))

Since B in S, it follows that
W(d(SW), SEW)) < Wd(T W), T(Sw))))
YA W), S(SwW)) < w(d(S@w),S(S(w)))), which is contradiction
so that Y(d(S(w),S(S(w))))=0
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Since
U is continous,, it follows that d(S(w), S(S(w)) = 0 and hence S(w) = S(S(u) so that S(u)is a fixed point of S.
S(w) is common fixed point of Sand T.

Theorem 2.5: Let (X,d) be a Haussdirff rectangular metric space and let S, T: X—X be selfmaps such that
S(X)c T(X). Assume that (Tx,d) be a complete rectangular metric space. Suppose that (T, S) is a pair of
r -Generalized Geraghty contraction maps. Then S and T have a unique coincidence point in X. Moreover, if Sand T
commute, then S and T have a unique common fixed point.

Proof: As in the proof of the theorem {T(x,,)} is a Cauchy sequence in X, and since (X,d) isa Haussdirff rectangular
metric space,{S(x,) converges in (X,d) . Since T(X) is complete, there exists u € T X such that
limn—oo {T(x,;1)} =limn —w {S(x,)} =T u=u forsome y € X. Suppose that if Sy # Ty
ie.,d(Sy, Ty )>0
Since Sand T commutes so that S (T(x,)=T (S(x,,)) forall n.
Thus S(u) = T(u), and consequently by commutativity, T(T(u)) = T(S(u)) = S(S(u)).
So that T(S(u)) = S(T(u)) = S(S(u)).

Suppose that d(S(w),S(S(w)) >0
d(Sw),S(Sw) < B(d(T W), T(Sw)d(T W), T(Sw)))
Since B in S, it follows that
PAEW), S(S@))) < W(d(T W), T(Sw)))
YA W), S(SW)) < Y(d(Sw),S(Sw)))), which is contradiction
so that Y(d(S(u),S(S(w))) = 0 and hence S(u)) = S(S(u) so thas S(u)is a fixed point of S. S(u) is common
fixed point of Sand T.
The following is the Example in support of Theorem 2.4.

Example 2.5: Let X= A U B, where A—{1 , z 43 } and B=[2, 3]. We define the generalized metric d on X such that

d(5,5)=02 d(5.3) =06 d(%,3)=03,
d(3.3)=d(5.35)=a(;.3)=0

d(x,y) =|x—y|,ifx,y EBorx €A.

2 ifx €[23]

andT: X = X byj % ifx=%

2 ifx €[23]
We define S: X — X by{, °
. 2 3
i xefsy)

. 12 3
D irx ey
define B 10,59 [0,1) bypOy = {1
We define B : [0, ) — [0, 1 yﬂt={1 .
mlft>0
And yi(t) = t2 forall t > 0.

Now we verify the inequality (2.3.10) in the following cases:

Case-(i):x € [2,3]and y = %
YA @), S0 = w(d (3,3)) = ¥(0.2) = 0.01
mr,10) = maxia (2 1), (2 2).a (23).(“
= max{0.6, 0.3, 0, (0.2+0.6)/2}= 0.6
B(W(0.6))y(0.6)) = £(0.36)(0.36) = == 0.264

Therefore, 0.04= §(d(S(x),S(¥))) < 0 264 BAW(m(T(x), TNDW(m(T (x), T(y)))
Case-(ii): x€[2,3]landy € {5,4—}

Y(AEE), SO = ¥(d (3,5)) = ¥(02)=0.04

m(16,70) = max(d (3 2).d (¢ 2).a 2. 2), G
= max{0.3, 0.3, 0.2, (0+0.6)/2}= 0.3
($(0.3)(0.3)) = £(0.09)(0.09) = L= 0.0825

0.04=y(d(S(x),S())) < 0.0825 = ﬁ(ll!(m(T(X),T(y)))lll(m(T(x),T(Y)))

And the remaining cases also the inequality (2.3.1) holds.
Therefore S and T have the unique common fixed point %

1
2

1
2
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