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ABSTRACT 

 

If P (z) be a polynomial of degree n with decreasing coefficients, then all its zeros lie in |z| ≤ 1. In this paper we 

present some generalizations of this result and a refinement of a result of Dewan and Bidkham. 
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1. INTRODUCTION AND STATEMENT OF RESULTS: 

 

The  following  elegant  result  in the  theory  of  the  distribution  of   the  zeros  of   polynomials  is due to  Enestrom  

and  Kakeya (see[9]-[10]). 

Theorem: A Let P (z) =
j

n

j

j za�
=0

 be a polynomial of degree n whose coefficients satisfy 

0< naaaa ≤≤≤≤ ...210 , 

then P(z) has all its zeros in .1≤z  

 

Several extensions and generalizations of this result are found in the literature (see[1]-[8],[11]) Aziz and Zargar ([2]) 

relaxed the hypothesis of Theorem A in an interesting way and proved the following extension of Theorem A: 

Theorem: B Let P(z)=�
=

n

j

j

j za
0

be a polynomial of degree n such that for some k ≥ 1, 

011 ... aaaka nn ≥≥≥≥ − >0, 

then P(z ) has all its zeros in .1 kkz ≤−+  

 

Dewan and Bidkham  [4] proved the following result: 

Theorem: C Let P(z)=�
=

n

j

j

j za
0

be a polynomial of degree n with complex coefficients. If Re anda jj α=  

jja β=Im ,j=0,1,2,….,n such that 

0111 ......0 αααααα λλ ≥≥≥≤≤≤< −−nn >0, 

where ,0 n≤≤ λ then all the zeros of P(z) lie in the circle 

}22{
1

0

�
=

+−≤
n

j

jn

na
z βαα λ  

 

Shah and Liman [11] also considered polynomials with complex coefficients and proved the following result: 
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Theorem: D Let P(z)=�
=

n

j

j

j za
0

be a polynomial of degree n with complex coefficients. If Re anda jj α=  

jja β=Im  ,j=0,1,2,….,n such that for some k ≥ 1, ,10 −≤≤ nλ  

 

,,0111 ...... αααααα λλ ≥≥≥≥≤≤≤ −− kk nn  

 

,0... 011 >≥≥≥ ≥− ββββ nn  

then all the zeros of P(z) lie in  

 

}2{
1

)1( 00 nn

nn

n k
a

k
a

z βαααα
α

λ ++−−≤−+  

 

Firstly, Theorem D is not correct, because k ≥ 1 has no meaning in the statement Moreover the authors claim that it is a 

generalization of Theorem B, which is absurd as the two results are in no way connected. 

 

The purpose of this paper is to present the correct statement of Theorem D and then present an interesting 

generalization of the result which in particular provides a generalization and an extension of Theorem C .In Theorem D 

if we take k extremely large such that ,1−≥ nnk αα  the hypothesis will not work .The correct statement of the theorem 

is as follows: 

Theorem: 1.Let P(z)=�
=

n

j

j

j za
0

be a polynomial of degree n with complex coefficients. If Re anda jj α=  

jja β=Im ,j=0,1,2,….,n such that for some 0 ,1≤< k , ,10 −≤≤ nλ  

 

,,0111 ...... αααααα λλ ≥≥≥≥≤≤≤ −−nnk  

,0... 011 >≥≥≥ ≥− ββββ nn  

then all the zeros of P(z) lie in  

 

}2{
1

)1( 00 nn

nn

n k
a

k
a

z βαααα
α

λ ++−−≤−−  

 

As a generalization of this result, we shall prove the following result: 

 

Theorem: 2 Let P (z)=�
=

n

j

j

j za
0

 be a  polynomial of degree n with complex coefficients. If Re jja α= , 

Im jja β= , 0,1, 2,..,j n=  and for some real numbers   

 

,,0111 ...... ταααααα λλ ≥≥≥≥≤≤≤ −−nnk  

,0... 011 >≥≥≥ ≥− ββββ nn  

then all the zeros of p (z) lie in  

 

})(22{
1

)1( 000 nn

nn

n k
a

k
a

z βαατααα
α

λ ++−+−≤−− . 

 

Corollary: 1 If the coefficients are >0 then, under the conditions of Theorem 2 , all the zeros of P(z) lie in 

 

                            })1(22{
1

)1( 0 nn

nn

n k
a

k
a

z βτααα
α

λ +−+−≤−−  
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Taking k=1 in corollary 1, we get the following result: 

 

Corollary: 2 If P(z) is a polynomial satisfying the conditions of Theorem 2, then all the zeros of P(z) lie in 

                             })1(22{
1

0 nn

na
z αβταα λ −+−+≤  

Remark: 1 For k=1 and τ =1, corollary1 reduces to Theorem C  due to Dewan and Bidkham. 

 

Remark: 2 If all the coefficients of P(z)  are real and τ =1 corollary 2 reduces to Enestrom- Kakeya Theorem. 

 

Remark: 3.If the conditions of Theorem 2 are satisfied by the imaginary parts of the coefficients, then we are able to 

prove the following interesting result which follows by applying Theorem 2 to –iP(z). 

Theorem: 3 Let Let P (z) =�
=

n

j

j

j za
0

be a polynomial of degree n with complex coefficients. If. 

 and for some real numbers  

 

 

τββββββ λλ 0111 ....... ≥≥≥≤≤≤ −−nnk , 

then all the zeros of P(z) lie in  

 

})(22{
1

)1( 000 nn

nn

n k
a

k
a

z αββτβββ
β

λ ++−+−≤−− . 

 

2. PROOF OF THEOREM: 

 

Proof of Theorem: 2 Consider the polynomial 

 

F (z) = (1-z) ( 01

1

1 ...... azazaza
n

n

n

n +++ −
− ) 

         = 0011

1

11

1 )...()()(.....)( azaazaazaazaaza
n

nn

n

n +−+−+−++−+− −
+

+−
+ λ

λλ
λ

λλ  

        =
1

1

1

211

1 )(...)()( +
+

−
−−−

+ −++−+−++−− λ
λλ αααααααα zzzkzzkza

n

nn

n

nn

n

n

n

n

n

n  

                     1 1 0 0 0 1 1 0 0( ) ... ( ) ( 1) {( ) .... ( ) }n

n nz z z i z zλ
λ λα α α τα τ α α β β β β β− −+ − + + − + − + + − + + − +

 

For |z|>1, we   have  

�
�
�
�
�
�
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�
�
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= − − − − + + − + + >� �

� �� �

              

})(....){(

)....()()....()(

0011

0011

1

11

1

βββββ

ααααααααα λ
λλ

λ
λλ

+−++−+

+−+−+−+−+−=

−

−
+

+−
+

zzi

zzzzza

n

nn

n

nn

n

n



����������	
���
��������
������	���������	�����������
��������������������� �!"�#$%&'�(���")*##'��	+�,�)*-")*.�

© 2011, RJPA. All Rights Reserved                                                                                                                                                     208 

 

 

If 

 

})(22{
1

)1( 000 nn

nn

n k
a

k
a

z βαατααα
α

λ ++−+−≤−−  

                           

This shows that the zeros of F (z) having modulus greater than 1 lie in 

})(22{
1

)1( 000 nn

nn

n k
a

k
a

z βαατααα
α

λ ++−+−≤−−      

                       

But those zeros of F (z) whose modulus is less than or equal to 1 already satisfy the above inequality. Hence, we 

conclude that all the zeros of F (z) lie in the disk 

 

})(22{
1

)1( 000 nn

nn

n k
a

k
a

z βαατααα
α

λ ++−+−≤−−                

         

Since every zero of P (z) is also a zero of F (z) ,it follows that all the zeros of P(z)lie in the disk  

 

})(22{
1

)1( 000 nn

nn

n k
a

k
a

z βαατααα
α

λ ++−+−≤−−         

                 . 

That completes the proof of the theorem 2. 
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